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Chapter 1 

Compressible Fluids and Non-linear 
Wave Equations 



1.1 The Euler's Equations 

The mathematical description of the state of a moving fluid is determined by the distribution of the 
fluid velocity v = v(x, t) and of any two thermodynamic quantities pertaining to the fluid, for instance 
the pressure p = p(x, t) and the mass density p ^ p(x, t). All the thermodynamics are determined by 
the value of any two of them, together with the equation of state. The equation of motion of a perfect 
fluid can be derived as follows. 

We begin with the equation which expresses the conservation of mass. We consider the domain 
Q{t) in K"^ occupied by some fluid at time t. The mass of fluid in il{t) is Jj^^^^ pdV. This integral 
should not depend on t due to the mass conservation. So we get 



dtJn 



This means 



in{t) Jan(t) 
where n is the out normal of dQ.{t). By Green's formula, we have 



pdV = (1.1) 

n{t) 



[ ^dV+ [ pvndS = (1.2) 
JnU) Jdn(t) 



in{t) 

Since Q,{t) is arbitrary, we have 



J^J^+diy{pv)]dV = (1.3) 



dt 

This is the equation of continuity. 

Then we consider the conservation of momentum. By Newton's law 



2j + div(pv)=0 (L4) 



? = F (r5) 



dt 

where P is the momentum, F is the force. In our case, equation (1.5) becomes 



4 / pvdV = - / pndS (1.6) 

Q{t) JdQ{t) 



dt 
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i.e. 



dt 

A component of this equation is 



4 / pvdV = - [ VpdV (1.7) 
Jn(t) 



n(t) Jn{t) 



5-J Pv'dV = ~l ^dV (1.8) 



dt ./n(t) JQ(t) (^^^ 



^(^"^)+div(pW)]dy = - / ^dV (1.9) 



Then we get 



/f2(t) dt Ji2{t) dx 

Since fl(t) is arbitrary, as weU as the equation of continuity, we get 

In a perfect fluid, heat exchange between difl'erent parts of the fluid is absent. So the motion is 
adiabatic throughout the fluid. 

In the adiabatic motion the entropy of any particle of fluid remains constant as that particle moves 
about in space. Denoting by s the entropy per unit mass. We can express the condition for adiabatic 
motion as 

which can be written as 

ds 

^+v.Vs = (1.12) 

1.2 Irrotational Flow and the Nonlinear Wave Equation 

The adiabatic condition may take a much simpler form. If the entropy is constant throughout the fluid 
at some initial instant, it remains everywhere the same constant value at all times. In this case, we 
can write the adiabatic condition simply as 

s = constant (1-13) 

Such a motion is said to be isentropic. We may in this case put (1.10) into a difl'erent form. To do 
this, we employ the thermodynamic relation 

dh = Vdp + 9ds (1.14) 
where h is the enthalpy, defined in terms of the energy per unit mass: 

h = e + pV 

V = ^ is the specific volume, and 6 is the temperature. Since s is constant, we have: 



dh = Vdp = -dp (1.15) 
P 



So (1.10) becomes 
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This implies 



^ + V • Vw = w • Vv - (divv)a; (1.17) 
at 

where w = V X V. 

If u! \t=o— 0, then by (1-17) u; = 0. A flow for which w = V x v = in ah space and time is called 
an irrotational flow. In this case, since K.^ is simply-connected, there exists a function (/>, such that 
V = The equation (1.16) becomes 

^_V^^^ = — fll8) 
dx^dt ^ dxi dxidx^ dx' ^ ' ' 

^[f-i|V^P-'.l=0 (1.19) 
Since </> is defined up to a constant which may depend on t, without loss of generality, we may set 

Then only the continuity equation remains. While >0, then by inverse function theorem, 

p can be viewed as a function of h. This is because h can be viewed as a function of p and s, and in 
the isentropic case, ft. is a function of p. Then p = g^, p is also a function of h. 

The continuity equation is 

^ - div(pV</)) = (1.21) 

i.e. 

dp d dcj) l^ dcl) ^. ^dp d d(t) \ ^ d<p ^ d(t) 

9*2 ^ dx^ dtdxi ^ dxi dxi dx^dx^ ^ ^ ^ ' ' 

where we have used the fact that ^ — P and the definition of r], the sound speed, which is the 
following: 

V'=v\h):={^^), (1.24) 

We define the function 

H = H{h) := -if - 2h (1.25) 

From (1.24) we know that 

Since V = {§^)s, hy direct calculation we obtain 



dl£ _ rf d^V ^ 
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So ^ vanishes if and only if V is linear in p. This fact will be used later. The meaning of the 
function H will become apparent in the sequel. 

Equation (1.21) is the Euler-Lagrange equation of the Lagrangian 



L = p{h) (1.28) 

dt ■ 



In general, L — L{t,x; (j>, ^,V(j)), and the Euler-lagrange equation is 



where q = 4>, x° = t, uq = Ui = ^ i = 1,2,3 
In the case of i = p{h). 



dua dh dua du. 

where h = Uo-\ ^^^(ui)^ 
So we have 

dh . dh dh ^ 

ouq oui aq 



dL dp dh dh „„, 



Then the Euler-lagrange equation is 

dt ^ dx 

This is the equation (1.21). 



1.3 The Equation of Variations and the Acoustical Metric 

Next, we shall discuss the linearized equation corresponding to (1.21). 

Let (/) be a given solution of (1-21) and let <j)T ■ t € I , I an open interval of the real line containing 
0, be a differentiable 1-parameter family of solution such that <po = <P- 

Then 

V=(^).=o (1.32) 

is a variation of (j) through solutions. 
Consider the Lagrangian of the unknown ip: 

Lrli^ := L[(P + T-ip] (1.33) 

Then the linearized Lagrangian of L[(j)\ is 



In this case, irl^] = vihr), where 

c 



By direct calculation, we have 
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I.e. 



I.e. 



I.e. 



\r-o=^m--^^g-] +^m-^{^) ) (1.35) 

i i 

|.=o= Piv-^dt^ -Y,di't>dii^f - E(^iV')'] (1-37) 



^[V] k=o= -P(5-')'''^5^V'5.V (1-38) 
where the metric g is: 

g=-r]^dt'^ +Y^{dx'' -v'dtf (1.39) 

i 

and 

-1 -2/ i N / 9 ^ N d d ,^ 



Here,w' = —di(j). 

We have used the fact: 



p' dp 1 dp dpi _2 
p d/i p dpdh p ^ 



Consider the conformal metric 

g^t„ = Qgn„ (1.41) 

which satisfy the following conditions: 



pig-Y'd^^d^tP = irTd^^Pd^tp^/^detl (1.42) 
Since y'— det g = rj, we get y/—detg = Q^r;, we have ^ = fj 

Since the linearized equation of (1.21) is the Euler-Lagrange equation of the linearized Lagrangian 
L[ip], the linearized equation of (1.21) is 

□gV = (1.43) 

Since po,rio, which are the mass density and the sound speed corresponding to the constant state, 
are constants, and the Euler-Lagrangian equations are not affected if the Lagrangian is multiplied by 
a constant, we may choose 

n = ^ (1.44) 

V/Vo 

so that O = 1 in the constant state. 

We may in fact choose the unit of time in relation to the unit of length so that 

?7o = 1 

and we may further choose the unit of mass in relation to the unit of length so that 

Po = 1 

These choices shall be understood from the next chapter to the end of the book. 
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1.4 The Fundamental Variations 



Now if (/) is a solution of (1.21) and fr is a 1-parameter subgroup of the isometry group of E^, that is 
with the standard Euchdean metric 



,or the translation on ^-direction, then for each t, 

<i>r=<t>ofr (1.45) 

is also a solution. It follows that 

V'=(^^)x=o = X</. (1.46) 

satisfies the linear equation (1.43) 
X can be the following: 

flij := x^dj - x^di (1.47) 

1 < i < i < 3 
and 

= 0, 1, 2, 3, which are the generators of fr- 
Consider now the scaling group for equation (1.21). It is easy to see that the physical dimension 
of^is ^^^,sowe consider the transformation, with constants a,b> 0: 

^(,x):4^(i,f) (1.49) 

A direct calculation implies 

S(*,.):=f-i|V0P4M^,f) (1.50) 

In general, p is an arbitrary function of h: 

p = p{h) (1.51) 



so 

dp 



and 



p > i.e p' > and also p > (1-52) 
ah 



Under the transformation (1.49), we have: 



p(t,x) ^ pCh{t,^)) = p{^h{*-,^)) (1.54) 
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and then 

dh a'^ a b a'' a b 



p(t,x) = 4= p'{-h(- -)) = K-^Mr, t)) (1-55) 



Now we can transform the Euler-Lagrange equation (1.21) under the transformation (1.49). 

We can see that in general, only in the case a = h the Euler-Lagrange equation is invariant under 
the transformation (1.49). But still, there are some special cases that we have 2-dimensional scaling 
group. 

First we consider the case: 

p{h) = ^h' (1.56) 

Note that this function p{h) satisfies (1.51)-(1.53) 
Now we may take a^b: 



Then 



That is 



and also: 



So now we have: 



pCHt,x)) = IhHt,.) = '—h^l^^) = ^P(M^,f )) (1-57) 



p(i,x) = Mi,x) = gM^,f) = gp(^,f) (1.59) 



^ - div(pV^) (1.60) 

This means the equation (1.21) is invariant under the transformation (1.49). So in this case, the scaling 
group is 2-dimensional. 

More generally, we can consider the case 

p(/i) = C/i",a > 1,C > 0,/i > (1.61) 

Obviously in this case the function p(/i) satisfies (1.51)-(1.53) and we have: 

. = C(^)- (1.62) 

If we set: 

C 



k 



then 

p = kp^ (1.63) 
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with 7 > 1 and k depending on 7. 

This is the polytropic case. We can calculate as above to see that in this case, we also have the 
2-dimensional scaling group. Also, one can easily sec that we have the 2- dimensional scaling group 
only when the function p is a homogeneous function of h. 

In present book, we shall consider the general case p = p{h), so the scaling group is 1-dimensional. 
In this case, we consider the 1-parameter group of dilations of K x E^, given by: 



{t, x) h^- {e^t, e^x] 



(1.64) 



where r G M. 

Let (f)he a, solution of (1.21) and define for each r e M the function 



(f)T := e '^(j){e'^t, e'^x) 



(1.65) 



As we have seen before, (f>T is also a solution of (1.21). Then 



V = (T)l-o := Sep 



(1.66) 



satisfies the linear equation (1.43). Here S is the differential operator 




(1.67) 
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Chapter 2 

The Basic Geometric Construction 



2.1 Null Foliation Associated with the Acoustical Metric 
2.1.1 Galilean Spacetime 

Since the Galilean spacetime is the frame of classical fluid mechanics, we shall mention some basic 
facts about it. 

A Galilean spacetime is a quadruple {Q,A,TT,e) where: 

(1) Q is a 4-dimensional affine space; 

(2) ^ is a l-dimcnsional affine space with imit displacement, which represents time; 

(3) The map n: G ^ Ais a surjective affine map; 

So Ej := Tr~^{t) is an affine subspace of G for each t € A, and we can introduce a Euclidean metric 
et on each S^. The is the hypersurfaces of absolute simultaneity. 

(4) A Galilean frame is an affine foliation of by a family of parallel lines transversal to E^.A 
Galilean frame represents a family of inertial observers at rest relative to each other. The metric e 
satisfies the condition that parallel transport along the lines of a Galilean frame induces an isometry 

between (Etj^,etJ and (E^jjCtj) for any ti,t2 G A. 

Two Galilean spacctimcs, (G, A, n, e) and {G' , A! , it' , e') arc equivalent if and only if there is a pair 
(/, J), where / is an affine spaces isomorphism of G onto G' , and J is an affine spaces isomorphism of 
A onto A! such that 

(1) n' o I = J on ; 

(2) J takes the unit displacement of A into the unit displacement of A' ; 

(3) ^Ist is an isometry of (St^^t) onto {T,'^,,e^,), for each t £ A. Here E^ = 7r~^{t), E^, = 7r'~^(f'), 
and t' = J(t). 

Classical mechanics including classical continuum mechanics are invariant under such Galilean 
transformations. We have used in fact this Galilean invariance to define the first order variations in 
Chapter 1. 

However, in this book, we shall adopt a different point of view in analyzing the equation of vari- 
ations. We shall retain from the Galilean spacetime G only its diffcrcntiale manifold structure M^, 
a manifold endowed with the acoustical metric g. We call the pair the acoustical spacetime, 

which is a Lorentzian manifold. Two such Lorentzian manifolds {M,g) and {M',g') are equivalent if 
and only if there is a diffeomorphism / of Ai' onto A4 such that g' = f*g, i.e. {A4',g') is isometric to 
{M,g), through an arbitrary diffeomorphism /. 
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2.1.2 Null Foliation and Acoustical Coordinates 



The initial data for the equation of motion 

|^+div(pv) = (2.1) 

dv 1 

+ vVv = — Vp (2.2) 
ot p 

ds 

_+vVs = (2.3) 

is to be given on the hypcrplane So and consists in specification of the triplet (p, s,v). We assume 
that there is a sphere 5*0,0 outside which the initial data coincide with those of a constant state, that 
is we have 

V=Po, s = So, v = (2.4) 

By choosing the unit of length equal to the radius of Sq^, we then take ^o.o to be the unit sphere 
centered at the origin in Sq. We consider an annular interior neighborhood of ^0,0 in So: 

= {x G So : 1 - eo ^ r(x) ^ 1} (2.5) 

where r is the Euclidean distance function from the origin in Sq and eo is a positive constant, satisfying 
the condition: 

eo < ^ (2.6) 

We define in So the function 

u=l-r (2.7) 

which on So minus the origin is a smooth function without critical points, vanishing on ^o.o and 
increasing inward. For each value of u in the closed interval [0, cq], the corresponding level set Sq^u of 
« is a sphere of radius 1 — u'm the interval [1 — eo, 1], and we have: 

So°= U -^o." (2-8) 

M6[0,eo] 

In the case that the initial data is irrotational and isentropic outside 50,60, the data in the exterior of 
50,60 ill ^0 specify the pair {(f), dt<p) in this region. This is initial data for the nonlinear wave equation 
(1.23) in the region in question and we have: 

= 0, do<f> = ho (2.9) 

ho is the enthalpy of constant state, in the exterior of 5*0,0 in ^o- As we have seen in Chapter 1, the 
enthalpy h is defined up to an additive constant, we may use this freedom to set: 



ho = 

To any given initial data set as above there corresponds a unique maximal solution of the equation 
(2.1)-(2.3), of the nonlinear wave equation (1.23) in the irrotational isentropic case. The notion of 
maximal solution or maximal development of an initial data set is the following. Given an initial data 
set, the local existence theorem asserts the existence of a development of this set, namely of a domain 
T> in Galilean spacetime, whose past boundary is the domain of the initial data, and of a solution 
defined in V and taking the given data at the past boundary, such that if we consider any point p 
and any curve issuing at p with the property that its tangent vector at any point q belongs to /~ , the 
closure of the past component of the double cone defined by gq, the acoustical metric at q, then the 
curve terminates in the past at a point of the domain of the initial data. The local uniqueness theorem 
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asserts that if (2?i , (pi , si, vi)) and (152, {P2, S2, V2)) are two developments of the same initial data set 
{(T>i,(f)i) and (I?2, 02) in the irrotational isentropic case), then (pi, si, vi) coincides with {p2, S2, V2) in 
T^i n ^2 ('/'i coincides with (j)2 in Vi P| V2 in the irrotational isentropic case). It follows that the union 
of all developments of a given initial data set is itself a development, the unique maximal development 
of the initial data set. We consider, in the domain of maximal solution, the family {C„ : u € [0, eo]} of 
outgoing characteristic hypersurfaces corresponding to the family {5o,u : u € [0,eo]}: 

C„ fl So - 5o,„ : e [0, eo] (2.10) 

Each bicharacteristic generator of each C„ is to extend in the domain of maximal solution as long as 
it remains on the boundary of the domain of dependence of the exterior of the surface So,u in ^o- if 
we denote by W^^ the spacetime domain : 

We,= U Cu (2.11) 

«e[0,eo] 

then the domain M^^ of the maximal solution corresponding to the given data set is the union of W^g 
with the domain in Galilean spacetime bounded by the exterior of the unit sphere Sq^ in Eq and 
by the outgoing characteristic hypersurface Cq corresponding to 5'o,o- By the domain of dependence 
theorem the solution coincide in M^^ \ W^^ with the constant state. This implies that Co is a complete 
cone, each of its bicharacteristic generators extending to infinity in the parameter t. We extend the 
function u to W^q by requiring that its level sets are precisely the outgoing characteristic hypersurfaces 
Cu- The function u is then the solution of the equation: 

{g-^r''d^,ud,u = (2.12) 

We shall call such a function an acoustical function. The vector field L given by: 

L = -{g-yd^u (2.13) 

is then a future-directed null geodesic vcctorficld with respect to the Lorcnzian metric g. Its integral 
curves are the bicharacteristic generators of each C„. Now the parametrization of these given by L is 
afHne; however, for reasons which shall become apparent in the following we wish the generators to be 
parametrized by the function t instead. For this reason we choose the colinear vectorfield 

L = ij,L (2.14) 

where the proportionality factor /it, a positive function, is chosen so that 

Lt = 1 (2.15) 

Thus 

- = -{g-'r-'d^td^u (2.16) 

For each u E [0, eo] there is a greatest lower bound t^,{u) of the extent of the generators of Cu, in the 
parameter t, in the domain of the maximal solution. This t«('u) is either a positive real number or 00. 
Acoording to the above we have f*(0) = 00. Let us denote 

t*eo = inf t^u) (2.17) 

M£[0,eo] 

In the following we shall confine attention to the spacetime domain 

W:,= U St,u (2.18) 

(t,u)e[0,t„o)x[0,eo] 
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where 

St,u = C^f]^t (2.19) 

Define in W*^ the vectorfield T such that it is tangential to Ef, orthogonal to the surfaces {St,u ■ u G 
[0,eo]} in metric g, and it verifies: 

Tu = l (2.20) 

Consider the commutator: 

A = [L,T] (2.21) 

From (2.12)-(2.14); we know 

Lu = (2.22) 
and by the fact that T is tangential to St, we have: 

Tt = (2.23) 

then from (2. 15), (2.20), we get: 

Aw = Ai = (2.24) 
Therefore A is tangential to St^u- Prom (2.14) and (2.22), we know that 

g(L,L) = (2.25) 

i.e. i is a null vector with respect to the acoustical metric g. Also, from (2. 13), (2. 14) and (2.20), 

g{L, T) = ng{L, T) = -^Tu = -/x (2.26) 

Since the restriction of g to St is the Euclidean metric, T is a spacelike vector with respect to g and 
we can write 

g{T,T)^K^ (2.27) 

where k is a positive function, the Euclidean magnitude of T. Let N be any vector tangent to one of 
Cu, then we have 

Nu = (2.28) 

i.e. 

g{L,N) = (2.29) 

So for any X tangent to one of St^u, 

g{L,X) = (2.30) 
Since by definition, X is also g orthogonal to T, it follows that 

TpW; = Hp ® TpSt,u (2.31) 

where lip is spanned by L and T. The metric g in Hp is given by (2.25)-(2.27) in terms of ^, and k. 
By (2.31) g is then completely specified once we give the metric ^ induced on St^u'- 

^{X,Y)=g{X,Y) yX,YGTpSt,u (2.32) 

For each u € [0, eo] the generators of C„ defines a smooth mapping of So.m to S't^^for each t G [0, f*eo)- 
While each Sq^u is diffeomorphic to S^. Therefore, wc get a diffeomorphism from St,u to S^: 

p^^ = a?(p) (2.33) 

where d G S'^, p G St^u- If local coordinates (i?^,-!?^) arc chosen on 5^, this diffeomorphsim defines 
local coordinates on St^u for every (t,u) e [0,t*e(,) x [0,eo] Since the difi'eomorphism from So,m to S'^ is 
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arbitrary, the diffeomorphsim (2.33) is arbitrary as it may be composed on the left by a transformation 
of the form: 

'd^^ = 'd{u,i)) (2.34) 

The local coordinates {'d^,d'^), together with the functions {t,u) define a complete system of local 
coordinates {t,u,d^ ji}"^) for W^^. We shall call these acoustical coordinates and we shall derive an 
expression for g in W*^ in these coordinates. 

First, the integral curves of L are the lines of constant i9 and u, parametrized by t. Therefore 

L = | (2.35) 

Next, by (2.20), (2.23), we have 

T=l-E (2.36) 

where S is a vcctorfield tangential to St^u- Thus S can be expanded in terms of the frame field {g§x' 
A = 1, 2). and we have 



(2.37) 



By (2.21), (2.35), (2.36) we have 

[L,E] = -A (2.38) 

or, in terms of components, 

^=-A- (2.39) 

We can set S = along any one of the hypersurfaces Ej. However the non- vanishing of A forbids 
setting S = everywhere. With the components 

where A,B = 1, 2, we have 

g = -2fidudt + K^du^ + $^g{d^^ + E'^du){di}^ + E^du) (2.41) 

We define in W*^ the vectorfield B by the conditions that it be orthogonal to with respect to g and 
that it verifies : 

Bt = 1 (2.42) 

Since Ej is spacelike relative to g, B is future-directed timelike relative to g. Thus, there is a positive 
function a such that 

g{B,B) = -a^ (2.43) 

In fact, we have 

B = -a'^ig-^f'da (2.44) 

and: 

a-^ = ^{g-^rd^,td,t = r,-^ (2.45) 
Since a and rj are both positive, a = rj. Then we have 

B° = -a''{g-y° = 1, B' = -a''{g-'y° = -a''{-r]-^y = v' (2.46) 

So 
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and in irrotational isentropic case, 

B={l,-V^) 

Now at any point p, B lE Hp, a timelike plane relative to g. Therefore, B is a linear combination 
of L and T. Prom (2. 36), (2. 35), (2. 42), and the fact that B is future-directed timelike relative to g, we 
have 

B = L + fT (2.48) 

where / is a positive function. Taking g-inner product of (2.48) with T, using(2.26) and the fact that 
g{B,T) = we have 

H = fK^ (2.49) 
On the other hand, L is null relative to g, we have 

= giB, B) + fg{T, T) = -a^ + (2.50) 

Since / is positive, we have 

f=^ (2.51) 

Then we get 

IJ. = aK (2.52) 
Let us introduce the vectorfield T := k~^T. Then from (2.48), (2. 51), we have 

L = B-af (2.53) 

By (2.46), (2.47), we have 

dt ' 'dxi 

in the irrotational isentropic case: 



X=|-(af^ + a.^)^ (2.55) 

We finally calculate the Jacobian of the mapping: 

(t,u,i?\^?2) (a;0,x^x^a;3) (2.56) 

Since x° = t, we have 

dx° , dx° dx° „ 

where A= 1,2. Also, since 



dt 
we have 



= L^ (2.58) 



dt 

where i = 1, 2, 3 Similarly, we have 



U (2.59) 



du 
where 



r + e' (2.60) 



where i = 1,2,3;^ = 1,2. 



e=-^X^, X\ = — (2.61) 
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Then we get the Jacobian determinant of (2.56): 



A = 



10 



(2.62) 



We have, 



where 



Ti + ^1 Xl X\ 
T^+e Xl Xl 



A + A 



and 



Now from (2.61), we have 



then we can simply write 



I.e. 







Xl 


Xl 


A = 




Xl 


Xl 




2^3 


xl 


xl 




e 


Xl 


Xl 


A = 


e 


xl 


Xl 




e 


Xl 


Xl 



x\ xl xl 

Y2 y2 y2 

A 1 2 

Y3 y3 y3 



A=(r,Xi,X2) 

A= ITIIXi AX2I 



(2.63) 
(2.64) 
(2.65) 

(2.66) 

(2.67) 
(2.68) 



where the magnitude is with respect to g, the restriction of g on Sj, which is the Euchdean metirc 
then we know that 

1^1 A X2I = V|XlP|X2P-(Xi,X2)2 = 



det^ 



then we get 



A = KWdet ^ 



(2.69) 
(2.70) 



2.2 A Geometric Interpretation for Function H 

Recall the definition of H in Chapter 1: 

H = -2h-rf (2.71) 

Here we just consider the case H = const. Actually, we just need to consider the case H = due to 
the following transformation: 



k - k 

-t, h:=h+-, H:=H-k k is the ''const" 
2 2 



(2.72) 



which leaves the non-linear wave equation (1.23) invariant. 
Since 
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implies 

1 

h = --n 



2 



in this case the acoustical metric is: 



I.e. 



g = 2d(j)dt + Y^{,dx'f (2.73) 

i 

Introducing a new coordinate s, we consider the Lorentzian manifold where: 

g = 2dsdt + Y.idx'f (2.74) 

i 

So the manifold (M x E^jg) can be realized as a submanifold of (IR^+^,5) with the induced metric, in 
fact as the graph over the null hyperplane: 

s = (l){x,t) (2.75) 

Also, by direct calculation, we find: 

det g = 2h=-r]'^ <0 (2.76) 

which implies that this submanifold is a time-like hypersurface in (K^+^,^). 

Moreover, the manifold (M xW?,g) is a minimal submanifold of (M^"'"'*,^). Since in general 



dp 9 ^ dp 1 dp 
-f = V and -f = -^ 
dp dp p dh 



In the present case we have by (2.71): 



Hence we can solve this ODE to obtain: 



\/^27i r? 

where C is a positive constant. The equation: 

dp 



Idp _ 1 
p dh 2h 



dh P 



gives 



p = Po — C\/ —2h i.e 

By (2.77) we can write: 

p = po-CV or p = po-Cr] (2.78) 



22 



Thus, the action in a domain J7 in R x is: 



/ pdt(fx =Po dt(fx -C rjdtd^x (2.79) 
Ja Jn Jq 



While 



/ r]dtd^x= / ^/^^detgdtd^x (2.80) 
Jfi Jq 

is the volume of f2 with respect to g. 

It follows that the Euler-Lagrange equation coincides with that corresponding to the Lagrangian 
-\/— dot g. But the Euler-Lagrange equation corresponding to the volume of a domain as the action in 
the domain is the minimal surface equation. 
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Chapter 3 

The Acoustical Structure Equations 



3.1 The Acoustical Structure Equations 

Define k by 



2ak = CBg (3.1) 

where C is the restriction of £ to E(. 

If X, Y are two vectors tangent to Et at a point, we then have 

ak{X, Y) = giDxB, Y) = giDyB, X) (3.2) 

where k is the 2nd fundamental form of Tit relative to g and D is the covariant derivative associated 
to g. Recall from Chapter 2, we have 

B = do+ v'di (3.3) 

Then 

2a% = {jCBg)ij = {Bgij) + gimdjv"" + gjmdiv"" (3.4) 

Since gij = 6ij , we have 

2ak,j = djv' + d,v^ = -29,?Aj (3.5) 

The last equality above is in the irrotational isentropic case. 

Any vector X tangent to C„ at a point p can be uniquely decomposed into a vector colinear to L 
and a vector tangent to St,u- 

X = cxL + UX (3.6) 

If X, Y are tangent to C„, then g{X,Y) = ^{nX,nY). 

Let Xa = g§7s:, given any Z e TpC„, we can expand HZ = Z^Xa- Taking inner product with Xb- 

${XB,nz) = $^^z^ (3.7) 

Define x by 

2x = iLg (3.8) 

Here, is the restriction of C to St^u- 

If X, F are tangent to St^u, then we have 

X{X, Y) = g{DxL, Y) = giDyL, X) (3.9) 

Since L = ii~^L is an affinely parametrized geodesic field, we have: 

DlL = nDiiiiL) = L{ii)L = ii-\Lii)L (3.10) 
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Denoting xab = x{^a,Xb)- We shall derive a propagation equation for xab along C„. First we have 

LxAB = g{DLDx^L,XB)+g{Dx^L,DLXB) (3.11) 

Now Dj^Xji — DxjiL = [L, Xa] = 0, if we denote by R the curvature of g, we have: 

DlDx^L - Dx^DlL = R{L,Xa)L 

where the curvature transformation is defined by: 

R{X,Y)Z = DxDyZ - DyDxZ - D[x,y]Z 

Then 

g{DLDx^L,XB) = ,i-\L,i)xAB - uab (3.12) 

where aAs = R{Xa,L,Xb,L). Recall that the curvature tensor is defined through the curvature 
transformation as follows: 

R{W, Z, X, Y) := g{W, R{X, Y)Z) (3.13) 

The second term on the right hand side of (3.11) is equal to g{DxAL, DxbL). 

Since L is null with respect to g, then for any vcctorficld X, DxL is ^(-orthogonal to L, therefore 
tangential to C„. Thus, setting Wa — Dx^L- A= 1,2, wc have 

g{WA, Wb) = ^{HWa, UWb) (3.14) 
We now expand HWa in the basis Xb, B = 1, 2. The coefficient of Xb in this expansion is 

{p~Y''^{^WA,Xc) = {^-Y'^giDx.L, xc) = irY^'xAc (3.15) 

hence, 

^{UWa,I1Wb) = !^{XaXc,Xb^d) = XaXbc 
Here the capital indices are raised and lowered with respect to Thus, 

xa = ir')''^xAc 

So we get the propagation equation: 

LXAB = ll~'^{Lll)xAB + XaXBC - OLAB (3.16) 

From this, we can get a propagation equation for trx. We denote by S^v the Ricci tensor: 

:= {g-^r''R^...X (3.17) 
We can express {g'^Y^ in terms of the frame L,T, Xi,X2. We have 

{g-^Y" = -a-^L^'L'' - ij,-\LI'T'' + L'^T^') + (^-i)^^X^X^ (3.18) 
From (3.18), we have: 

tra = {f^)^^R^,,xX'XL-X"BL^ = {g-^R^^^xL^L^ = S^xL^L^ (3.19) 
On the other hand, 

L(trx) = L[{^-Y''xab] = irY'^HXAB) + XABm-Y""] (3-20) 
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This equals 

{f')^^L{xAB) - XAB{fY''{r'r''L{^cD) (3-21) 

(^-I)^^L(Xab) - 2xAB{f^t^{f^)''''xcD (3.22) 
where we have used the following fact: 

This is simply the derivative of the reciprocal of a non-degenerate matrix: 

— ; — = -M~^——M~^ 
dt dt 

Since we have 

2xAB = L{^^^) (3.23) 

then taking trace with (3.16), we get 

L(trx) = ^i-\L^i)txx - \x\) - S{L, L) (3.24) 

We shall write down the Gauss and Codazzi equations of the embedding of St,u in the acoustical 
spacetime. First, we consider S't,„ as a submanifold of Sj. In this case, the normal vectorfield is T. 
We define 6, the second fundamental form of St^u relative to St, by: 

2k6' := Ij-g (3.25) 

For any two vectors tangent to St^u at a point, we have 

Ke{X, Y) = g{DxT, Y) = giDyT, X) (3.26) 

Denote by the restriction of k, the second fundamental form of in spacetime manifold, to TSt,u, 
then by (2.53), we have 

X = a{^- e) (3.27) 
The Gauss equation of St,u in is expressed in terms of (Xi, X2) by 

fi-ABCD ~ (^acSbd + SadObc = (3.28) 
fi, is the curvature tensor of 4. Since <\\vc\.Sf ^ — 2, we have 

$.ABCD = K{^^J^^ - ^^J^^) (3.29) 
where K is the Gauss curvature of St^u- Then we have 

QacQbb - QauQbc = K{^^J^^ - ^^J^^) (3.30) 
contracting this with \{$~'^)'^^ {$~^)^° : 

^(V)'-^l^l^ = ^ (3-31) 
Also from the Gauss equations of the embedding of St in the whole manifold, we have 

^ac^bd ^ ^BC^AD = Rabcd (3.32) 
In view of the symmetries of the curvature tensor we can express: 

Rabcd = P^ab^cd (3.33) 
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where cab are the components of the area form of (S't,„,^): 

CAB = ^fd^^[AB] (3.34) 
Contracting (3.33) with ^{^~^)^'" {^~^)^'^ and taking into account the fact that 

we obtain 

l{tr^i^r-lm} = P (3.36) 
This is the Gauss equation of St^u in acoustical spacetime. 

We then derive the Codazzi equation: Let X,Y,Z be vectorfields tangent to St^ut we can extend 
them to Cu by pushing forward by the flow of L. They are then tangential to each of the sections St,u, 
t e [0,eo)- We have: 

X{x{Y, Z)) = X{g{DYL, Z)) = giDxDyL, Z) + giDyL, DxZ) (3.37) 
On the other hand, 

{IPxX)(Y, Z) = X{x(Y, Z)) - xilPxY, Z) - x{Y, IpxZ) (3.38) 

Here ^ is the covariant derivative operator on the St.u associated to the induced metric ^. Hence, 

{U)xX){Y, Z) = giDxDyL, Z) + g{DYL, DxZ) - xi^xY, Z) - x{Y, IpxZ) (3.39) 

Exchanging X, Y, and noting that 

DxDyL - DyDxL = R{X, Y)L + (3.40) 

while g{R{X, Y)L, Z) = R{Z, L, X, Y) and 0xY - IPyX = [X, Y],we obtain 

{lPxX){Y, Z) - {I1)yX){X, Z) = R{Z, L, X, Y) + giD^x,Y]L, Z) + giDyL, DxZ) - g{DxL, DyZ) 

-xilPxY, Z) + X0YX, z) - x(r, IpxZ) + x{x, IpyZ) 
= R{Z, L, X, Y) + giDyL, DxZ) - g{DxL, DyZ) - x{Y, IpxZ) + x{X, IpyZ) 

Define the 1-form C on S'( „, by 

aX)=g{DxL,T) (3.41) 

for any vc;ctor X tangent to St^u at some point. We shall derive an expression for Q. For this, we set 
DxL = xL + yT + z^Xa- Then 

g{DxL,T) = -f,x + K''y, g{DxL,L) = -fj,y, g{DxL,XA) = z^'p^j^ (3.42) 

Solving for the coeSicients x, y, z^, we obtain: 

DxL=-fx-\{X)L + x-X (3.43) 

where ^{x ■ X,Y) = x{X,Y). 
Then, 

g{DxL, DyZ) = ^^-\{X)x{Y, Z) + g{x ■ X, DyZ) = ^i-\{X)x(Y, Z) + x(X, IpyZ) (3.44) 
Substituting this into the expression above, wc get 

{]pxX){Y, Z) - {$yx){X, Z) = R{Z, L, X, Y) - /."i (C(X)x(r, Z) - aY)xiX, Z)) (3.45) 
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In this equation, we set X = Xa, Y = Xb,Z = Xc- Defining the l-form /3 on the St,u by: 

R{Xc, L, Xa, Xb) = PcCAB (3.46) 

we obtain the Codazzi equation: 

JPaXbc - JPnXAC = Pc^AB - IJ.~^{C,aXbc - CbXac) (3.47) 
Denoting by ci/rlx the l-form on St^u with components: 

c^rlxc := \e^''{Jl>AXBC - II>bXac) (3.48) 
where e^^ = {^~^)^^ {^~^)^^ ecD = (i/det ^)~^[AB], we can write Codazzi equation as follows: 

ciiAx = d - lJr\ A X (3.49) 

Here {( A x)c — ^^"^^ {(aXbc — (bXac), and this equation has the whole content of equations (3.47). 
Contracting (3.47) with {^~^)^'" , we obtain the contracted form of the Codazzi equation. 

d^vx-4trx = /3*-Ai-'(C-X-Ctrx) (3.50) 

which is equivalent to the equation (3.49). Hero (C • x)b = i^^^)'^'^ CaXbc, [3% = {^~^)^^ I^C^AB 
We shall now derive an expression for zeta, from the expression for L, 

aX) = g{DxB, T) - aK-'g{DxT, T) - g{T, T)X{aK-') (3.51) 

While g{T,T) = k^, we have g{DxT,T) = kXk, so this reduces to 

C{X)=g{DxB,T)-KXa (3.52) 

Define l-form s on St,u by: ks{X) = k{X,T). Then 

C = K{ae — 4ct) (3.53) 

We now define St^u l-form: 

7/ := C + 4/" (3.54) 

Obviously, we have 

r]iX) = -g{DxT,L) (3.55) 

We can express the commutator A of L and T, a vectorfield tangential to St,u, in terms of ( and rj. 
We have 

A = A^Xa, A^^^^ = g{XB, DlT) - g{XB, DtL) (3.56) 

and 

giXs, DlT) = -g{DLXB,T) = -g{Dx,L, T) = -(b (3.57) 
To compute g{XB,DTL), we express L in terms of the geodesic vectorfield L. We have 

g{XB, DtL) = g{XB, Dt{iiL)) = fig{XB, DtL) = iig{T, Dx^L) = txg{T, Dx^ (M"'i^)) (3.58) 

Here we have used the fact that L^^ = —{g~^)^'^d„u, that is, L is gradient of a function, so we can 
exchange T and Xb- This equals 

g{T, DxsL) - fi-\XBti)g{T, L) = Cb + ^bM = Vb (3.59) 

So we get 

A^^-il^-Y^'iCB + VB) (3.60) 
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We shall express DtL and DlT in the frames {L,T,Xi,X2) First, by (3.59) and (3.60), 

g{DTL,XB) = VB (3.61) 



and 

It follows that 
Also, 
and 



g{DTL,T) = g{DLT,T) = L{^K^), g{DTL,L) = (3.62) 



DTL = {fY''TlBXA-a-\Ln)L (3.63) 

g{DLT,XB) = -g{DLXB,T) = -g{Dx,L,T) = -Cb (3.64) 

g{DLT,L)=g{DTL,L) = 0, g{DLT,T) = (3.65) 
where we have used the fact that [L, T] is tangential to 5t,„. We thus obtain 

DlT = -^^^CBXA-a'\LK)L (3.66) 

Next, we compute Dx^^T. Set 

Dx^T = aAL + bAT + c^XB (3.67) 

Taking inner product with L: 

- iibA = g{Dx^T, L) = -r)A ^bA = f^'^VA (3.68) 
Taking inner product with T: 

- iiaA + kHa = 9{Dx^T, T) = ^Xa{k'') (3.69) 

Thus we obtain: 

OA = a~'^'riA - a~'^XA{K) = a~'^{r]A - Xa{ij.) + KXA{a)) = a"^(CA + KXA{a)) = a~'^KSA (3.70) 
Finally, taking inner product with Xc- 

cl$BC = S^^^aT, Xc) = kOac (3.71) 

We conclude that 

Dx^T a-^nsAL + ^i^'vaT + nOABif^ f^Xc (3.72) 
In the following, we will compute DtT. We may decompose: 

DtT = DtT + aB (3.73) 

where D is the covariant derivative operator on the Et, associated to the induced metric ^, which, as 
we have seen, coincides with the Euclidean metric. Taking inner product with B: 

- o?a = giDrT, B) = giDrT, L) + an-^giDrT, T) = -T/x - g{T, DtL) + aK-^T{^K^) (3.74) 

where we have used the fact that giDrT, L) = T{g{T, L)) ~ g{T, DtL). The righthand side of (3.74) 
equals: 

— Tfi — kLk + aTn = —K(Ta + Ln) (3.75) 
Using the fact that [L,T] is tangential to St,u, so g{T,DTL) = g{T,DLT) = ^-L(k^) 
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We may use the rectangular coordinates on E^, the induced metric g being Euclidean. For any pair 
of vectorfields X, Y tangential to St we then have, in terms of components in rectangular coordinates, 

{DxYf = X'djY' (3.76) 

So we have: 

{DtTY = TWjT* = T^djT' (3.77) 

and 

QijT^ = K'^diU, Qij = Sij ^ T' = K'^diU (3.78) 

So, 

(DtTY = K^djudj{K^diu) = K^djudjK^diU + n'^djudjdiU (3.79) 
By (3.78), Y^iidiuf = k'"^ then we have 

(5.T)^ = K-Wa,(.^) + l.^a.(.-) (3.80) 

This equals to 

K-^TT^djin'^) - ^di{K^) (3.81) 

^ DtT = ]^n~^T{n^)T - )^f^XB{,n^)XA (3.82) 
In view of (3.74), (3.75) and (3.82), we conclude that: 

DtT = Ka-^{Ta + Lk)L + [a-^{Ta + Lk) + k-^Tk]T - ^{f'^)^'^ Xb{k^)Xa 
In regard to (3.74), 

g{DTT, B) = -g{T, DtB) = -ak{T, T) (3.83) 
Comparing with (3.75), we see that: 

L{^K^) = -KTa + ak{T, T) (3.84) 
Using this equation, we shall derive a propagation equation along the generator of St^u for /U: 

LjjL = nLa + aLn = nLa - aTa + afj,k{f, f) (3.85) 

First, 

aiJ,k{f, f) = -iif'Pditpj = -af\T'^i) (3.86) 

We have used the fact that akij =- —diipj (Sec (3.5)). 

To compute the first two terms on the right hand side of (3.85), we shall use: ada = ^da^ = ^drf . 
While 

rf = i-^drf = (^)dh (3.87) 
P P 

It follows that 

KLa - aTa = l^{^)Lh - \{^)Th (3.88) 
Substituting this and (3.86) into (3.85), we get 

^1" = - Vl^^^^ - "^'(^^^) (3-89) 

Recalling that 

L = dt- {af' + ^i)di -af' =U+'4)i (3.90) 
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we express 

- af^Ti^i) = UiTi^i) + J2 i^iTi^i = T\Li,i) -Th = a" V^^iV-i) - Th (3.91) 

i 

We thus obtain the following propagation equation for 

Ln = m + ne (3.92) 

where 

m = i ^r/i, H = -2h-rf (3.93) 

and 

e = ^i^Uh + a-^f\Li^i) (3.94) 

To complete the set of connection coefficients of the frame field {L, T, Xi, X2), we should compute 
Dxa^b- We decompose: 

Dxj^Xb = IPx^Xb + uabL + bABT (3.95) 

then 

- iibAB = giDxA^B, L) = -XAB (3.96) 

and 

- uttAB + kHab = g{T, DxaXb) = -kOab (3.97) 

By X = - 9), we get 

bAB = IJ.~^XAB, ttAB = a~'^$AB (3-98) 

So we get the following table: 

DlL = fj,-^{Lfj,)L (3.99) 
DtL = {0-Y''vbXa - a-\LK)L (3.100) 
DlT = -{^-Y'^CbXa - a-\LK)L (3.101) 
DxaL = -Ii-^aL + xIXb (3.102) 

DtT = a-^K{Ta + Lk)L + [a'^LK + n-^Tn)T - ^(^-^)^^Xb(k^)Xa (3.103) 

DxaT = a-^KSAL + fx-^AT + k9ab{^-Y^Xc (3.104) 

DlXa = DxaL (3.105) 
DxaXb = IPxaXb + ol-^^abL + Ii-\abT (3.106) 

We now investigate the connection between the Lie derivative of x with respect to T and the derivative 

of T] tangential to S'i,„. 

First, we extend x from TSt^u for each i, u to TW*^ by the conditions: 

x{X,L) = x{X,T) = (3.107) 

We define t-rX to be the restriction of jCtX to Sty. 

{ItX){Xa,Xb) = {Dtx){Xa,Xb)+x{Xa,DxsT) + x{Xb,DxaT) (3.108) 

Due to the extension of x and using (3.99)-(3.106), this equals to 

{Dtx){Xa, Xb) + kObcXa + i^OacX% (3-109) 
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To compute {Dtx){^a,Xb)- 

{Dtx){Xa,Xb) = T{xab) - x{^DtXa,Xb) - x{^DtXb,Xa) (3.110) 
where 11 is the fif-projection to St^u- Now 

T{xab) = T{g{Dx^L, Xb)) = giDrDx^L, Xb) + g{Dx^L, DtXb) (3.111) 

While 

g{DTDx^L, Xb) = giDx^DrL, Xb) + g{D^T,x^^L, Xb) + R{Xb, L, T, Xa) (3.112) 
Prom (3.100), 

9{Dx^DtL,Xb) = g{DxAv^Xc - a-\LK)L),XB) (3.113) 

This equals to 

- a-^{LK)xAB + Xa{vb) - r}{lJ)xj,XB) = -a-^{LK)xAB + IPaVb (3.114) 
Since [T, X^] is tangential to St.u, we have 

g{D[T,xML, Xb) = xilT, Xa],Xb) = x{^DtXa,Xb) ~ xi^Dx^T, Xb) (3.115) 

= xi^DrXA, Xb) - k0acX% (3-116) 

Also, 

g{Dx^L, DtXb) = -fi-\A9{L, DtXb) + g{xAcX'^, UDtXb) (3.117) 

which equals 

M"'a»?s + x{Xa, UDtXb) (3.118) 

So we obtain: 

{Dtx){Xa,Xb) = ^a^b+IJ^'HaVb - a-\Ln)xAB - i^OacX% - R{Xa,T,Xb,L) (3.119) 
The symmetric part of this equation is 

{Dtx){Xa,Xb) = ^{IPaVb + $bVa) + ^f^-^iUVB + CbVa) (3.120) 

-a-\LK)xAB - \<QacXb + ^bcXa) (3-121) 

-\{R{Xa, T, Xb, L) + R{Xb,T, Xa, L)) (3.122) 

The antisymmetric part of this equation contains no new information. 
Denoting 

{Ux){Xa, Xb) = UXAB (3.123) 

our conclusion is 

ItXab = ^{IPaVb + IPbVa) + ^I^'HCaVb + CbVa) (3.124) 

-a-\LK)xAB + \h{OacX% + ObcXa) " Iab (3.125) 

where 

iab = ^{R{Xa,T,Xb,L) + R{Xb,T,Xa,L)) (3.126) 
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We shall also use the null frame {L,L, Xi,X2), where 

L = a-^KL + 2T (3.127) 
One can check that i is a incoming future directed null vector satisfying the following condition: 

5(L,L) = -2m (3.128) 
The inverse of the acoustical metric is expressed in this frame by 

(c,-i)M^ = - — (^L^'I/ + L^L") + (^-i)^^X^X^ (3.129) 
From (3.99)-(3.106), we have the following table: 

DlL = h-\Lh)L (3.130) 

DlL = -L{a-^K)L + 2r]'^XA (3.131) 

Dx^L = -fx-\AL + XaXb (3.132) 

DlL = -2C'^Xa (3.133) 

DlL= {i^-^Lfi + L{a-^K))L-2i^{^-'^)'^'^XB{a-^K)XA (3.134) 

Dx^L = ii-^tjaL + x^Xb (3.135) 

DlXa = Dx^L (3.136) 

Dx^Xb = IPx^Xb + It^-'XAB^ + l^^~'xABL (3.137) 

Similarly, we have 

X = K0 + e) (3.138) 

This completes the exposition of the acoustical structure equations. 

We shall presently derive expressions for the operators Og and we have : 

Dgf = tv{D^f) (3.139) 

where tr denotes the trace with respect to g and D^f denotes the Hessian of / with respect to g. In 
view of the expression (3.129) for g^^ we have 

= {9-'Y''{D^f)y.. = -t^-HD'f)LL + {fY''{D^f)AB (3.140) 
Also we can consider the Hessian of the restriction of / to 5t,„ with respect to the induced metric p 

iff (3.141) 

then the operator ^ = is given by 

A = tr(^V) (3.142) 
Here tr is the trace with respect to ^. In terms of the frame, we have 

{D^Dab = XAiXef) - {Dx^Xb)! (3.143) 

and 

(^V)ab = XA{XBf) - {IPxMf (3-144) 

By (3.137), we have 

{D^f)AB = {lff)AB - ll^-'x^^iLf) - \,i-\ab{U) (3.145) 
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Hence: 

{^-Y^iD'DAB =H- ^M"Hrx(L/) - ll^-hrxm (3.146) 

Also, by (3.133), 

{D\f)LL = L{LJ) - {DlDJ = L{Lf) + 2C • 4/ (3.147) 
So we get the following expressions for Dg-. 

nj = ^f- ^,j,-hTxiLf) - \lJi-hvxiU) - l^-^L{U) - 2f,-\ ■ 4f (3.148) 
Since the conformal acoustical metric g is given by: 

g^.. = ^9^.. (3.149) 

we then get 

Ug = n-^Ogf + n-^g-^r'^d^ndj = n-'Ogf + n-^^{g-yd^hdj (3.150) 



In view of (3.129), we have 



Thus, setting 



{g-yd^hd^f = -^n-\Lh){Lf) - ^n-\Lf)iLh) + 4h ■ 4f (3.151) 



u=^{tTx + n-'^{Lh)) (3.152) 
t^=l(trx + n-'^{Lh)) (3.153) 



we obtain the formula 



nn-gf = /kf- li-^L{Lf) - ii-\vU + vLf) - 2ir\ ■ 4/ + ^'^^^h ■ 4/ (3.154) 

3.2 The Derivatives of the Rectangular Components 
of L and f 

We shall now draw the conclusion that the derivatives of I/% T* , the rectangular components of L 
and T, with respect to L, T and Xa are regular as /i — >■ 0. In the following we shall denote by V 
the covariant differentiation with respect to the natural connection associated to the afiine space Q, 
the Galilean spacetime. The t and a;' : i = 1, 2, 3 being linear coordinates on Q, V amounts simply to 
partial differentiation in these coordinates. We have 

D^.W = W^W + T';^^W^ (3.155) 
= ig-T'^i.x^ (3.156) 
r^A/t = -^{d^gxK + dxg^,^ - d^g^^x) (3.157) 

In the irrotational and isentropic case, recall that = —9,0, then the acoustical metric can be written 
as follows 

g = -rj^dt^ + ^((ix' + dicpdtf (3.158) 
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By direct calculation, we have the Christoffel symbols: 



Consider now the vectorfield 
Since L{L°) = 0, it can be expanded as 



rooo = ^5t(-?7' + |v|2) (3.159) 

^o^o = l^,{-V^ + W\^) (3.160) 

r^o - d^dj(^ (3.161) 

Took = dodkcj) - \dk{-Tf + Ivp) (3.162) 

Tiofe = Tijk = (3.163) 

L{L^')d^ (3.164) 



aLT + hL (3.165) 

where 6z, e TSt,u- On the hand, (3.165) is also VlL. That is VlL = ai,f + bL- 
Taking inner product with T: 

aL=g{VLL,f) (3.166) 

Writing 

hL = htXA (3.167) 

and taking inner product with Xb'- 

g{VLL,XB)=bt^^^ (3.168) 

While 

g{WLL, f) = g{DLL, f) - Tc^n^L^L^f^ (3.169) 

From (3.92) and (3.99): 

g{DLL,f) = -kT^^Lii) = -K~^m - ae (3.170) 

Also, 

r„^.L"L'5f- = Tookf" = f (Vo) - In-r,^ + jv^ = -\^f{h) (3.171) 

^ g{V LL,f) = -ae (3.172) 
The term cancels! From (3.94), we have 

aL = -ae = -^L{Tf ) - f^Li^i) (3.173) 

Since gi^DLL^Xs) = 0, we have 

5(ViL,Xs) = -r„^,L«L^X^ = -TookX% = -Xb(Vo) + \xB{-rf + = \^XB{h) (3.174) 
So 

bt = (r')^^5(VLi,XB) = \'^X\h) (3.175) 
Consider next the vectorfield L(T'^)d^. Also it can be expanded as 

VLf = PLf + qL (3.176) 

Obviously, 

PL=g{VLf,f) (3.177) 
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Writing 

QL = qtXA (3.178) 

and taking inner product with Xb- 

aL^^s=fl(VLT,XB) (3.179) 
Since g{DLf,f) = \L{g{f,f)) = 0, we have 

5(Vif , T) = -To^p.L'^f^f'' = ^ Pi = (3.180) 

Also we have: 

g{VLf,XB) = g{DLf,XB) - T^^^L'^f^X'^ = g{DLf,XB) = K-^g{DLT,XB) = -«"'C^^ 

(3.181) 

^ = -K-i^^ = -ae^ + X^(a) = -akijX^'f^ + X^{a) = -f^iX^ipj) + X^{a) (3.182) 
This is regular as ^ 0. Consider the vectorfield 

T(L^)a^ (3.183) 

Also, it can be expanded as 

VTL = aTf + bT (3.184) 

^aT = giVTL,f), bT = b^XA, h^ff = giVrL^Xs) (3.185) 
We have: g{VTL,f) = g{DTL,f) - Ta/s^T'^Ll^f''. From (3.100), we have 

g{DTL,f) = g{-a-\LK)L,f) = Lk (3.186) 
While -Vc,(iuT°'L^f'' = 0, we get 

ar = Lk (3.187) 

Also 

<7(VTi, Xb) = giDrL, Xb) - T^^^T'^Ll^X'^ = giDrL, Xb) = vb (3.188) 

^h^ = 'n^ (3.189) 

Consider finally the vectorfield 

T{f'')df, (3.190) 

It can be expanded as 

WtT = PtT + qT (3.191) 
^PT = giVrf, f) = giDrf, f) - T^.p^T'^f^f'' = (3.192) 
Writing qt = Q^Xa, we have 

4$AB = 5(VtT, Xb) = giDrf, Xb) - T ^p^T'^ff^ X-j, (3.193) 

This equals to 

giDrf, Xb) = K-'g{DTT,XB) = -^irY^'XciK^)^^^ = -Xb{k) (3.194) 
We proceed to derive expressions for 

Vx^L = XA{L'^)d^ (3.195) 
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S/x^f = XAif^')d^ (3.196) 

First, we expand 

Wx^L = ^^f + ^A (3.197) 

then we have 

= 9{^x^L,f) = g{Dx^L,f) - T^^^XlL^f^ = g{Dx^L,f) = k-\a (3.198) 

This is regular as — )■ and we have used (3.102). 
On the other hand 

^bJa = 9{Vx.L,Xc) = giDx,L,Xc)-T^^,X2L^X^ = giDx,L,Xc) = xac (3.199) 
Finally 

WxJ=P^f + ^^ (3.200) 

^Pa = 9{^x^f, f) = g{Dx^f, f) - V^p.X'XfPf'' = (3.201) 

'^A^BC = 5(Vx^T, Xc) = g{DxJ, Xc) - T^p^X'Xft'X'^ = K-'g{Dx^T, Xc) = Bag (3.202) 
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Chapter 4 

The Acoustical Curvature 



We presently derive expressions for the curvature tensor of the acoustical metric g. 

In this chapter, we need the following expressions of Christoffel symbols derived in Chapte 

Tooo = Idai-ri" + |vp) 

Toio = \di{-r,^ + |vp) 
Tyo = didjcj) 
Toofc = \{2dodkci> - dk{-v^ + |v|2)) 

4.1 Expressions for Curvature Tensor 

We have the expressions for the curvature tensor: 

D ^ _ d(2) , d(1) 



where 



Prom these expressions and those for the Christoffel symbols, we have 

Rijki = Rijli = r]~'^{didk(t)djdi(t) - didi<l)djdk4 

Also, we have: 



f> _ n(2) , 



where: 



^MOj = ^{dodigoj + dodjgoi - d^gij - didjgoo) = dfj{do(l) - ^ ^{dk4>f + ^t?^) 



2 . 



I.e. 
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So the real principal part of -RoiOj is ~i^9fjh. We can write this in terms of Dijh we have: 



where 



Since 



we have: 



where 



(2) IdH ^ IdH l(PH^ ^ 



R^ol = V-'lldoi-v' + Wf)didjcp - \di{-rf + |vna,(-,7' + W?)] (4.12) 
Finally, we have the component 

Roijk = -Roi]fc + ^oijk (4-13) 

and 

R^k = I i9f^9ok + dik9i, - dl^gu - dlgoj) = (4.14) 

while 

= -{g-'rH'f^jOaTikX - TkOaTijx) (4.15) 

Hence 

Roi.k = B^, = V-'ild.i-rj' + - ^d,{-v' + \yrf)dy] (4.16) 

Now we have calculated all the components of the curvature tensor, and we shall express all the 
components in a more systematic way. To do this, we need to introduce the following notations: 

r^x = dij,h 

Wtiu = d^ip^ = Wi^ij, 
First, since only the component Roioj has the principal part, we have: 

The lower order terms are much more complicted. First from (4.5): 

R^ijki = V~'^{wikWji - WilWjk) (4.18) 

From (4.11) and (4.12): 

[AT] __ld^H _ IdH^ . 
~ 2dh? ' ' 2 dh^ '^ °^ 

+V-'[ldo{-v' + |vp)«;,,- - Ja,( V + |vna,(-r7^ + \v\')] 

-r]~'^Tk{wij)-{2wok - dki-tf + |v|^)) 
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From (4.1): 



Also, since 



/i = V;o-^|v|2 and H=-2h-rf' 

we have: 

-rf + |v|2 =H + 2x1,0 (4.19) 
Substituting in the expression for -Rq^j-, we obtain, in view of the fact that ipk = —v^, 



+ 2^ -^(SroWij - TiWjo - TjWto) 
1 dH 

^oijk = 2^~'^~dh^'^'^''' ~ '^ '^i'^joWrk - WkoWij) (4-21) 

Finally, the results for i? , Roij^ and Rq^qj , combine to produce the formula for -Rj^jj,^ : 

R^lfi = + - Ih^B^-^^^ (4.22) 



(4.16) reads: 



Substituting gives: 



where: 



and, with: 



we have: 



B,^c.f> = {5lT,-5lT^){6lTp-6lT^) 



Also, the function H2 is defined by: 

The expressions A^^q^, B^i^q,^, C^j^q,^ all possess the algebraic properties of the curvature tensor, 
namely the antisymmetriy in the first as well as the second pair of indices, and the ayalic property, 
which imply the symmetry under exchange of the first with the second pair of indices. In particular 
the cyclic property of C^^a/s follows from that of ^^Q^j: 
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4.2 Regularity for the Acoustical Structure Equations as fi ^ 

First we compute uab, which appears in the propagation equation of Xab- By definition, 

aAB = Rfiva^X'^L'' X'^L^ = RiQjQX\Xg + RijkiX\LP X^L'' + RiojkX^X^^L'^ + Rioji-X^j^X^L'^ 
From (3.106), the principal part of uab is 

"ifi = = -^^^'M^^'^^) = -^^I^^^^^'^) - i^xMh] (4.23) 



-- — [j0\{Xa,Xb) - a-'ftABLh - t^-'xABTh] 



So the singular term as — )■ in a^^^ is 



For the lower order term, we have: 

= V-'a^^l + y^'^-^Al - i^^^alf 1 (4.25) 



and: 

"ab = {w^aWufi - w^ijW^oi)X'XL''X%L^ = ip^gWLL - {iP^)a{'^i)b (4.26) 
«!fl = i^lr. - 5lr,){5lTp 51t^)X>XL^X%lP = fj^ 

"AB = (T-^^^afJ - T-^Cm"^* + TcS.li^j.u - Tfj^af„.)X'XL''X%L^ = 2tl^ - f ^{^ j^) B " f bH' l) A 

So aj^ is regular as /z — >■ 0. The only singular term in uab is (4.24). 
Recall the propagation equation for % in chapter 3: 

LxAB = fi^^{Lfi)xAB + XaXbc - aAB = exAB + ii~^mxAB + XaXbc - oiab (4.27) 

We have used the propagation equation for ji 

Lij, = m + ne (4.28) 

where 

Then we know that the right hand side of (4.27) is regular as /i — > 0. 

Next, we will analyze the regularity of the right hand side of Codazzi equation and Gauss equation. 
Recall the Codazzi equation (3.51): 

(d/vx)^ - ^Atrx = I3*A- fi-'iCBxl - CAtix) (4.30) 

Here 13% = {^-')^^ Pccab 

Recalling (3.54) and the definition of kij, we know that ijl~^Ca is regular as ji — > 0. Therefore the 
regularity of the right hand side of (4.35) reduces to the regularity of 

R{Xc, L, Xa, Xb) = PcCAB (4.31) 

We have: 

e^B/3[f 1 = Rl^if.X^L'^X^X^^ = (4.32) 
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and: 

P'P = r'p't' + h-^'^^A^ - \hJ!' (4.33) 

where: 



cabPI?^ = 

CAbP^C^ = -fA^BC + iBi^AC 

So /3a is regular as — >■ 0. 

We turn to Gauss equation (3.36). Since 

Rabcd = peABecD (4.34) 

it suffice to prove that Rabcd is regular as /z — > 0. We have: 

^^ABCD = ^^uJad-^A^B^C^D = ^ (4.35) 



and 



where 



R-ABCD - -V R-ABCD + 2^ -^R-ABCD " 2 -^RaBCD i^.^bj 



i^Aci^BD - i'AD'^BC 
r>[B] _ „[C] _ „ 
^ABCD — ^ABCD ~ " 

p is regular as /x ^ 0. 

Finally, wo shall discuss about the equation (3.125)-(3.126). As we have seen, /U~"^C is regular as 
fj, — > 0. We shall thus discuss about jab- We have: 

7^] = l{R^''KXA,T,XB,L) + Ri''\XB,T,XA,L)) (4.37) 



and 



where: 



7fj = + ^^-^^7!fi - ^i^27!fi (4.38) 



7^] = Ip'-^Ti^AB - ^^fAi'^f)B - l^fBi->Pf)A) 

Jab is regular as /x — >■ 0. 

Note that all the components of r in the {L,T, Xi,X2) frame i.e. TL,TT,fA are regular as /U — )• 0. 
Also all the components of w in the (i,T, Xi,X2) frame i.e. WLL,Wj^f, {ipj,)A,ipAB'> ^^cept Wff are 
regular as — ^ 0. The last is k~^'w j,f and w^j^. is regular as /i — >■ 0. 
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4.3 A Remark 



We end this chapter with a remark. By (4.15), we can see that ii H = const, then the principal part 
of the acoustical curvature vanishes. This fact can be also obtained by the geometric interpretation of 
H in Chapter 2. By the Gauss equation: 

kfiiy + kfi^kai, — Rapni' (4.39) 

where R and R are the curvature tensor of (M x E'^, g) and (M^+^, g) respectively. And k is the second 
fundamental form of (R x E'^, g) in (M^+^, g), which contains only the first derivatives of the acoustical 
metric. Now since (R^+^,g) is a flat spacetime, R contains only the first derivative of the acoustical 
metric. I.e. The principal part of R vanishes. 
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Chapter 5 

The Fundamental Energy Estimate 



5.1 Bootstrap Assumptions. Statement of the Theorem 

In this chapter we consider the wave equation 

□ gV = (5.1) 

in a spacetime whose metric is the conformal acoustical metric g. As we have seen in Chapter 1, 
this equation is satisfied by a variation of the wave function (j) through solutions, g is related to the 
acoustical metric g by 

g^^ = 9.g^^ (5.2) 

where 

= ^ (5.3) 

where po and rjo are the mass density and sound speed corresponding to the constant state which we can 
both set equal to unity by appropriate choice of units. More generally, we consider the inhomogeneous 
wave equation 

□§V = P (5.4) 

where the metric g, ip and p are all defined in the domain M^^ of the maximal solution. 
In application to first order estimates we shall take each ^ to be one of: 

ipi = dQ<l) - ho = tpo; di(j) : i = 1,2,^; Qijcj) : i < j = 1,2,3; S(j). (5.5) 

Remember in Chapter 2 we have set: 

ho = 

We know that each V'l vanishes in the exterior of the outgoing characteristic hypersurface Co- In 
application to higher order estimates we shall take each tp to be one of: 

V„ = FH...yi„_,Vi (5.6) 

where Vi is any one of the above first order variations and the indices take values in the set 

1, 2, 3, 4, 5, with Yi : i = 1,2, 3, 4, 5 the set of vectorfields to be discussed in the next chapter. Each of 
the Vn also vanishes in the exterior of Cq. 

We shall therefore assume in general that V vanishes in the exterior of Cq. We may then confine 
attention to the spacetime domain Weg. For any s G (O,f*eo), we set: 

W:,= U St,u (5.7) 

(t,«)e[0,s]x[0,eo] 
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In particular we have: 

U (5-8) 
«e(o,t.,o) 

Everything which follows depends on the geometric construction in Chapter 2. We note that the 
characteristic hypersurfaces C„ depend only on the conformal class of the metric g. Thus, the 2- 
parameter foliation of W*^ given by the surfaces St^u likewise depends only on the conformal class of 
g. The geometric properties of this foliation may be referred either to g or to the conformal metric 
g. Since we are studying the wave equation in the metric g, it would appear more natural if we refer 
these properties to g. However, our bootstrap argument is constructed relative to g, and we introduce 
additional assumptions referring to the conformal factor f2. 

The bootstrap assumptions are the followings: 

There is a positive constant C independent of s such that in W*^ , 

Al : < 17 < C 
A2:C-^ <r]<C 
A3 : /i < C[l + log(l + t)] 

and 

Bl : C-i(l + t)-^ <iy<C{l+ 
B2 : \u\ < C(l + + log(l + t)f 

B3: Ixl <C(l + t)-i[l + log(l + i)]-' 
B4:|x|<C(l+t)[l + log(l + i)]-<5 

Here, 

u = ^trx = i(trx + Llogn) (5.9) 
K = ^trx = ^(trx + LlogO) (5.10) 

X and X are the trace-free part of x and x respectively, and the pointwise norms of the tensors on St,u 
are with respect to the indiiced metric ^. 
Next, we have the assumptions: 

B5: |ilogO| <C(l+t)-i[l + log(l+0]"' 
B6 : \L\ogn\ < C{l+t)[l+\og{l + t)]-^ 

and 

B7: |C + 7?|<C(l + t)-Ml + log(l + t)] 
B8 : \4{v~^k)\ < C(l + t)-'[l + log(l + t)] 
B9 : |Lr/| < 0(1 + t)-^[l + \og{l + t)]^ 
BIO : \Li7j-^K)\ < Cil+t)-^[l + \og{l+t)]^ 
Bll : |L(r?-V)| < C(l + t)[l + log(l + i)]"' 

as well as 

B12 : \Liy + < C(l + t)-^[l + log(l + t)]"^ 
B13 : \Liy\ < C(l + t)-^[l + log(l + t)f 
B14: < C{1 +t)-^[l + log{l + t)]^ 
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The next set of bootsrap assumptions concern the behavior of the function /i. In the following we 
denote by /+ and /_ respectively the positive and negative parts of the function /: 



/+ = max (fix), 0), /_ = min (/(x), 0) (5.11) 

CI : fj,-\Lfi)+ < (l + i)-i[l + log(l + i)]-i+^(t) 
where A{t) is a nonnegative function such that: 

/ A{t)dt<C (5.12) 
Jo 

(C is independent of s.) 

C2 : fi-^{Lii + Lji)+ < B{t) 
where B{t) is a nonnegative function such that 

/ (1 + t)-^[l + log(l + t)\'B{t)dt < C (5.13) 

{C is also independent of s). 

Moreover, denoting by U the region 

U = {xGW*^:H< 1/4} (5.14) 

we have: 

C3 :L/i< -C-\l + t)-^ [1 + log(l + t)]-^ 

inZ^nW^/o 

The final set of bootstrap assumptions concerns the existence of a function co verifying the following 
conditions: 

Dl : C-^{l + t) <oj<C{l+t) 
D2 : \Llj - vuj\ < C[l + log(l + i)]"^ 
D3 : \Loj\ < C[l + log(l + t)f 
D4 : \^\ < C[l + log(l + i)]^ 

: [ {[° sup{^^\^giJ\)du}dt < C[l + log(l + s)]^ 
Jo Jo St ,„ 



D5 



Here we note that by (5.3) Al is equivalent to the following modulo A2: 

Al' :C-^ <p<C 

The main theorem in this chapter is 

Theorem 5.1 Let be a solution of the wave equation associated to the metric g, defined in 
Mtj, and vanishing in the exterior of Co- Suppose that assumptions Al — A3, Bl — B14, CI — C3, 
Dl — D5 hold in W^^, for some s S (0,^,^^]. Let us denote: 

^0= /"{/ [{Li;)^ + {Li;f + \M^]dn^}du. (5.15) 

^0 JSo.u 
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Then there exist constants C independent of s such that: 



(i) sup / "{ / + fJ-){{Lijf + + {lApf]dfi^}du < CDo 

te[o,s]Jo Jst,u 

(ii) / V^c^M^ < CeoDo 

(iii) sup / { / [(1 + n){Lil;f + iJi\^'il)\^]diJiAdt < CDo 
Me[o,£o] Jo Jst,^ 

(iv) sup [1 + log(l + t)]-\l + tf (\j ti[{Lilj + vi,f + \^i,\^]dn^}du < CDo 

t6[0,s] Jo J St,u 

(v) sup [1 + log(l + 1)]-^ / (1 + tf{ [ {Li) + vi)fdiif}dt < CDo 

(vi) / {l + t)[l+\og{l + t)]-^\^'ilj\^dii.dudt<CDo[l + \og{l + s)f 
Juiiw;^ 

5.2 The Multiplier Fields Kq and Ki. The Associated Energy- 
Momentum Density Vectorfields 

We begin with the energy-momentum-stress tensor Tfj^^ associated to the function ^ through the metric 
9- 

:= d^i^d^i) - ^g^^uir^T^d^i^dxip (5.16) 

We have: 

D^'f^^ := {g-'r^D^fx. = d^^U-gi) 

where D is the covariant derivative operator associated to the metric gfj,v. Thus, for a solution of (5.1), 
Tf^u is divergence-free with respect to the metric g, while for a solution of the inhomogenneous wave 
equation (5.4), 

D^T^, = pd^i) (5.17) 
We consider the future-directed, time-like vectorfield Kq: 

Ko = {I + a-'^ k)L + L (5.18) 

Also, given a function w satisfying D1-D5 we consider the future-directed, null vectorfield Ki. 

Ki = {oj/v)L (5.19) 

At this point, wc; discuss why wc choose these two multiplier fields. A miiltiplicr should be non- 
spacelike therefore a linear combination of L and L. Since we shall integrate by parts, the coefficient 
of L and L should be smooth. When we study the wave equation in flat spacetime, we always choose 
the time translation field dt as a multiplier. So in this case we also try to use the time translation 
B = L + an-^T = \{L + a^L) where 

We can see that the; coefficient of L in i? is not smooth as /i ^ 0. On the other hand, before we set 
r]o = 1, L and L have different physical dimensions, L being and L being j^^^- However, after 
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we set r]o = 1, the unit of time is the time required for sound to travel the unit length in the constant 
state. Therefore time is the length and L, L are both j^:^^- So it is very natual to choose L + L as 
multiplier instead of B. To deal with the growth of jjb, we need to plus the term a~^KL. This is how 
we choose JsTo- 

Concerning the choice of Ki , we remind you the generator of the inverted translation in Minkowski 
spacetime: 

K = {u'^L + u^L) 

where 

L = dt + dr L = dt — dr 

and 

u = t + r u = t — r 

Now at the present case, we want to choose a similar vectorfield. The analogue of t — r is our acoustical 
function u, which is bounded in W*^^ . While when t is large, U'^t. Since the first term in the expression 
for K is contained in Kq, so by Bl and Dl, it is reasonale to choose: 

Ki = {oj/v)L 

We will see later more clearly why we exactly choose this form. 

We denote by ttq and tti the Lie derivatives of the conformal metric g with respect to the vectorfields 
Kq and Ki: 

Tiro = i^Ko9, T^i = ^Kig (5-20) 



To Kq we associate the vectorfield 
where 

To Ki we associate the vectorfield 



= -flfK^ (5.21) 



Pf = -fl^K^ - {g-^r^ui,d^^ - (5.22) 

Let 

f^" = {g-'r^f^ = ir'r'^ir'r^f^x (5.23) 

For any vectorfield X, we have , by the virtue of the symmetry of T^" , 

b^{fl^X-) = (D^fi;)X-' + f^^gx^D^X") (5.24) 
= pXi; + ^f'^^gx.D^X'' + g^^.D^X^) = pX^, + if ^^£^5^^ 

Thus, we have 

b^P^ = -pKoi; - ^f^^no,,,. ~ Qo (5.25) 

Also, we have 
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Taking into account the fact that: 

trf := -g^^f^^-- = -{g-^r d^^d^^j; 

and introducing: 

7ri = 7fi - 2ug (5.26) 

we can write the above in the form 

b^P^ = -p{K,i, + - ^T'^'^^'i,^. + li>^0-,u; := Q, (5.27) 
Consider now the equation 

b^P^ = Q (5.28) 
for an arbitrary vectorfield P and function Q. In arbitrary local coordinates we have 

D^p'^ = ^^ 9^(^/^d^p^) = l^ d^{n^^/^d^p>^) = n-'D^p^ 

where 

p^l = 02p;. (5 29) 

Hence, with 

Q = ft^Q (5.30) 

equation (5.28) is equivalent to the equation: 

Df,P^ = Q (5.31) 

We may express (5.31) in acoustical coordinates {t, u, i?^). Expanding P in the associated coordinate 
frame field, 



d d d d 

and noting that, by (2.41), we have 



dt du ' d-&^ 

A 



sj— det g = det ^ (5.32) 
equation (5.31) takes the form: 



1 rd, r d 



^det^ dt ^ ^ du 
where M is the vectorfield on S"^: 



{-(A*./det rfP') + —(^ /dct^P")} + d/vM = iiQ (5.33) 



This follows from the fact that 

We integrate (5.33) on S"^ with respect to the measure 

diJLf = ^AeifM^M'^ (5.34) 
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to obtain the equation 



d_ 
di 



{[ f^ptd^i^) + ^{[ f,P-d^i^)= [ nQdn^ (5.35) 



Replacing {t,u) by (t'.u') and integrating with respect to {t',u') on [0,t] x [0,u], we obtain, under the 
hypothesis that P vanishes in the closure of the exterior of Cq. 

f"(t)-<f"(0)+7-*(u) = / Qd^^g (5.36) 

Here f " is the "energy" : 

£^{t) = [ nP^dfi^du' = [ if nP^dn^du' (5.37) 
•^s- Jo Js,^^, 

and is the "flux" : ^ 

J^{u)= [ iJ.P'^dii^dt' = [ {[ iiP^'diiAdi! (5.38) 

In obtaining (5.36) we have used the fact that 

/ Qd^lg = [ [ {[ nQdiiMu'dt' (5.39) 

Jw* J J[0,t]x[0,M] 

In the above, S" is the annular region: 

St"= U St,u' (5.40) 
u'e[o,M] 

in the space-like hyperplane E^, C* is the characteristic hypersurface C„ truncated from above by Sj: 



and W* is the spacetime domain: 



C'u= \J St>,u (5.41) 
t'e[o,t] 



Wl= U (5.42) 
(t',u')e[o>*]x[o>«] 



bounded by the characteristic hypersurfaces C„ and Co and the space- like hypersurfaces St and Sq. 
Now we expand P in the frame field {L,L,Xi,X2): 



P = P^L + P^L + ^ P^Xa 



A 

Prom the conclusion of Chapter 2 and Chapter 3: 



L=| (5.43) 
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By direct calculations, we get 

= + r]-^KP- (5.46) 

pu ^ 2pii (5.47) 

(pi'^A = pA _ 2pis^ (5.48) 

We shall write down the expressions for the energy and flux integrals corresponding to Pq and Pi. 
We begin with the components of the energy-momentum-stress tensor in the null frame 

(L, L, Xi,X2): 

TLL = iL^f, TLL^{m'\ Tll = M'' (5.49) 

Tab = {4a^){4b^) - p^^{-fx-HLi;){L^) + |4^|2) 

Here, 4a4' = Xa4>, and the pointwise norms of tensors on St,u are with respect to the induced metric 
We also give the components of the tensor T'^'^. From (3.130), we have: 

^..^(^^ ^^^(^^ ^.^^M (5.50) 
4/x2 4/z2 4/x 

where d^tp = {(f-^)"^^ dsi^ 

We consider Pq. From (5.66) and (5.54) we have 

P^ = n^P^ = -n'^f^K^ = -^Tj^K^ (5.51) 

We get 

Pt = -nr^ii + rj-'^) - nrf = ^((i + ri-'K)nL + t^l) 

P^ = -OTf (1 + tj-'k) - OTf = ^{{1 + r^K)TLL + Tll) 

By (3.91), we have 

Pt = + V-'i^Wf + (5.52) 

So we get 

£Sit) = I ^{?7"'«(1 + V~^>^){L^f + {L^ljf + (1 + 2Tj-^K)i^\4^\''}diipdu' (5.53) 

J^(w) = J ^ f2{(l + r]-^K){L^f + fxldi^fjdfi^dt' (5.54) 
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We now consider Pi . By some similar calculation we have: 

Pf = -n{Ti:K'[ + {g-^r-^iui^d^^lj - U^d^w)} (5.55) 



2 

Then we get 



Then from (5.49) we get 



Pt = f + ^V'(i^V') - li'\Lco)} (5.56) 



and 



^i"(i)= / ^{uiy-^[v-^K{Lijf +^l\4^\'']+u^[v-^K{L^) + {L■^P)] (5.57) 

Tl{u)= j n{iOp-^{Ltjjf +ujtp{Ltjj)--^'^{Lco)}dn^dt' (5.58) 

We actually define the flux integral associated to the vectorfield Ki to be: 

p^{u) = j Vtwv-^{Lil) + vil)fdiJL^dt' (5.59) 

By a direct calculation, we deduce: 

^■{(w) - J'f(M) = - / \n[L{uji)'^) + 2vujil}'^]dn^dt' (5.60) 



Jci 2 
Now we have 

t'Ld^i^ = trxdfi^ (5.61) 
In view of (5.9), we have for an arbitrary function / defined in W*^: 

^-(^ nfdi,^) = J^ n{Lf + 2,yf)dn^ (5.62) 



Setting / = ^ujip^, we have from (5.60), 

7-*(n) - J-f (n) = - ^* A(^ ^nuji;^df,^)dif (5.63) 

= - / iow^^d/Ud + / ^^uitp'^d^i0 

Consider next the energy integral (5.57)-(5.58). We actually define the energy integral associated to 
the vectorfield Ki to be: 

/ ^uJv-\r]-^ii{Li, + vil,f +^i\^'^j;\^]d,l0du' (5.64) 
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Taking into account the fact that, 

L-r)-^KL = 2T (5.65) 



we find: 



£^{t) - (t) = / ^{2wV(rV') - 1[v~'^kLlo + Luj + 2r]-'^Kuuj]il)^}diJ,0du' (5.66) 



Prom the definition of 9, we have 



(■Tdfji^ = KtiOdfi^ (5.67) 
Prom (5.67), we know that for an arbitrary function / defined in W*^: 



|-( nfdn^) = Ui^fdii^) = n{Tf + [Ktve + T(iogi^)]/}d/x^ (5.^ 



68) 



Setting / = hujtp-^ yields: 



/ ^{2a;V(rV') + (Tw)V'^ + [Ktr6i + T{logQ)]ijij^}dii^du' 

Here we have used the fact that vanishes on Stfi C Cq. Comparing this with (5.66) and using (5.65), 
we get: 

e^{t)-S[''{t)= I ifiwV^d/x^-/ (5.69) 



where 



1= f l-fl{2Tio + r]~'^K[Luj+{i' + r]tre)uj]+cjT{\ogn)}tp'^diJ,adu' 

Taking into account the fact that: 

trx = ?7(tr|^-tr6»), trx = K(tr|^ + tr6») (5.70) 

we have 

trx = r?" V[trx + 277tr6'] (5.71) 

Then we get 

/ = 



E?2 



n(Lw + vuj)il)^diJL0du' 



So (5.69) takes the form 

£i{t)-£'i{t)= j ^^^i'^dn^- f ^^{Lio+B^)i'^diJ.^du' (5.72) 

Substituting this and (5.63) into (5.36), we get 

£[''{t)+T{\u) = [ \n{Luj+vpj)'ip'^dii0du' - I \n{lMJ+vpj)'ip'^dii^du' +e'T^{0)+ [ Qidfig (5.73) 
Jsy 2 ' Je« 2 J^t 



Also for Kq we have 



S^it) + Tl{u) = fo"(0) + / Qodug (5.74) 
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Obviously, by Al and A2 there is a positive constant C such that 

c-^e^{t) < /"{ / [m(i + + lUf) + {Li,fWf}du' < ce^{t) (5.75) 

Jo Js, „, 



and 



C-^Tl{u)< [ {[ [{1 + fj,){Lijf + fx\4^\'']dfiAdt' < CJ^{u) (5.76) 
By Al, A2 and Bl, Dl there is a positive constant C such that: 

C7-if < (1 + tf n [ fi[{L^ + ui,f + \ii)\'']dtJiAdu' < CC(i) (5.77) 

and 

J-f (li) < / (1 + t'f{ [ (LV + i^i^fdiiAdt' < CJ-f (u) (5.78) 
Lemma 5.1 There is a numerical constant C such that for all u G [0, eo]: 

•'St,u 

Proof. We shall use the acoustical coordinates {t,u,'&^,'&'^). Now on a given hyperplane S( we may 
set S = 0, then on this St we have 

T- — 
du 

hence, in view of the fact that V vanishes on Co, 

'ip{t,u,-d)= [ {Tip){t,u',^)du' (5.79) 



(5.80) 



< 



It follows that: 

V-^c^M = / tp'^{t,u,^)dii~Jt,u,'d) 

{/ {Ti,){t,u',^)du'Yd^l-At,u,^) 

eo im^t, u', ^)du'}df,-^{t, u, t?) 

In view of the fact ^ = Sl^, 

IrdlJij = VLlj-diif + T{n)diJ^ = {KtiO + T log ri)(i/i^ (5.81) 
From (5.9) and (5.10) we have 

KtT:9 + T\ogVl = -r]-^KV + v (5.82) 

Thus 

trdl^^ = {-ri^^Kiy + i^jdjij (5.83) 

From Bl, B2 and A3, A2 wo have 

I -r/-^Ki/ + !/| < C{l + t)-^[l + log{l + t)f < C (5.84) 
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Integrate (5.83) along T on and using the fact eo < 5 we get 

C-^ < < C (5.85) 

for all {u,^) e [0,eo] x S^. Then (5.80) is bounded by 

Ceo [ {/ {T^f{t,u',^)dfx-Jt,u',^)}du'<Ceof {( {Til;fdfxAdu' (5.86) 
^0 Js'^ * Jo JSt,^, 

Obviously 

{Ttpf < C[{lApf + r,-^K\L^f] (5.87) 

The result follows. □ 

We now introduce the following quantities which are non-decreasing functions of t at each u: 

£^{t)= sup £^{t') (5.88) 
t'e[o,t] 

Tl,{u) (5.89) 

£'^{t) = sup [1 + log(l + <')]"*C(i') (5.90) 
t'e[o,t] 

F[\u) = sup [1 + log(l + t')]-^J^['' {u) (5.91) 

t'6[0,t] 

Obviously, £o{t), £i^{t) are also non-decreasing functions of u at each t. The statements (i) — (v) of 
Theorem 5.1 is equivalent to 

£^°{s), sup T^{u),£["'{s), sup Pj:'{u)<CDo (5.92) 

■[t6[0,eo] «e[0,£o] 

In view of (5.73) and (5.74), to prove the theorem we must estimate properly the spacetime integrals 

/ Qodiig, / QidfjLg (5.93) 

in terms of (t), J-"o(u), £'-^ {t) , I^'* {u) . When wc estimate the error spacetime integral we shall see the 
reason why we allow the growth like [1 -|- log(l + for £'-^{t) and T'-^{u) 

5.3 The Error Integrals 

From (5.25) and (5.30), we have: 

Qo = -OV^oV' - ^^^'''^o.M. (5.94) 



where 



Qo,0 + Qo,l + Qa,2 + <5o,3 + Qo,i + Qo,5 + Qofi + Qo,7 



go,o = -n'pKoi^ (5.95) 

Qo,i = -Jt^^^o.ll = -lf^~\Lipfno,LL (5.96) 
z o 

Qo,2 = -\t^^o,ll = ^^fi-HL^pfno,LL (5.97) 

Qo,3 = -r^-#o,LL = -\f^~'\M''^0,LL (5.98) 

(3o,4 = -T^^#o,LA = ^fJ,-\lAP){4^ij)wo,LA (5.99) 

(3o,5 = -T^^no,LA = ^n-\Li^){A^i))io,LA (5.100) 
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and, 



where 



~2^^^^0,AB = Qo,6 + Qo,7 



Here denotes the restriction to 5t,„ of ^o, and denotes the trace-free part of 
made use of the trace-free nature of 

We have 

Using (3.131)-(3.138) we have 

TTo, LL = 

T^O,LL = -Ann{L{r]^^ k) - {riQ^ + a^^ k)L{t^^^ n)} 
^o,LL = -2Q.ti{iJL-\Koij) + (i^ologl)) +2L(??-i«;)} 

tr^o = 40{(?7(7^ +77-^^)2^ + 1/} 

From (5.27) and (5.30) we have: 



= Ql,0 + Ql,l + Ql,2 + Ql,3 + Ql,4 + Ql,5 + Ql,6 + Ql,7 + Ql,8 



where 



l„rr,, 1 



Ql,2 = -^T^^'l,LL = -§M"'(iV')'^i,LL 
Ql,S = -T'^-^IlL = -lf^~'\M'^'l,LL 



and 



gi,5 = -T£^^^[,lA = ll^-'iim^'^KLA 
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where 

Qi,6 = -lif^fi' - \{r'r''m^}KAB (5-117) 

Qi,7 = -\lJi-\Li;){Li,)iv~f[ (5.118) 

Also, 

The symbols are similar as (5.101)-(5.102). 

Since tti = Q.-kx + {KiQ)g, we have -k'i = Q.{-k\ + {K\ logO — 2uj)g}. So we get the following: 

^'i,LL = (5.120) 

n[^LL = -4f2/i{L(!/-^a;) - !/-^a;L(r/-^K)} (5.121) 

T^i,LL = -2nfj,{/i-^Kiij, + L{u-'^Lo) -2lo + Ki log Cl} (5.122) 

*'i,LA = (5.123) 

^i,LA = ^niu-'ujiCA + Va) - m4a('^-'w)} (5.124) 

f'l,AB = '^^^~^^XAB (5.125) 

irf\ = (5.126) 

At this point, we can see more clearly why we choose 

= {uj/u)L 

To see this, let us first set: 

Ki^fL 

where / is a function to be determined. 
Recall (5.26): 



while 



Since 



we have: 



So if we choose 



then 



TTi.AB = f{g{DAL, es) + giyDsL, ea)] = "^fXAB 

= "^fXAB + /trx^^g 

trx = 2^ 

tTf[ = 4.{vf - w) 

f = ujIv 

irf \ = 



Hence Qi^j vanishes. This fact is very important, otherwise, the growth of uj would prevent us from 
appropriately estimating this term. 
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5.4 The Estimates for the Error Integrals 

We now consider the spacctime integral of Qo- 

In view of (5.32), we have for an arbitrary function /, 



where 



Jwi Jo JeJ" Jo Jci, 

[ /=/"[/ fdti^W, [ f=l\f fdii^W 

>/EJ« Jo JSti^^i JCI, Jo JSti^^i 



In view of the fact that p vanishes and (5.103), 

Qo,o = Qo,i = 

By B10,B11 and Al, 

/X"' |^o,ll| < C(l + i)[l + log(l + i)]-' 

hence, from (5.97), we have 

m|Qo,2| < C{1 + t)[l + log(l + t)]-^{Li>f 



Writing 
then 

where 



I \Qo,2Wa<C{Jo + Ji) 
Jw* 

Jo = f\l + m + log(l + *')]"'{ / {i^i^f}dt' 
Jo Jy,^, 

Ji= [ (l + 0[l+log(l + t')]"'{ / {Lij + vijf]dt' 
Jo is" 



By Bl, 



Jo<C I {l + t')-^[l + \og{l + t')]-^{[ ij^jdt' 
Jo Jiy^i 

Using Lemma 5.1 we obtain: 

Jo<C + t')-^[l + log(l + t')]-^£^{t')dt' 
Jo 



On the other hand, 



where 

g{t)= [\l+t'n[ {Li; + ^mdt' 
Jo Jt.^, 

and 

/o(0 = (l + i)-Ml + log(l + i)]-' 
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Integrating by parts: 



Ji = hmt) - ^ 9{t')^^dt' (5.141) 
By (5.76) 

/ / {Li^fdn^dt' < CFl{u) (5.142) 
Jo Jst, „ 

{ [ {Liljfjdt' <C [ Tl{u')du' (5.143) 

^E" Jo 



Hence 



Also by Lemma 5.1 and Bl, 



f f {yil}fdn^dt'<Ceof {l+t')-^ sup ( / ^'^diJ,^)dt' < Ce^ f {1 +t')-^£S{t')dt' {5.144) 

Jo Jt.-^, Jo «'e[o,«] JSf, ,^, Jo 

Set: 

F{t,u) = {( {L-tP + vipf}^ (5.145) 
is- 

We then have: 

g{t)= [ {l + t'fF^{t',u)dt' (5.146) 

^0 



So 



fo{t)g{t) < [1 + log(l + i)]-2 f{l + t')F\t',u)dt' (5.147) 

{fF\t\u)dt'}^{[l + \og{l + t)\-^ I {l + t'fF\t',u)dt'}^ 
Jo Jo 



< 



By (5.143) and (5.144), 

/ F^{t',u)dt' <C Fl{u')du' + Cel {1 + t')-'^£^{t')dt' (5.148) 
Jo Jo Jo 

On the other hand, by (5.78) we have: 

/V + t'fF^it', u)dt' <C r J^[\u')du' (5.149) 
Jo Jo 



So we have: 



pU pt pu 

fo{t)g{t)<C{ P^{u')du' + Cel {l + t')-^£^{t')dt'Y^{[l + \og{l + t)]-^ T[\u')du'Y^ (5.150) 
Jo Jo Jo 



Moreover, since 



|^|<C(l + r'[l + log(l+i)]-' (5.151) 



we have by (5.146) and (5.149), 

f 9it')\%dt' < C Al + log(l r J'l' {u')du'}dt' (5.152) 

Jo dt Jo Jq 
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We thus obtain 



Ji < c{ r Fl{u')du' + c4 f {i + t')-^e-^{t')dt'}^{[i + \og{i + t)]-^ r F[\u')du'}^ 

Jo Jo Jo 

+c f\i+t')-^[i+\og{i+t')]-\ r {u')du'}dt' 

Jo Jo 

which together with (5.137) yields 



t 

'M— 2 cu tj.l\i,l 



\Qo,2Wg<C / {l + t')-'[l + {\0g{l + t')]-'S^{t')df 

w* Jo 



+C{ J'l{u')du' + Cel {l + t')-^£^{t')dt'}^ {[l + \og{l + t)]-^ F'^{u')du'}^ 
Jo Jo Jo 

+C [\l+t')-^[l+\og{l + t')]-^{ r r-l\u')du'}dt' 
Jo Jo 

We now turn to Qq^ and Qo,7- The terms (3o,3, <3o,4, <3o,5 shall be treated later. 
From B3, B4 and Al, A3, we have 

|^|<C(l+t)[l + log(l+0]-' 
In view of (5.77) and (5.90) we can then estimate 



t 



\Q0fiWg<C / {l + t')-^[l + \0g{l+t')]-''£[^{t')dt 

w* Jo 

<C f\l + 1')-' [1 + log(l + t')]-^£[''it')dt' 
Jo 

Also, by Bl, B2, Al, A3, we have 

|tr/J <C(l+t)-Ml+log(l+i)f 
Writing \Ltp\ < \Lip + + li'tp], we can then estimate: 



/ \Q0,7\df^g < C{J2 + Js) 

Jw* 



where: 



J2=fh{t')[ wnm 

Jo Je^, 
J3= f hit') I \L^ + vnLi^\ 

Jo JE" 



and 

We have: 
where: 



A(t) = (i+rMi+iog(i+i)r 
J 2 < iln 

Io= j\l + t')h{t'){[ {yi:f}dt' 

Jo JE« 

h= [\i+t')-'fi{t'){[ {m^}di! 

Jo Js^, 
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By Bl and Lemma 5.1, we have ,with 

Mt) = (1 + i)-Vi(i) = (1 + t)-'[l + log(l + 1)]' 



Also, by (5.75), 



Thus we obtain: 



We have: 



where: 



RecaUing (5.139), we have: 



Jo 

C f f2{t')£!}{t')dt' 
Jo 

Cel f h{t')£^{t')dt' 
Jo 



h < 



h = [\l + i')/i(i'){ / (L^ + '^^f}dt' 
Jo Jy.", 



(5.165) 
(5.166) 

(5.167) 
(5.168) 
(5.169) 
(5.170) 

(5.171) 



We can see that I2 is similar to Ji, moreover, /2 decays faster than /o, thus I2 has the same bound as 
Ji: 

h < C{ r J^l{u')du' + Cel [\l + t')-^£S{t')dt'}H[l + log{l + t)]-^ r J^[\u')du'}i (5.172) 
Jo Jo Jo 

+C Al+0"'[l + log(l + i')]"'{ r J"i' {u')du'}dt' 
Jo Jo 

We conclude that 

/ \Qo,7\dHg<C f f2{t')£S{t')dt' (5.173) 
Jw} Jo 

pu rt pU 

+C{ T'oWu' + Cel {l + t')-^SSit')dt'}H[l + log{l + t)]-^ J^[\u')du'}i 
Jo Jo Jo 

+C f\l+t')-^[l+\og{l + t')]-^{ r r/ iu')du'}dt' 



(5.174) 

(5.175) 

(5.176) 
(5.177) 



We turn to Qi. Since we are considering the case that p vanishes, we have: 

Qi,o = 

Also, from (5. 120), (5. 123) and (5.126) we have 

Qi.i = Qi,4 = Qij =■ 
So we first consider Qx,2- By Bl, BIO, B13, Dl, D3, Al, we have 

M-Vi,LLl<C^(l + *)[l + log(l + i)]' 

Hence, 

m|Qi,2| < C(l + + log(l + t)f{L^f 
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Writing again: (I/V)^ < 2(1/^ + I'V')^ + 2(1^^)^) it then follows: 



where 



Ja = [\l + t')[l + log(l + t')f{ [ {ui;f}dt' 
Jo Jy.-^, 

J5= (\l + t')[l+\og{l + t')f{( {Lij + ui,f}dt' 
Jo Ji:^, 

By Bl and Lemma 5.1 we have: 

Ja < Cel [\\ + t')-\l + log(l + t')f£^{t')dt' < Cel£^{t)[l + log(l + t)]' 
Jo 



From (5.139) we have 



where 

f,{t) = {l + t)-'[l + log{l + t)f 

Then we have 

= fs{t)9{t) - j^9{t')^^dt' < 9{t){Mt) + j\'Ml\dt'} < C f^T[\u')du 

We have used the fact that g{t) is non-decreasing. In conclusion, 

/ \Qi,2Wg <C I F[\u')du' + Cel£^{t)[l + log(l + i)]' 
Jw* Jo 

Consider next Qifi. By Al, Bl, B3, Dl, we have 

l/;i<c(i + t)[i + iog(i+t)]-2 

Hence, by (5.77), 

/ < C [\l + t')[l + log(l + I ^l\U?}dt' 

Jwi Jo Jn^, 

< C [\l + t')-'[l + log(l + t')]-^£[^{t')dt' 
Jo 

To estimate Qi,8, we shall use D5 and Lemma 5.1: 

/ \Qi,s\dfJ-g < [ {[ sup (Atpgwl) • [ / ij'^dnJdu'dt' 

Jwl Jo Jo St,,,, JSt',u' 

< Ceo / { / sup {fi\n~gCo\)du'}£^{t')dt' 

Jo Jo S-,, „/ 



So from D5 we have 



/ \Qi,8\dfig < Ceo[l + log(l + t)]^£i}{t) 
Jwf. 
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We now turn to the crucial terms, Qo,3 and Qi,3. 
Consider first Qi,3. We have: 

^i,LL = -2nij{ujiy~^){n~^Li2 + n) (5.190) 

where 

ri = u)-^ {Lui - i^oj) - i^-'^iLi^ + 1^"^) + L log n (5.191) 

Thus, 

/ Qi,3dlig=[{[ -{uji^-^){n-^Ln + ri)ii\Uf}dt' (5.192) 
Jw* Jo Jt.^, ^ 

Decomposing /U~^Z//x into its positive and negative parts, we write: 

/ QiMl^g= I {I ^{i^v-^)[li-\Ln)+ + n-\Ln)_+nWi}\''}dt' (5.193) 

Jwi Jo JE« ^ 

Then by CI and (5.64) we have 

/ Qi,3dMs< / {{1 + t')-^[l + log{l + 1')]-^ + A{t') + sup\n\}£[''{t')dt' -K{t,u) (5.194) 
Jw^ Jo s;-, 

where K{t, u) is the non-negative spacetime integral: 

K{t,u) = - [ ^ojiy-^ii-^iLfx)_\4ij\^diig (5.195) 
Jw* 2 

Moreover, by B1,D1,B5,B12,D2 we have: 

sup \ri\<C{l+ty^[l+ log(l + 1)]-2 (5.196) 

Consider next Qo,3- Prom (5.105) and (5.18) we have: 

no,LL = -2nfx{n-\Ln + Lfi) + ro) (5.197) 

where 

ro = a-'^Lti + 2L{a-^K) + Ko\ogn (5.198) 
= 3L{a~^K) + 2a~'^KLa + {l + a~^K)Llogn + L\ogn 



Thus, 



/ Qo,3dl^g=[{f ^{lx-\Lii + Lp)+rQ)ii\i.ij\^]dt' (5.199) 



Decomposing fi ^{Lfj, + Lp) into its positive and negative parts, and then dropping the negative part, 
we obtain: ^ 

/ Qo,3rfMs< / {/ ^{^I-\L^I + IaJ,)+ + \ro\)^^\M''}dt' (5.200) 

Jw^ Jo Jn^, ^ 

Then by C2 and (5.64) we have: 

/ QoMt^g< [\l + t')-^[B{t')+snM]£[''{t')dt' (5.201) 

Jwi Jo EJ*, 
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Moreover, by B5, B6, B9, BIO we have: 

sup |ro| < C{1 + t)[l + log(l + 1)]-^ (5.202) 

Finally, we consider Qo,4,Qo,5 and Qi^s- 
First, we have: 

/ \Qi,5\dlig < Ml + (5.203) 

where 

Ml = / n(a;i/-^)|iV'|MV'llC + »?lA«"^<^/«9 (5.204) 
Jw* 

Ri= I n\Lil)\\4il)\\4{LOu-'^)\diig (5.205) 
First, we estimate Mi. We decompose: 

Ml = M{ + M" (5.206) 

where 

M[= I n{Lov~^)\Li;\\4i}\\( + T]\ii-^diig (5.207) 

M[' = [ n{wiy-'^)\L^\\4i'\\C + v\l^~^diJ,g (5.208) 

The region U is defined by (5.14). 
According to C3 we have: 

- (i/x)- > C-i(l+0"'[l + log(l + t')]"' (5-209) 

Comparing with (5.195) we have 

K{t,u)>- [ ^u;iy-'^iJ,-\LiJ,)_\47p\^diJ,g (5.210) 

/ Oa;i/-i(l+0"Ml + log(l + 0]"V"'M^r(i/^s 

Thus we can estimate: 

M( < CK^N^ (5.211) 

where: 

Ari= /" nujiy-\l+t')[l + log{l + t')]\C + r]\^\Li,\'^n-^diig (5.212) 

By virtue of B7, 

Ni< [ nojiy-'^{l + t')-^[l+\og{l + t')f\LtP\^ii-^diig (5.213) 

Thus 

iVi < C;(iVi,o + A^i.i) (5.214) 
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where 



'ur\w, 

Now by B1,D1 and Al, 



Nifi= [ f]a;z/-^(l + i')"Ml + log(l + *')]^kV'lV"^'^/"5 (5.215) 

7Vi,i=/ nioi^-^{l + t')-^[l+log{l+t')f\L^ + iy^\^iJ-'^di^g (5.216) 
Ju n w* 



Ni,o <C (1 + t')-^[l + log(l + i')]^{ / [ / ip^dnJdu'jdt' (5.217) 
hence by Lemma 5.1, 

Nifi < Cel [\l + t')-^[l + log(l + t')]^SS{t')dt' (5.218) 
<Ce2f-(f)[l + log(l + t)r 

Also, from (5.59), 

Ni,i<C { nojiy-\Lil) + uiljf}du' = C T[\u')du' (5.219) 
Jo Jc*, Jo 



We thus obtain: 



Ni < Cegfo"(i)[l + log(l + 1)]"^ + C f J^[\u')du' (5.220) 

Jo 

We conclude that 

M[ < CKit,u)i{el£S{t)[l + log{l + t)f + C C T'^{u')du'}^ (5.221) 

Jo 

On the other hand, since in W we have /x > 1/4, 

M'{ <2 I 9.ujv-^\L^\\iil^\\C,+'q\ir^diig (5.222) 

<2 nijv-'^\Li;\\4ip\\C + r]\fx-^dtig 
Jwi 

<2{f {1 +t')-^[l + \og{l + t')]-^nLuiy-^\4^p\^di^g}i 
Jwi 

where A^i is given by (5.212). In view of (5.64), 

ft J 
M'{ <C{ (1 + t')-^[l + log(l + t!)\-^£'^{i!)di!Y^N^ (5.223) 
Jo 

So by (5.220) we conclude: 

M1<C{ (l+t')"Ml+log(l+i')]"''?r(*')'^i'}^{eo^oW[l+log(l+i)]^+C / :F[\u')du'Y^ (5.224) 
Jo Jo 

In the following we estimate Ri given by (5.205). Using B14, D4, Bl, Dl, we have 

cj- V|4(w!/-i)| < C(l + t)-\l + log(l + t)]^ (5.225) 
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so fj,iuj~^L'\4{uji'~^)\ enjoys the same bound as IC + 'jI) namely by C{l + t)~^[l + log{l + t)]. It follows 
that -Ri is bounded in the same way as M['. 
So we conclude: 

/ \Ql,5\d^lg < C{el£S{t)[l + log(l + 1)]^ + C r T['iu')du'}i (5.226) 
Jw* Jo 

{K{t, u) + f\l+ t')-'[l + log(l + t')]-^S[''{t')dt'}i 

Jo 

Next we consider Qo,4- Obviously, we have 

|Qo,4|rf/Ug < Mo (5.227) 



where 

Again, we decompose: 
where 



Mo = [ n\LtP\\M\\C + T]\i^-^diJg (5.228) 
Jw* 

Mo = + M^' (5.229) 



Mo = [ n\lAl,\\4^\\C + r]\n-^diig (5.230) 

M^'= / Q\L^p\\i^p\\C + r]\ii-^diig (5.231) 

By B7, we estimate: 

/ ^\M\M\C + v\^^~^d^xg<c [ {i + t')-^[i + \og{i + t')]\L^i,\\4i}\dii.du'dt' (5.232) 
Ju n w* Ju n w.* 



By Holder Inequality, the right hand side of the above is bounded by: 

ft ^ 



C [ {l + t')-'[l + log{l + t')]j£^{t')J f \^i,\Ht' (5.233) 
Jo ^ ^ Juf] s;", 

< ( [\i + t')-^[i + iog(i + t')]''£S{t')dt'y/^ ■ ( / \4^\''df,.du'dt'y/^ 

Jo Ju n w' 



Let us define: 



F{t,u):= [ {l+t')[l + log{l + t')]-\ f \4ij\'')dt' (5.234) 

Jo Ju n s^, 

By (5.210) and B1,D1, 

K{t,u)>^ [ n{l+t')[l + log{l + t')]-^n-^\0fdiig (5.235) 



Let us define 



K{t, u) = sup [1 + log(l + t')]-'^K{t', u) 

t'6[0,t] 
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Therefore 

F{t,u) < CK{t,u) < C^(i,w)[l + log(l + i)]^ (5.236) 

and 

dF, 



-(t,«) = (l + i)[l + log(l + i)]-M I^V-I' (5.237) 
What we need to estimate is the following integral: 



We have: 



I{t) := f if \4i^f)dt' (5.238) 

Jo Ju n 



(5.239) 



I HP 

m = I {i+tr'[i+iog{i+t')]—{t')dt' 

= (1 + i)-i[l + log(l + t)]F{t) + f F{t'){{l + t')-^[l + log(l + 1')] - (1 + t')-^]dt' 

Jo 

Substitute (5.236) we obtain: 

I{t)<C'K{t,u) (5.240) 

Therefore 

M'o < CK{t, uy/^{ f\l + i')"'[l + log(l + t')f£S{t')dt'y/^ (5.241) 
Jo 

To estimate Mq we note that since /x > 77o/4 in Z//^: 

M^<2[ fl\lAl)\\4il)\\C + r]\ii-^/'^dHg (5.242) 

<2 f n\M\\4m + v\^^~'^^d^lg 



Hence 



= 2 / { / 0|iV||4^^||C + ^lM'/'K 
Jo Jy,^, 

<2 f\f nn\4ijfy/^ ■ { f m->P\^\C + vl'^V^^dt' (5.243) 

Jo Js^, Jt.''\ 

l-t g,„(^,)l/2 [l + log(l + t')]go"(^')^/% ./ 

< C{ / (l + i')"'[l + log(l + t')]''^r(i')t^i'}'^'-{ / (l + i')"'[l + log(l + i')]%"(i'W/' 
Jo Jo 

From (5.227), (5.229), (5.241) and (5.243) we conclude that: 

f \Qo,4\dfig < CK{t,u)H f {1 + t')-^[l + \og{l + t')]''£^{t')dt')^ (5.244) 
Jw* Jo 

+c{ [\i + t')-^[i + iog(i + t')f£[''{t')dt'y/^ ■ { [\i + t')-^[i + iog(i + t')f£^{t')dt'y/^ 

Jo Jo 
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We are left with Qo,5- We have: 



Jwf, 



5\diig <Mo + Ro 



where 



Mo= / fl\L^P\\4^\{l+r]-^K)\C + v\l^-^diig 



Ro = ( f2|LVI|4V'l|4(??"''«)|rfMg 
Jwf, 



Decomposing: 



M'o= ( ^Li,Ui,\{l + n-^K)\c + rl\^i-^d^xg 

K= / n\L^\\4^\{i + v-^K)\c + v\f^-'dng 
Ju'= n 



Similarly we have: 



/ n\L^\\4^\{l + t]-^k)\C + r]\dn^du'dt' 



< [\i + + iog(i + t')f'j£mjf iM'dt' 

Jq V "^^nsj*, 

This is similar to (5.233). We then proceed as we estimate M'q to obtain: 

Jo 

Next we estimate Mq. Since /[^ > 1/4 in W= f] W*, we have, byA2, A3 and B7, 



n\Lip\\4tp\\C + + v~^K)ti-^/^d^ig 



<c [ (1 + t')-'[i + iog(i + t')f^n\L^\\M{i + r^Kf'^ti^^'^diig 

Jwi 

Since the factor (1 + + log(l + 1')]^/"^ is bounded by a numerical constant we obtain: 

Mo <C [ n{{l + r]-\){Lxljf + ii\4^p\''}i^-^di^g 
hence in view of (5.54) we get 

Jo 

Finally we estimate Rq- By B 8 we have: 

Ro<c f (1 + i')-' [1 + iog(i + t')]n\Lij\\4ij\ (1 + r]-^Kf'^^x-^'^d^ig 

Jw* 

We have used the fact that (1 + 7?-1k)V2^-i/2 = ((i + ^-2^)/^)i/2 > ^-i > 

69 



Since the factor (1 + t') ^ [1 + log(l + 1')] is bounded by a numerical constant we again obtain: 

Ro<C [ f2{(l + r?-^K)(LV)^ + /u|4V'l^}/""^«^Ms <C f HW)du' (5.254) 
iw* Jo 

So we conclude that 

I < CK{t, w) V2( r p^{u')du'f'^ + C r pQ{u')du' (5.255) 
Jwi Jo Jo 

5.5 Treatment of the Integral Inequalities Depending on t and 
u. Completion of the Proof 

We now focus on the identity (5.73). By (5. 174), (5. 175), (5. 185), (5.187), (5.189), (5. 194), (5. 196) and 
(5.226), the spacetime integral on right hand side of (5.73) is bounded from above by: 

/ Qidng<CM{t,u)+L{t,u)+ [ A{t')£[''{t')dt' (5.256) 
Jw* Jo 

-K{t, u) + C{K{t, uy/^ + L{t, uy/^)M{t, uf'^ 

Here, 

M{t,u) = £^{t)[l + \og{l + 1)]' + j J'[\u')du' (5.257) 

L{t,u)= I {l + t')-\l + \og{l + t')]-^£'^{t')dt' 
Jo 

A{t) = Ait) + C(l + t)-^[l + log(l + 1)]-^ 

Now from CI we have: 



/* A{t')dt' 
Jo 



< C (5.258) 



where C is independent of t. 
Using the inequalities: 



-K + CK^/^M'^/^ < -^K + CM, CL^''^M^''^ - ^ 



So we get the following: 



(5.259) 



/ QidiJg < -^Kit, u) + CM{t, u) + ^L(t, u)+ [ A{t')£[''{t')dt' (5.260) 
Jw* 2 2 Jo 

We have: 

L{t,u)< / (l+f')"'[l + log(l + 0]'^r(i')rft'< 7[l+log(l + t)r^l"(0 (5.261) 
Jo 4 

Also, since 

J^f (u) < [1 + log(l + t)]'':F[\u) (5.262) 

defining: 

Vi(t,u)= I ^[\u')du' (5.263) 
Jo 
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we have: ^ 

/ r-^{u')du' < [1 + log(l + t)YV{{t, u) (5.264) 
Jo 

Note that Vl{t, u) is a non-decreasing function of t at each u as well as a non-decreasing function of u 
at each t. Hence: 

M{t, u)<[l + log(l + t)W£^{t) + u)) (5.265) 

and also, 

/ A{t')£'^ {t')dt' <[l + \og{l + t)]"^ j A{t')£'^{t')dt' (5.266) 
Jo Jo 

Prom Al, B2, Dl, D3 and Lemma 5.1, the space-like hypersurface integrals on the right hand side of 

(5.73) are bounded by: 

\j if7(Lw + i^w)V'^| < Cfo"(^)[l + log(l + ^)]^ \f \n{LLo + < C Dq (5.267) 

Also, by (5.75) and (5.77) at f = 0, the remaining term on the right hand side of (5.73) is bounded by: 

f{"(0) < CDo (5.268) 
In view of (5.260)-(5.268), the identity (5.73) implies 

£T{t)+^i{u) + ^K{t,u) (5.269) 

< [1 + log(l + t)f{^£[^{t) + C{e^{t) + Vlit, u)) + A{t')£[-{t')dt'} + CDo 

Keeping only the first term on the left we have: 

[1 + log(l + i)]-^<?r(t) < + C{£S{t) + Vlit, u)) + f A{t')e[''{t')dt' + CDo (5.270) 

^ Jo 

The same holds with t replaced by t' £ [0,t]. Since the right hand side is a non-decreasing function of 
t at each u, we deduce: 

£[^{t) < C{£^{t) + Vi{t, u)) + f A{t')£[^{t')dt' + CDo (5.271) 

Jo 

Since; £o{f) + V{{t,u) is a non-decreasing function of t at each u we can use Gronwall's Inequality to 
obtain inview of (5.259), 

£T{t) < C{Q{t) + vlit, u)) + CDo (5.272) 

hence also: ^ ^ 

/ Ait')£'^it')dt' <£'ll'it) I Ait')dt' <Ci£^it) + Vlit,u)) (5.273) 
Jo Jo 

Substituting (5.272)-(5.273) to (5.269) and keeping only the second term on the left, we get 

[1 + log(l + t)]-^F[\u) < Ci£^it) + Vlit,u)) + CDo (5.274) 

The same holds with t replaced by t' £ [0,t]. Since the right hand side is a non-decreasing function of 
t at each u, we deduce: 

jrf (u) < C(^o"(i) + Vlit, u)) + CDo (5.275) 
In view of the definition of VI it, u), this is 

:F[\u) < C£^it) +C f :F[\u')du' + CDo (5.276) 
Jo 
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In view of the fact that £0(1) is a non-decreasing function of u at each t and [0,eo] is a bounded 
interval, we can use Gronwall's inequahty to get 

^i{u) < C£^{t) + CDo (5.277) 

hence also: 

Vlit, u) < CeoSoit) + CDo (5.278) 
Substituting (5.278) into (5.272) we obtain: 

S'l^'it) < C£^{t) + CDo (5.279) 

Substituting (5.273), (5.278) and (5.279) into (5.269) and keeping only the third term on the left we 
obtain: 

[1 + log(l + t)]-^K(t, u) < CS^it) + CDo (5.280) 

which implies: 

K{t, u) < CQit) + CDo (5.281) 

We now turn to the identity (5.74). By (5.129), (5.154), (5.156), (5.173), (5.201)-(5.202), (5.244) 
and (5.255), the spacetime integral on the right hand side of (5.74) is bounded from above by, in view 
of (5.264): 

/ Qodi^g< [\l + t')-^[l+log{l + t')]''B{t')£[''{t')dt' (5.282) 
Jw* Jo 

+C I {I + t')-^[l + \og{l + t')]-^{£';'{t') + £^{t'))dt' + CVo{t,u) 
Jo 

+C{Voit,u) + [\l + t')-'[^ + log{l + t')]-^£S'{t')dt'y/^{Vl{t,u)y/^ 
Jo 

+C I {l + t')-^[l+\og{l+t')fVi{t',u)dt' 
Jo 

+CK{t,uy/^ [ (l + 0"Ml + log(l + 0]"%"(i'M*')'^' 

+CK{t,uy/^Vo{t,u)y/^ 

Here we have defined: ^ 

Voit,u)= I Fl{u)du (5.283) 







We now substitute (5.278), (5.279) and (5.281) to the above. In doing this we estimate the fourth 
term on the right by: 

C£^{tf'^{Vo{t,u) + [\l + t')-^[l + \og{l + t')]-^£'o^{t')dt'y'^ (5.284) 

Jo 

- + + fo^^ + ^'^"'[^ + + t')]-^£'o^{t')dt'} 

and the sixth term by: 

C£^{tfl\ l\l + t')-^[l + \og{l+t')]-^£^{t')dt'Y'^ (5.285) 
Jo 
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and the seventh term by: 



C£Sity^\Vo{t,u)y/' < y^it) + ^Vo{t,u) (5.286) 



After these substitutions, we obtain: 

/ Qod^ig < ^S^t) + C(l + l)Vo{t,u) + C(l + h f B{t')e^{t')dt' + CDo (5.287) 
Jw* ^ o Jo 

The constants C are independent of 6. Here: 

B{t) = (1 + t)-^[l + log(l + t)]^B{t) + (7(1 + t)-^[l + log(l + i)]-2 (5.288) 

By C2 we have: 

/ B{t')dt' < C (5.289) 

Jo 

In view of (5.287) the identity (5.74) imphes: 

£^{t) + :FI{u) < £^{Q) + -£^{t) + C(l + -){Vo{t, u) + B{t')£^{t')di!) (5.290) 

We set: <5 = |. Replacing t by G [0, t] in the above, noting that the right hand side is a non-decreasing 
function of t at each u, and keeping only the first term on the left, we obtain: 

£o{t) < -^^0(0) + CVo{t, u) + C f B{t')£^{t')dt' (5.291) 

Jo 

Since Vo{t, u) is a non-decreasing function of t at each u, we can apply Gronwall's inequality to obtain: 

£^{t) < C(fo"(0) + Vo{t, u)) (5.292) 

hence also: 



t 

B{t')£^{t')dt' < £^{t) / B{t')dt' < C{£^{0) + Vo{t,u)) (5.293) 
Jo 

Keeping only the second term on the left in (5.290) we obtain: 

J-*(m) < C(fo"(0) + Vo{t,u)) = C{£^{0) + f" J''^{u')du') (5.294) 



In view that £q{Q) is a non-decreasing function of u and [0, cq] is a bounded interval, we can use 
Gronwall's inequality to obtain: 

Fl{u) < C£^iO) (5.295) 

hence also: 

Vo{t,u)<Ceo£S{0) (5.296) 

Substituting this into (5.292) we obtain: 

£S{t) < C£S{0) (5.297) 
Substituting finally (5.297) to (5.277), (5.279), (5.281) wc conclude that: 

(i),^f (u),^(t,u) < C£S{0) (5.298) 
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The proof of Theorem 5.1 is now complete. □ 

There are some remarks concerning the estimate of the error spacetime integrals. 

(i) When wc estimate Qi,3, wo do not just bound the contribution from L/i simply in absolute 
value. Instead, we split L/x into positive and negative parts. Because by C3 and (5.195), we can use 
the negative part of L/x to estimate the tangential derivative of variations on the region U, where ji is 
very small. In estimating Qo.s, we also split the term Ln + Lp, into positive part and negative part so 
that we can use the bootstrap assumption CI and C2. 

(ii) Let us revisit the estimate (5.218) for A^i,o, which is original from Qi^s. There is a growth of 
[1 + log(l +t)]^ which can not be improved on the right hand side, this is why we introduce the weight 
for £i^{t) and Ti{u), and also for K{t,u) see (5.90), (5.91) and (5.235). Then we can complete the 
error estimates associated to K\, since also this weight is enough to bound the contribution of L{t, u) 
(see (5.257)), whose growth in time is like log[log(l + t)]. 

(iii) Finally, the treatment in section 5.5 is not standard, because wo have two variables t,u in 
the integral inequalities with u in a bounded interval. However, we can use Gronwall inequality with 
respect to one variable when the other is fixed to complete the estimates. 
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Chapter 6 



Construction of Commutation 
Vectorfields 



6.1 Commutation Vectorfields and Their Deformation Tensors 

In this chapter, we shall construct the vectorfields Yi : i = 1,2,3,4,5 used to define the higher order 
variations of the wave function (j). That is, 

^n = Yi,...Yi^_,iJl (6.1) 

where tpi is a first order variation, namely one of the functions (5.5). Here G 1,2,3,4,5. 
Since satisfies: 

= (6.2) 

tjjn satisfies 

Ogt/Jn = Pn (6.3) 

where p,-, is obtained by commuting the vectorfields Yi^...Yi^_^ with So we call Yi : i = 1,2,3,4,5 
the commutation vectorfields. 

We require that, at each point, these commutation vectors span the tangent space to the spacetime 
manifold at the corresponding point. Thus, the set of all ■i/'n for fixed n corresponding to a given ^j^i 
contains all derivatives of ■i/'i of order n — 1. 

We take 

Yi = T (6.4) 

Since this is transversal to C„, we require Yi : i = 2, 3, 4, 5 to be tangential to C„. Moreover, for each 
u e [0, eo] and each point x G C„, the set {Yi{x) : z = 2, 3, 4, 5} spans the tangent space to C„ at x. 
Next, we take 

Y2 = Q -.^ {I + t)L (6.5) 

In view of the fact that the range of u on W*^^ is the bounded interval [OjEo]; Q is an analogue in 
the acoustical spacetime of the dilation field D of flat spacetime introduced in Chapter 2. Since Y2 is 
transversal to the surfaces St^m we require that Yi : i = 3,4, 5 to be tangential to ^t^^. Moreover, for 
each u and each point x e the set {Yi{x) : i = 3, 4, 5} spans the tangent plane to St,u 
We set: 

Yi+2 = i?i := n4 : « = 1, 2, 3 (6.6) 
Here Ri are the generators of rotations about the three rectangular coordinate axes: 

■ d 1 

Ri = ^ijkX^g^ = 2^ijk^jk (6.7) 
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where Cijk is the fully antisymmetric 3-dimensional symbol. In (6.6) 11 is the projection to the tangent 
plane to the surfaces St,u with respect to the induced acoustical metric g on St, which, as we have 
seen, coincides with the Euclidean metric. 

When we consider the commutator [F, □§], the deformation tensor ^^^tt appears. Since: 

(^)ff = f2W7r + (yf2)5 (6.8) 

we must consider the expression for ^^V: 

(^)7r(Zi, Z2) = 9{Dz,Y, Z2) + g{Dz,Y, Z^) (6.9) 

The componets of the deformation tensors ^^V, ^"^V in the null frame {L,L,X\,X2) can be directly 
computed from (3.99)-(3.106) and (3.131)-(3.138). 

^'^^^LL = (6.10) 

(^^TTii = 40mT(77-1k) (6.11) 

= -20(T/i + /iTlogO) (6.12) 

^^^^LA = -0(a + Va) (6.13) 

^^^^LA = -na-^K{CA + va) (6.14) 

fAB = ^(Kab - ^ ^^ab) (6.15) 

tr^^^^ = 20(z/-r?-iK!/) (6.16) 

and: 

(Q)jTLL = (6.17) 

^Q'>jvLL=4n^i{Q{ri-^,i)-Tj-^K} (6.18) 

n LL = -2n{Qn + fxQ log n + ^i} (6.19) 

^'^^TTLA = (6.20) 

^Q^TfLA = 2n{l+t){CA + VA) (6.21) 

{Q)z 

f^j^^2n{l + t)xAB (6.22) 

tr^'^^^ = 4n(l + i)i/ (6.23) 

Here we denote by ^ the restriction of ^^^tt to 5t,„, and by f the trace-free part of ^ 

Noting that the definition of Ri : i = 1, 2, 3 is intrinsic to each space-like hypcrsurface S(, we shall 
derive expressions for the components of ^^'^tt in the frame {L,T, Xi,X2), taking advantage of the 
fact that {T,Xi,X2) is a frame field for each S*. Prom (3.99)-(3.106), we have: 



(Ri) 



TTLL = MDlR^, L) = -2g{R^, DlL) = (6.24) 



This is because Ri is tangential to St^u, while L is orthogonal to St,u- For the same reason, T is also 
orthogonal to i?,, hence: 

(«.)7rTT = 2g{DTRi, T) = -2g{Ru DtT) (6.25) 
Since Ri is tangential to S't,^, we can expand 

Ri = RfXA (6.26) 

we obtain 

(«*)7rTT = 2KRiK (6.27) 



76 



Next, 

(«-)7rLT = g{DLR^,T) + giDrRi, L) (6.28) 
= -g{Ri, DlT) - g{Ri, DtL) = -rjARf + URf = -Rit^ 

where we have used (3.55) in chapter 3. 
Next we have: 

^"^'^TTLA = g{DLRi, Xa) + g{Dx^Ri, L) (6.29) 

Now, 

g{Dx^Ri, L) = -g{Ri, Dx^L) = -XAsRf (6.30) 
On the other hand, from (6.6) we have 

DLRi = {DiJl)Ri + IL{DLRi) (6.31) 

Noting that for any vectorfield Z 



we obtain: 

Thus, 

Similarly, we have 
and 



g{UZ,XA)=g{Z,XA) (6.32) 

g{DLRi, Xa) = g{{DLll)R„XA) + g{DLk, Xa) (6.33) 

^""^ Vla = g{{DLn)Ri, Xa) + g{DLRi, Xa) - XAsRf (6.34) 

^^^\ta = g{{DTU)Ri, Xa) + g^DrRi, Xa) - nOABRf (6.35) 

^""^Vab = g{{DxJl)Ri,XB) + g{{Dxs^)Ri,XA) (6.36) 
+g{Dx^RuXB) + g{DxBfk,XA) 

Now we must compute {DJl)Ri and DRi. Since -R, are tangential to St we can expand: 

Ri = RfXA + Xif, f = K-^T (6.37) 

for some functions A^. Since IIT — 0, for any vectorfield Z we have: 

{DzU)T = DziUT) - UiDzT) = -UiDzT) (6.38) 

Setting Z equal to L,T,Xa:A = 1,2, we obtain, using (3.99)-(3.106), 

{DlII)T = C^Xa (6.39) 

{DtII)T = k{4^k)Xa (6.40) 

{Dx^U)T = -kO^Xb (6.41) 

Since HXa = Xa, for any vectorfield Z we have: 

{DzU)Xa = Dz{UXa) - II{DzXa) = DzXa - TI{DzXa) (6.42) 
Obviously, the right hand side of the above is orthogonal to St,u- So we get 

g{{DLn)R„XA) = k'^KCa (6.43) 

g{{DTTl)R„XA) = \4AK (6.44) 

g{{Dx^Il)Ri, Xb) = -Xi0AB (6.45) 
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Next, we shall compute DRi. In an arbitrary coordinate system we have: 

D.Rt =Q^ + rUf^ (6.46) 

where F^^ are the Christoffel symbols of the acoustical metric g in the given coordinate system, and 
we have: 

= {g-'r^^x^ (6.47) 

Recall from Chapter 3, that in a Galilean coordinate system we have: 

Tooo = ldt{-v^ + IvH (6.48) 

Toio = \di{-rf + |v|^) (6.49) 

r^,o = d,d,c^ (6.50) 

Toofc = \{2dtdkcl>-dk{-rf + |v|2)) (6.51) 

Tiofe = Tij/s = (6.52) 
Now we can compute g{DLRi, Xa), giDxRi, Xa) and g{DxARi,XB)- 

g{DLRi, Xa) = g^^L'^D^R'iX'X = 9^..L\^ + r^^i?7)X^ (6.53) 

This is: 



9mn Xa L Smn^ilmXA L CUmXA (6.54) 



where we have used the expressions for Christoffel symbols and the fact that = X^ = 
Similarly, we have 

giDrRi, Xa) = T^eumX"^ (6.55) 

and 

giDx^KXe) = X^ea^X^S (6.56) 
Substituting the above in (6.35)-(6.37) we obtain the following: 

(""^Vla = -XAsRf + L^eumXJ + K-^\iU (6.57) 
^^^\ta = -KOABRf + T^eumX'S + XdAl^ (6.58) 

and noting that eum is antisymmetric in I, m, while X^^X^ + X^X^^ is symmetric in I, m: 

^"^'Vab = -2XieAB (6.59) 

Since the coefficient of Aj in (6.57) is k,~^(a, and recalling from Chapter 3 that k,~^(a, Oab are regular 
as /X —7- 0, these expressions are regular as ^ 0. 
We introduce the functions by setting: 

f^ = -^-^+,^ (6.60) 
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using this and the fact that: 

eumx'X^ = KXT = ^AB^f (6.61) 

m 

we rewrite the first two terms on the right hand side in (6.58) as: 

- nOABRf + T'eumX'^ = -k(0ab + YZ^^^)Rf + ^i^Umv'X'X (6.62) 



Then (6.58) takes the form: 



\ — u + t 



(6.63) 



Also we define the function by setting: 



U = + (6.64) 

I- u+t ^ ' 



By (6.61) and (6.65) and recalUng: L = Oq — {rjT^ + tpi)di, we get: 

= -rjy' + i^I^il^ - (6.65) 
Using (6.62) and (6.65), we rewrite the first two terms of (6.57): 

- XAsRf + L'eumX^ = -ixAB - Y^^^)Rf + eumz'X^ (6.66) 
So (6.57) takes the form: 

^^^ViA = -{XAB - ^^\ )Rf + eumz'X^ + \i{K-^U) (6.67) 
1 — w + r 

6.2 Preliminary Estimates for the Deformation Tensors 

In the rcmaindcir of this chapter, we shall show how the deformation tensors of the commutation 
vectorfields are to be controlled in terms of X)/^ and V'/*- 

In the following, the assumptions Al, A2, A3 are assumed to hold in W^^. 

Al : < n < C 
A2:C-^ <r]<C 
A3 : /i < C[l + log(l + t)] 

where the constant C is independent of s. 
Recall that 

V'm = d^<l) (6.68) 

and we shall use use the following bootstrap assumptions on and their first derivatives. In the 
following we denote by i5o a positive contant, which is by definition less or equal to unity. This 
constant is used to keep track of the relative; size of various quantities. 

On the other hand, no smallness condition is assumed on eo, other than the condition: cq <\. 

There is a positive constant C independent of s such that in W^* , 

El : IV-o-Ziol, m<C5^{l + t)-^ 
¥.2:\Ti^^\<C5o{l + t)-\ < C5o{l + t)-^ 



79 



The second of E2 shall follow from IQi/j^l < CSo{l + while the third shall follow from |-RiV'(ii| ^ 
C(5o(l + : i = 1, 2, 3 in the actual estimates of Chapter 10,11 and 12. 
We also have the bootstrap assumptions on /j. and x in : 

Fl : \Tfj,\ < CSo[l + log(l + 1)], \4n\ < CSo{l + t)-^[l + log(l + 1)] 

F2 : Ix - r^—\ < C5o{l + + log(l + t)] 

Here the positive constant C is also independent of s. 

Under the assumptions A, E, F, the estimates which we shall derive will hold in W^^ with constants 
which are independent of ,s. 

First, recall that the enthalpy is /i = V'o — 5 J2^=i V'?) so by E we have: 

< C(5o(l+t)"\ |T/i| < C5o(l + \Lh\, \4h\ < CSo{l + (6.69) 

Recall that T is the unit normal to the surface St,u in S* with respect to the induced acoustical metric 
g, which is the Euclidean metric so: 

|f I = 1 (6.70) 

It follows by El that 

\ijf\<CSo{l + t)-^ (6.71) 
Recalling that L = do — {aT^ + il)i)di, from El and (6.70) we have: 

\L'\ < C (6.72) 

Since L° = 1, we have : 

\i^L\<CSoil+t)-^ (6.73) 
Let us express in the frame T,Xi,X2 

5^ = {g-yi = f'f^ + {f^)^^X\X'j^ (6.74) 



It follows from El that: 



I^P = irY^'i^Ai^B - {rY''X\X=B^,i:, (6.75) 



that is 



1^1 <C5o(l+i)"' (6-76) 
For a bilinear form w in the tangent space to St^u at a point, the magnitude is given by: 

1^1' = {$-Y''{$~^)''''^ABu:cD (6.77) 

Recall that = ^A^B^ij = -r]~'^X\X'j^d^'>l:j. So 

II^P = {$-Y''{f'f''^AB^CD = {<f-Y''{r'r''X\X'^h,X'cXShm (6.78) 

= E(r')''''(^BV'«)(4DV'^) = E i^^'i' ^ ^'^0(1 + 

i i 

That is 

\i^\<C6o{l + t)-^ (6.79) 
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By assumptions A2 and A3 this implies: 

< C5o{l + + log(l + 1)] (6.80) 
For a linear form v in the tangent space to St,u at a point, the magnitude \v\ is given by: 

\v\^ = irY^'^AVB (6.81) 
Prom the definition in Chapter 3, ca = K~^k{XA,T), we have 

= irY^'^AeB = irY^'k^fkBT = irY^'nX'BT'nuk.m (6.82) 

i 

That is 

\e\<C6o{l + t)-^ (6.83) 

Next, we shall estimate rj. Recall that 

From the first of (6.69), it then follows that: 

|7?- 1| < C(5o(l + i)"^ (6.85) 
Differentiating (6.84) tangentially to St,u, we obtain = (7^)"^'^^^' hence by the last of (6.69): 

\M<C6o{l+t)-^ (6.86) 

Similarly, we have 

\Tr]\<CSo{l + t)-\ \Lri\<CSo{l + t)-^ (6.87) 
In view of the fact that k~^(a = V^a — 4aQ!) we then obtain: 

\K-W<C5o{l + t)-^ (6.88) 

hence 

Id < CSo{l + t)-^[l + log(l + 1)] (6.89) 
We can also bound Lfx, given by (3.92) in Chapter 3: 

Lfjb = m + ne (6.90) 

where ^ 

m=\'^Th, e=^{^)'Lh + a-^f\Lxp,) (6.91) 
1 ah la'^ p 

From (6.69) we have: 

\m\<C5o{l + t)-'^ (6.92) 

Prom (6.69), (6.70) and E2 we have 

|e| < C(5o(l + t)"^ (6.93) 

Hence 

\L^i\<C5n{l+t)-^ (6.94) 
In view of k = oT^jJi, and the second of (6.87), we have: 

\LK\<C5o{l + t)-^ (6.95) 
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Integrating this along the integral curves of L yields 

Ik-koI < C(5olog(l + i) (6.96) 

Here the value of kq at a point in W*^ is the value of k at the corresponding point on Sq along the 
same integral curve of L. Combining (6.96) and 10 we obtain the following estimates in W^^: 

\K-l\<C5o[l + \og{l + t)] (6.97) 

We now combine Fl with (6.86) and the first of (6.87) to estimate the first derivatives of «; on S^: 

< C(5o[l + log(l+i)], \M<C5o{l+t)-\l + \og{l+t)] (6.98) 
In view of the fact that = C + 4m> Fl and (6.89) yield: 

|??| < C5q{1 + t)-\l + log(l + 1)\ (6.99) 

Now we use F2 to estimate 

If (Jo is small enough, F2 implies: 

trx> C-^(l + t)-^ (6.101) 

This restriction on the size of is imposed from now on. 
Recall that: 

X = ri{^-e), X = k{^ + 0) (6.102) 

Thus we have: 

trx = 2Ktr|^ — r]~^KtrXj X = — ??~^'«X (6.103) 
Prom (6.80), (6.96) and F2 we have: 

Itrxl <C(l + i)-i[l + log(l+t)], \x\<Cdo{l+t)-^[l + log{l + t)f (6.104) 

Also, using (6.79), (6.85) and F2 we deduce: 

\0+ , ^ , I < CTo(l + 0"' [1 + log(l + 1)] (6.105) 
1 — u + t 

Finally, combining F2, (6.69) and (6.101), we obtain: 

C-\l + t)-^ <u< C(l + t)-\ \u-{l-u + t)-^\ < CSo{l+t)-^[l+\og{l+t)] (6.106) 

Also, from (6.69) and (6.104) we have: 

\u\<C{l + t)-^[l + log{l + t)] (6.107) 

We can now give the bounds of the deformation tensor of T and Q. In the following, we denote by 
^^^fj^ and ^^Vz, the 1-forms on each surface St,u with components: 

(^)^^(X^) = (^)^^^, ^^%{Xa) = (^V^^ (6-108) 

and similarly for '"V. and ^"V.- 

First, we estimate the deformation tensor of T. By (6.11), (6.97), (6.98) and (6.87) we have: 

M" Y^^^iil < <^'^o[l + log(l + 1)] (6.109) 
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By (6.12), Fl, A, and (6.69) we have: 

< C5o[l + log(l + 1)] (6.110) 

By (6.13), (6.89) and (6.99) we have 

I^^VlI <C'5o(l + i)'Ml + log(l + i)] (6.111) 
By (6.14), (6.89), (6.97) and (6.99) we have: 

^^~^f^^fL\ < CSo{l + t)-^[l + log{l+t)] (6.112) 
By (6.15), (6.97), (6.104) and F2, we have: 

I #1 < C(5o(l + i)-2[l + log(l + i)]2 (6.113) 
Finally by (6.16), (6.97), (6.106) and (6.107) we have: 

Itr^^Vl < Cil + t)-^[l + log(l + t)] (6.114) 
Next, we estimate the deformation tensor of Q. By (6.18), (6.87), (6.95) and (6.97) we have: 

M'^I^'^'^mI < C[l + log(l + t)] (6.115) 

By (6.19), (6.69), (6.94) we have: 

I^^^^llI < C[l + log(l + 1)] (6.116) 

By (6.21), (6.89) and (6.99) we have: 

|^'^Vj<C(5o[l + log(l + f)] (6.117) 

By (6.22), F2 we have: 

I f\<C6o{l + t)-^[l+log{l + t)] (6.118) 

By (6.23), (6.106) we have: 

Itr^'^Vl < d (6.119) 
We can obtain, in fact, a more precise estimate for tr^*^^^: 

tr^^^^ - 4 = 4(17 - 1)(1 + t)!^ + 4(1 + t){iy - --^) (6.120) 

Recalling that fl{0) = 1, i.e. at the constant state, the conformal factor = 1, (6.69) implies: 

\n-l\<C6o{l+t)-'^ (6.121) 

Then by (6.106), we get 

Itr^'^V - 4| < C(l + t)-i [1 + log(l + t)] (6.122) 
where we have used the fact that the behavior of difference between {l + t)~^ and {l — u + t)~^ is like 

To bound the deformation tensor of Ri, wo must get estimates for Aj defined by (6.37), as well as 
the functions t/j and Zi defined by (6.60) and (6.64). 
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First we shall get upper and lower bounds for the function: 



3 



(6.123) 
\ i=i 



Since r achieves its maximum value in Et P| W*^ at the outer boundary P| Co — Stfi where it is equal 
to 1 + t, we have: 

r<l + t (6.124) 

For the lower bound, we have: 

i=l i=l 

In view of (6.70), we get 

\Tr\ < K (6.126) 

then by (6.97), we have: 

|Tr| < l + C(5o[l + log(l+i)] (6.127) 
Integrating (6.127) along the integral curves of T from T,tf]Co — Stfi where r = 1 + 1 to St^u, we get 

r>l-u + t-C6ou[l + log{l + t)] (6.128) 

In W*^, u e [0, eo], hence taking So suitably small we get: 

r>C-\l + t) (6.129) 

We proceed to derive the estimates for Aj, from (6.37) we have: 

Xi=g{Ri,f) (6.130) 

First, we derive the estimates for Ri and i?,- 



\Ri\ = Vr^-{xi?<r<l+t (6.131) 

From (6.37), we have: 



\Ri\ < \Ri\ < i + 1 (6.132) 

Next, wc derive an ordinary differential equation for along the integral curves of L. Note that the 
surfaces Sq^u being spheres centered at the origin and we have T = ^ on Sq, hence 

Ai = : on So (6.133) 

Now we have: 

LXi = Y.iLRDT"' + RTLT"" (6.134) 

m m 

Recall that L = dt - {r]f' + tp,)d^ and A™ = ey^a;^'. 

LR^ = -{r]f^ + iljj)eijm (6.135) 

While if"" is given by (3.177): 

Lf"" = PlT"" + q'l^ (6.136) 
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Recall from Chapter 3, pl = 0, and from (3.179) we have: 

QL = qtXA = qtX^dm ^qT = Q^X^ (6-137) 

we thus obtain: 

L\ = -^.f^ei,™ + djrnqtX'^x^ (6.138) 

where we have used the fact that CijmT^T"^ = 0. 
Recalling from (3.183) that 

qt = -i^-'C^ (6.139) 

the estimate (6.88) gives 

\qL\<CSo{l + t)-^ (6.140) 

The second term on the right in (6.138) is g{Ri, qh)- 
By (6.131) and (6.140): 

\g{Ri,qL)\ < \Ri\\qL\<C5o{l + t)-^ (6.141) 

using also El we obtain: 

\LW<C6o{l + t)--^ (6.142) 
Integrating this along the integral curve of L, we conclude that: 

|Ai| < C<5o[l + log(l+t)] (6.143) 

Next, we should derive the estimates of the derivatives of Aj tangent to the S^. We have: 

T\, = J2(.TRT)f"' + J2 RTTif"") (6.144) 

m m 

Prom R™ = CijmX^ , we have: 

f 4™ = Cijmf^ (6.145) 
^ ^(T^™)f"" = eijmf^f'^ = 

m 

Hence: 

TXi = RTTif"") (6.146) 

m 

From (3.192), we know that 

r(r") ^ ptT"" + qjp (6.147) 
Prom (3.193), we have pr = 0, and from (3.194) and (3.195), we have = -X'^in). So 

TXi=g{Ri,qT) \TXi\ < \Ri\\qT\ (6.148) 

and 

krP = ^^slrqr = \M' < CS^l + t)-'[l + log(l + 1)]^ (6.149) 
by the second of (6.98). In view also of (6.131) we conclude that: 

|TAi| < CJo[l + log(l+i)] (6.150) 

Next, we have: 

4aRT = eijmdAx' = eijmX^ (6.151) 
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4a\ = ^idARDT"^ + E RT^aT"" = Ci^mX^f^ + E RTij^'AT"' + O (6.152) 

mm m 

where we have used (3.201). Also from (3.202) and (3.203) we have: 

f^ = Q, fl = 9lX^ (6.153) 

Therefore: 

4^A, = ey^X^f " + g{R,, (6.154) 
By (6.60), the first term on the right in (6.154) is: 

On the other hand, the second term on the right in (6.154) is: 

RTO^X^ = e^.mx'e'iX^ (6.156) 

The first terms in (6.155) and (6.156) cancel each other, hence we obtain: 

4AXi = eijmlX'^^y"' + x^{el + ^-iL)X^] (6.157) 
In view of (6.105) and (6.124), the estimate 

|yi<C5o(l + t)-Ml + log(l + i)] 

would imply: 

I^Ail < C5o(l + i)"Ml + log(l + 1)\ (6.158) 

To derive the above estimate for the functions ?/', and a similar estimate for the functions a;% we shall 
need another bound for r. 

Note that for any vector V in euclidean space M^, we have: 

Y,~9{Ri.yf =r''W? (6.159) 

i 

where S is the Euclidean projection operator to the Euclidean spheres: 

S} = 8] - r-'^x'x^ (6.160) 

We can check this with the identities: 

^ ^ ^ijm^ikn = Sjk^mn ~ ^jn^kmi ^ ] ^m^ra ~ (6.161) 
i i 

Taking in (6.159) V to be T, we obtain in view of (6.130): 

|Ef|2 =r-2E(Ai)^ (6.162) 

i 

Then by (6.129) and (6.143) we have: 

\Ef\<C5o{l + t)-^[l + log{l + t)] (6.163) 

86 



Consider N, the Euclidean outward unit normal to the Euclidean spheres: 

N = —di (6.164) 

r 

Then (6.125) takes the form: 

Tr = Kg{N,f) (6.165) 

We decompose: 

f = g{N,f)N + J:f (6.166) 
^ \ ff = \g{N,f)\'^ + \'£f\'^ 

Recalling that IT] = 1, we have: 

l-giN,ff = ISfp < C7(5o(l + i)"'[l + log(l + 0]' (6-167) 

If 5o is small enough, the right hand side above is no bigger than i. While on Stfi, g{N,T) = —1, by 
continuity in u this implies the angle between T and N is greater than ^. Hence 

g{f,N)<0 

Therefore 

0<l+g{N,f) < CTo(l+i)-'[l+log(l+t)]2 (6.168) 

Going back to (6.165), 

Tr+l = K{l+g{N,f))-{K-l) (6.169) 

From (6.97) and (6.168) we have: 

|Tr + l| <C5o[l + log(l + i)] (6.170) 
Since r = 1 + t on Stfi, we have, on Sty. 

r~l-t + u= I {Tr + l)du' (6.171) 
Jo 

Using (6.170), we get: 

r <l + t-u[l- C5q{1 + log(l + 1))] (6.172) 

If C(5o[l + log(l + t)] < 1, (6.172) is stronger than (6.124), otherwise weaker. 
From (6.128) and (6.172), we get 

I - - , \ , I < CSouil + 1)-^ [1 + log(l + 1)] (6.173) 

r 1 — u + t 

Consider now the vectorfield: 

y' = f + N = Y.f+{l+g{N,f))N (6.174) 

(6.163) and (6.168) imply: 

\y'\ < C6o{l+t)-^[l+log{l+t)] (6.175) 
Recall (6.60) and N' = ^,we get: 

y'' = -—^ +y' + — ^y^ = y'^ - xU- - ) (6.176) 
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Using (6.124), (6.172) and (6.174) we have: 

W\ < C5Q{l + t)-^[l + \og{l+t)] (6.177) 

By this and (6.65), El, we have: 

ki <C(5o(l + i)-Ml + log(l+t)] (6.178) 

We also used the fact that |a - 1| < C5o{l + ty^. 

We turn to estimate the deformation tensor of i?,. Since L = a~^KL + 2T, we get from (6.24) and 
(6.27)-(6.29): 

= (6.179) 
'"^•Vii = -2Rifi (6.180) 
^"^^Vll =4/xi?i(a-iK) (6.181) 

By Fl, (6.85), (6.86), (6.97), (6.98) and (6.132), we have: 

l^'^^Viil < C5o[l + log(l + 1)] (6.182) 
H-^I^'^'^ttllI < CSo[l + log(l + 1)] (6.183) 

Next, we estimate the St,u 1-form '•^'''/j^, whose component '^'■'ttla is given by (6.67). In view of 
F2 and (6.132), the first term on the right of (6.67) is bounded by C6o{l + 1)"^! + log(l + *)]• The 
square magnitude of the second term is {^^^)^^ eumz'' X^eirpZ"^ X^^. From (6.74), this is bounded by 
J2m'^ii"i^'^'^irmz'" = J2i^i(^')'^- Wc have uscd the identity: J2if-ijm<^tkn = SjkSmn - SjnSkm- Then by 
(6.178), the second term in (6.67) is bounded by: Cdo{l + t)-^[l + log{l+t)]. From (6.88) and (6.143), 
the third term is bounded by: C(5^(l + t)"^[l + log(l + 1)]. 

I^^'VlI <C<5o(l + i)-Ml+log(l + 0] (6-184) 

Next, we estimate '^''ttta, which is given by (6.63). 

By (6.105), the first term is bounded by C^o(l + i)"Ml + log(l + t)]'^. 

By (6.97) and (6.177) we know that the second term is bounded by CSo{l + t)~'^[l + log(l + f)]^ 
Lastly Using (6.98) and (6.143) the third term XJaK is bounded by C6o{l + t)-^[l + log(l + i)]^. 
So we get 

I^'^'VtI <<^^o(l +*)"'[! + log(l+*)]' (6-185) 
Since L = a~^KL + 2T, we get: 



I^^^^VlI < C^o{l + t)-^[l + log(l + t)f (6.186) 



Finally, we estimate ^^'Vab' which is given by (6.59). Using F2, (6.80) and (6.143), this is bounded 
by C6o{l + ^)~^[1 + log(l + 1)]. But we would like to bound its trace and trace-free part seperately. 
Since tr^^^V = 2Ai(a-Hrx - tr|^), also by F2, (6.79) and (6.143), 

|tr(^*V| < C6o{l + t)-^[l + log(l + 1)] (6.187) 

as well as 

l^'^'Vl < CSo{l + t)-2[l + log(l + 1)]" (6.188) 
Then we can substitute all these estimates to the expressions of ^^'^it: 



= n(«^)7r+^(i?i% (6.189) 



By (6.69) and (6.132) we have: \Rih\ < C(5o(l +i)"\ then we get: 

(^^^Tfii = 
|(^''f^LL|<C5o[l + log(l + i)] 

M'Y'^'^^mI < C(5o[l + log(l + i)] 
f'''^f^\<Cdo{l + t)-'[l + log{l + t)] 

r'^hi < cso{i + tr'[i + iog(i + t)f 

Itr^'^^Vl < CSo{l + t)-^[l + log(l + 1)] 

r^^f\<cso{i+t)-^[i+iog{i+t)]^ 

Finally, we shall estimate the functions ^^'^(5, defined by: 

= ^tr(^)if - i^-'Yi^ - 2n-'Yn 

which will play a role in Chaptter 7. Here tr is the trace with respect to g. Since 
have: 

tr(^)7f = fi-Hr(^)^ = fi-i(-/x-^(^)#LL + tv^^'^f) 



Hence, 



Prom (6.12), we find: 
From (6.19), 
From (6.69) and (6.114), we have: 



from (6.69) and (6.122), we have: 
From (6.180) and (6.189), we have: 



|^^^<5|<C(l+i)-i[l + log(l + i)] 

l^'^)^! < c 



By (6.69) and (6.195), we have: 



|(^*'^| < C7(5o(l + 1)-^! + log(l + 1)] 



(6.190) 
(6.191) 
(6.192) 

(6.193) 
(6.194) 
(6.195) 
(6.196) 

(6.197) 

Q.~^g~^, we 
(6.198) 

(6.199) 
(6.200) 
(6.201) 

(6.202) 
(6.203) 

(6.204) 

(6.205) 

(6.206) 
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Chapter 7 



Outline of the Derived Estimates of 
Each Order 



7.1 The Inhomogeneous Wave Equations for the Higher 

Order Variations. The Recursion Formula for the Source 
Functions 

Proposition 7.1 Let be a solution of the inhomogeneous wave equation 

□§V = P (7.1) 

and let Y be an arbitrary vectorfield. Then 

i)' = Yip (7.2) 

satisfies the inhomogeneous wave equation: 

= p' (7.3) 
where the source function p' is related to the source function p by: 

p' = diy^^J + Yp + ^tv^^^np (7.4) 

Here 

^"^^j" = liir'r'^Cg-'r^ + irTir'r^ - {9-'r{9-'T^]^''^^apd^'4> (7.5) 

is the commutation current associated to V' and Y. 

Proof. Let fs be the local 1-parameter group generated by Y. We denote by fs* the corresponding 
pullback. We then have: 

□/„9(/-V') = /«*(n§V') = fs*P (7.6) 

Now, in an arbitrary system of local coordinates, 

□gv = -^J—d^iir^rV^^gd^i^) (7.7) 

and 

1 



□/..fl(/.*^) = ; - gM(((/.*g)'^)^V-det/,.g9.(/,,V')) (7.6 

V- det fs*9 
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and: 



we obtain: 



Let us differentiate (7.8) with respect to s at s = 0. In view of the facts that: 

{^Js*g)s=o = Cyg = (^)7f (7.9) 

(^V-det/,*5),=o = iV-det^tr^^^TT (7.10) 

{^^{{fs*~9)-')ns=o = -{g-'Y%g-'T^^''^*ap (7.ii) 

(-^/«*V)«=o = {^^ o /,),=o = Y^l, (7.12) 
as as 

i-^af^,9{fs*^))s=o = -I J^ tv^^'^ndMrTV^d^d^^P) (7.13) 
fits 2^y—detg 

+-^=i=a^{v/rd^(_(^-i)/^«(^-i)-/3(v)^^^ + l(r^)'^''tr(^)^)9.V 

+ig-TV^^d^{yi^)} 

On the other hand, by (7.6), we have: 

(^□/a.s(/6*V'))s=o = {^fs*p)s=o = (^P o fs)s=o = Yp (7.14) 

Comparing (7.13) and (7.14) and in view of the expression (7.7) with in the role of i/', the proposition 
follows. □ 

Let X be an arbitrary vectorfield. In an arbitrary system of local coordinates the divergence of X 
with respect to the acoustical metric g is expressed by: 

d_ 

\/— det g dx^ " 



divX = I3^X^= — (V-detgX^) (7.15) 



while its divergence with respect to the conformal acoustical metric g is expressed by: 

\ d_ 

\/- det g dxi^ 

Since 



divX = b^X^ = ^^— — {^-detgX") (7.16) 



g^^ = ^gt^^, \J- det g = Vi^^J-Aaig (7.17) 

we have: 

b^.X'' = Q-'^D^{Q'^X'') (7.18) 

(Y) ~ 

Applying this to the vectorfield J, we obtain: 

div^^^J = i7-2div(^)j (7.19) 

where: 

(^) J = J (7 20) 

In an arbitrary local coordinates: 

'^'^^J'' = l{{g-'r"{g-'r^ + {g-'r"{g-'r^ - {g-Tig-'r^)'-'^^^aod.i^ (7.21) 

Setting 

(^)7r^'^ = {g-'r''ig-'r''^''^n^is (7.22) 
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we can write: 

m jM = ^{Y)~^^u _ (7.23) 

We now consider the nth order variations ipn of the wave function </>, as defined in the begining 
of Chapter 6, by applying to a first order variation ipi a string of commutation vectorfields Yi : 
i = 1,2,3,4,5 of length n — 1. Wc shall use proposition 7.1 to derive a recursion formula for the 
corresponding source functions pn- 

□gVn = Pn (7.24) 

First, we have: 

pi = (7.25) 
Denoting by Y one of the : i = 1, 2, 3, 4, 5, we have: 

= Y^Pn-l (7.26) 

Applying Proposition 7.1 to Vn-i we get: 

Pn = div^^^ J„_i + Ypn-i + itr(^)^p„_i (7.27) 



Here, 



'""^■/ri = \[{r'r''{9-'r^ + {g-'ng-'r^ - {g-T{r'r^]^^^^a0d.^n-i (7.28) 



is the commutation current associated to V'n-i ^mcl Y . Equation (7.27) is a recursion formula for the 

source functions p„, but it is not quite in the form which can be used in our estimats. To obtain the 
appropriate form we consider instead the re-scaled sources: 

Pn = n'^HPn (7.29) 

By direct computation and (7.27), (7.28) as well as (7.19)-(7.23), we have: 

Pn = (^V„_i + Ypn-l + ^^^5pn-l (7.30) 

Here, 

(^V„_i =/xdiv(^)j„_i (7.31) 

J^i = e^^^" - \{g-'rtr^''^^)d.^n-i (7.32) 

and are defined in Chapter 6: 

0^)5 = ^ir^^^n - n-'Yn - 2n-^Yn (7.33) 

Moreover, by (7.25): 

Pi = (7.34) 

7.2 The First Term in pn 

Since tpn is the solution of (7.24), we can apply Theorem 5.1 to tpn, provided that we can estimate: 

/ Qofi^ndjJig = - if PnKotpndpg = - Pn{Kotpn)dt' du' dlJ,0 (7.35) 

Jw^, Jw* Jw* 
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and 

/ Qlfi,ndlJ.g = ~ fl'^ PniKilpn + i^'4'n)dlJ.g = - PniKitpn + LUll)n)dt' du' dfla (7.36) 

We have used here the fact that: 

dfXg = ^dtdudfj,^ (7.37) 
First, we consider the contribution of the term in p„. 

Let V be an arbitrary vectorfield defined in the spacetime domain W^^ . We decompose: 

V = V^L + V^L + Y (7.38) 
where Y = = V^Xa is tangent to 6*4 „. We have: 

V'^ = -^^g{V,L) (7.39) 

The divergence of V is then expressed by: 

divF = (£»lF)^ + {DlV)^ + {Dx^V)'' (7.40) 
Replacing V in (7.39) by DlV,DlV,DxaV, we obtain: 

{DLVf = -^g{DLV,L) (7.41) 

{DLV)i-=-^giDiy,L) 

{Dx.V)^ = {fY''9{Dx.V,XB) 

Moreover, substituting (7.38) we obtain: 

g{Dx^V,XB) = V'^giDx^^XB) + V^g{Dx^L,XB) + g{Dx^t .Xb) (7.42) 

= XabV^ + Xab^- + ${IPx. f, Xb) 

hence: 

{Dx^ V)^ = tvxV^ + tvxV^ + d/vf (7.43) 

Thus we obtain: 

divF = - ^ \3{DlV, L) + g{DLV, L)] + trxV^ + trx^^ + d/vf (7.44) 

We can express the first term on the right-hand side in terms of: 

VL=g{V,L), VL = g{V,L) (7.45) 

Using (3.131)-(3.138): 

g{DLV,L) = L{g(V,L)) - g{V, DlL) = L{Vl) + 9{V, 2C^X^) = L{Vl) + KaV^ (7.46) 
g(Pjy, L) = L{g{V, L)) - g{V, DlL) = L{Vl) - g{V, -1(7]-' k)L + 27]^Xa) (7.47) 

= L{Vl) + L{r]-^K)VL - 2r]AV^ 
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Substituting the equation: 

Va-Ca = 4aI^ (7.48) 

we have: 

- 2;udivy = L{Vl) + L{Vl) - 2d/v(/xf ) + L{r]-^K)VL + tvxVL + trx^L (7.49) 

We shall apply the above formula to J„_i, given by (7.32). We introduce the vectorfields Z and 
Z^, associated to the commutation vectorfield Y, and tangent to St,u, by the condition that: 

giZ, V) = '•^^n{L, IIV), g{Z, V) = ^^'^tt{L, ILV) (7.50) 

for any vector V € TW^q . In terms of the null frames we have: 

^"'z = ^"^Z^X^/"^I=^"^rx^ (7.51) 

where: 

<^^z^ = (^)7fiB(r')^''> ^"^^z =^''^^LB{rY'' (7.52) 

(Y) ~ {Y) ~ 

Note that the S't,„-tangential vectorfields Z and Z correspond, through the induced metric ^, to 

the 1-forms ^^Vl ^^Vl' respectively. Taking into account these definitions as well as the fact 
that: 

tr(^)^ = _i(n^^^ + tr^^)^ (7.53) 
A* 

we deduce the following the components of J„_i: 

^^^Jn-l.L = -^tl'^'"'f{Lijn-l) + ^''^Z ■d4>n-l (7.54) 
^''^ Jn-1,L = -^tr^''V(i^„_i) + ^''^l • - ^^^^^LLiLi>n-l) (7.55) 

M^^'Vli = -l^''^Z^{L^r.-i) - l^'^^tiLi^r.-i) (7.56) 

We note here that there is no j^^^^ttll in the expressions for ^^^Jn-i,L, ^^^Jn-i,L, although such a term 
appears in (7.53). This is related to the fact that the operator Ag on the 2-dimensional Riemannian 
manifold {M,g) is conformally covariant. Here in the role of such a 2-dimensional manifold we have 
the 2-dimensional distribution of time- like planes spanned by L and L at each point. This distribution 
is not integrable, the obstruction to integrability being 

n[i,L]=2A, A=-(^-i)^^(CB+r?s)XA (7.57) 

However, the conformal covariance is still reflected by the fact that the restriction of J„_i to the 
plane spanned by L, L depends only on the trace-free, relative to this plane, part of the restriction of 
TT to the plane, therefore not on -kll. Similarly, one can easily check that ^^Vn-i does not actually 

depend on tr'' ^f. 

Applying (7.49) to J„_i we obtain: 

(^)<7„_i = J„_i,^) - 1l((^) J„_i,^) + d/v(/x^'^V„-i) (7.58) 

-iL(r;-V)(^)j„_i,,. - itrx(^)j„-i.L - itrx(^)j„_i,^ 
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The right hand side of (7.58) contains the principal terms, the derivatives of products of components 
of ^^^TT with derivatives of ipn-i, while the second line contains lower order terms of the form of triple 
products of connection coefficients of the null frame with components of ^^^w and derivatives of V'n-i- 
We decompose: 

(^)a„_i = (^)ai,„_i + + (^V3,„-i (7.59) 

where contains the terms which are products of components of '•^•'Tr with 2nd derivatives of 

ipn-i, ^^'f2,ri-i contains the terms which are products of 1st derivatives of ^^'ff with 1st derivatives 
of ipn-i, and ^^•'o's^n^i contains the lower order terms. 

Now, in view of (7.54)-(7.56), the first two terms on the right of (7.58) contain L{ Z_ ■ ^VAi-i) 

and L{ Z ■ 4'4'n-i)- In decomposing each of these into three parts as above, we need the following 
lemma. 

Lemma 7.1 Let V be a vectorficld defined on the spacetime domain W*^ and tangent to St^u- 
Also, let / be a function on W*^. We then have: 

L{V -^D^V -iLf + lLV -^f 
Liy ■if) = V- dLf + IlV -df-iV- 4(r?- V))L/ 

Here, we denote: 

IlV = HClV = U[L, V], l^V = HClV = n[L, V] (7.60) 
Proof. Since V is tangent to St,u we have: 

V-4f = V-df (7.61) 

Hence, 

L{V ■ 4f) = L{V ■ df) =CLV-df + V- dLf = CLV-df + V- 4Lf (7.62) 
LiV ■ if) = UV ■ df) = CLV-df + V- dLf = CLV-df + V- ^Lf 



Since 



and 



Lt=l Lu = 



and V is ^t^u-tangential, thus 



it follows that 



So we have: 



Concerning the term. 



^tf]Cu (7.63) 



V{u) = V(t) = (7.64) 



{CLV){t)=L{Vt)-ViLt)=0 
{ClV){u) = L{Vu) - V{Lu) = 



ClV = IlV (7.65) 



ClV (7.66) 
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we use the fact that: 

L = r]-'^K.L + 2T (7.67) 

Then we have: 

ClV = {ri-^n)CLV + 2CtV - {V ■ 4{v^^k))L (7.68) 
By an argument similar to that leading to (7.65), we can see that 

jCtV = ItV (7.69) 

Therefore 

IlV = iv~'^i)lLV + UtV (7.70) 

So we obtain: 

Cjy = ilijy -{y(jr^K))L (7.71) 

In view of (7.62), (7.65) and (7.71), the lemma follows. □ 

iY) ~ 

Applying Lemma 7.1 to the case V = Z_,f = ipn-i, we obtain: 

L^'^^Z ■ Un-l) - ^""'l • 4LyJn-l + Il^^Z ■ (7.72) 
(Y) ~ 

while applying Lemma 7.1 to the case V = Z,f = ipn-i, yields: 

Lj^'^^Z ■ 4V„-i) = ^"^^2:- 4LVn-i + Il'^^Z ■ 4Vn-i - ^""^Z ■ 4{v~^K)L^n-i (7.73) 
Substituting (7.54)-(7.56), we get the following expressions in regard to the decomposition (7.59): 

^''Vi,^.! = ^tv^'^^fiLLiP^.i + uLiPn-i) (7.74) 



and 



+ J(M-^<^^^I^)i'V'n-l 
-'^■"Z • 4L.1pn-l - ''^^Z_ ■ 4Llpn-l 



^''Vs.n-l = Ji(tr'''V):^V'n-i + jL(tr^''^^)LVn-i (7-75) 

+ iL(/i-l(^)^^iL)LV'n-l 

-^d^v^^^ ZLtjjn-l - ^d/v^^^ZLVn-i 

1 (Y) i 

+ -4^^^TfLL ■ + d/v(/i /) • 4V'n-l 

^""Va.n-l = ^^^al^_^L^n-i + ^''V|;„_iLVn-l + ^''Vs.n-l • (7.76) 
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where 

^"^'-3^-1 = Jtrxtr^^V + Jtrx(M-^(^^^M) (7-77) 

^'^\j,n-i = -\{L\ogn)i,'^^^~f (7.78) 

'''V3,„-i = -^(tr^''V)A (7.79) 
-^(trx + i(77-^«))^''^^-^trx'''^l 

{Y) ~ 

Note that we have incorporated the term ^tr fvLtpn-i into the first term on the right in (7.74). 

(Y) ~ 

This term comes from the contribution -jtrxtr jtLipn^i of the first term on the right in (7.55) to the 
second term in the second hne in (7.58). This leaves as a remainder the coefficient (7.78) of Lipn-i in 
(7.76). 

7.3 The Estimates of the Contribution of the First Term in pn 
to the Error Integrals 

We shall begin our estimates of the contribution of '•^•'(t„_i to the error integrals (7.35), (7.36), with 
the estimates of the partial contribution of '•^•'cri^„_i. We shall use the following assumptions: 

GO: There is a positive constant C independent of s such that in W^^, for all five commutation 
fields Y, we have: 

(^^TTii = (7.80) 
/x-Y'^^^iil < C[l + log(l + 1)] (7.81) 
I^'^^^llI <C[l + log(l+t)] (7.82) 

r^^^l < C(l + t)-'[l + log(l + 1)] (7.83) 

(Y) ~ 

r VlI <G[l + log(l+i)] (7.84) 

l^^^^^l < C{1 + t)-'[l + log(l + 1)] (7.85) 

l^^'tr^l < C (7.86) 

This assumption comes from the results in Chapter 6. 

We shall also use the assumptions concerning the set of rotation fields {Ri : i = 1,2, 3}. 

HO: There is a positive constant C independent of s such that for any function / differentiable on 
each surface St,u we have: 

|4/P<C(l + t)-2^(i?J)2 (7.87) 

i 

HI: There is a positive constant C independent of s such that for any 1-form ^ differentiable on 
each surface St,u we have: 

lW<^^(l+i)"'El^«.^l' (7-88) 

i 

In particular, taking ^ = 4/, where / is any function twice differentiable on each St,u, we have: 

\lp^ff<C{l + t)-^Yl\^Rif\'' (7.89) 

i 
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H2: There is a positive constant C independent of s such that for any differentiable traceless 
symmetric 2-covariant tensorfield on each surface StM we have: 

i 

Similarly as in Chapter 5 we define: 

^0,„W = E / + V~^l^){Li^nf + {L-iPnf + (1 + 2'n-^K)ll\^i,n?}dlifdu' 

^lA^) = E ^^y~\r]-^K{Li)r^ + yi'nf + IJ.\Hn?}dll^du' 

In each of the above the sum is over the set of of the form (7.26) as Y ranges over the set 
{Yi : i = 1, 2, 3, 4, 5}. Also as in Chapter 5, we have: 

C-'£ln{t) <Y.[^j^ +M)((iV'n)' + \Mn?) + {Li^nf]d,Ji^}du' < CS^^it) (7.91) 

C-'n,n{^) < E / V + '")(^^")' + l^\Mn\^W^}dt' < CFl^{u) (7.92) 
C-^^T,n{t) < (1 + tf E /"{^ -"K^^" + ^^")' + I^V'nl'l'^M^dw' < C£[^^^{t) (7.93) 
C-'^{!„(«) < E / V + + i^Vn)'dM4'^i' < C.F;*„(u) (7.94) 

Also, the sum has the same meaning as the above. And we can define the following quantities which 
are non-decreasing in t at each u as in Chapter 5: 

Sl^{t) = sup fo"n(*') (7.95) 
t'e[o,t] 

Flju) (7.96) 

fi«Jt) = sup [1 + log(l + t')]-^£TAt') (7.97) 
t'e[o,t] 

J-i*„(u) = sup [1 + log(l + t')]"'-^l!n(«) (7-98) 

i'e[o,f] 

Obviously, £^^{1), £("„(<) arc also non-decreasing functions of u at each 
The contribution of (^V„_i to (7.35) and (7.36) is 

- / [KoiPni^^an-idt'du'dtx. (7.99) 
- [ (i^iV„+u;^„)^^V„_idt'rfw'dM^ (7.100) 



and 



respectively. 
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We shall first consider the contribution from ^^Vi,„_i to each of these integrals and we begin with 
the contribution to the integral (7.99). We first consider the first term on the right-hand side of (7.74): 

1 (Y) ~ 

-ti' 'iiLD^n-i+i^L-ij}^-!) (7.101) 
Now L can be expressed in terms of commutation vectorfields by: 

i = 77-^K(l + i)-^Q + 2T (7.102) 

Thus we have: 

^(LL^„_i + uLijn-i) = {LT^Pn-i + i^Ti^n-i) (7.103) 

+^»?"^k(i + t)-\LQii)n-i + yQi^n-i) 

+ ^(1 + t)-\L{r]-^K) - (1 + t)-\-^K)Qi,n-i 

Here we estimate the contribution of the first term on the right in (7.103), which is the leading term. 
The contributions of the other two terms are easier to estimate because of the presence of the decay 
factor (1 +t)-i. 

We thus first estimate 

- / {Koi^n)tr^^^f{LTiJn-i + i^T^n-i)dt'du'di^. (7.104) 

By the last of GO, this is bounded in absolute value by: C{M^ + M— ), where 

M^= [ {l + r]-^K)\Li)r,\\LT^IJn-i + iyTi,n-i\dt'du'dn. (7.105) 

M^= [ \lAl^n\\LTi;r,-i + i^T^n-i\dt'du'd^i. (7.106) 
Since T is one of the commutation fields, we have, by (7.94) and (7.98), for all u G [0, eo], 

/ (1 + t'f{LTijn-i + vT^n-ifd^ifdt' < C/f „(w)[l + log(l + t)]'^ (7.107) 

•'ci 

Therefore 

(1 + t'^iLT^j^.i + vTiPn-ifdn^dt'du' <C T[^^„{u')du'[l + log(l + t)f (7.108) 



We estimate: 



M^< f[{l + t')-^'^£^{t')Y'\l + t'f'^ I {LTi,n-i + yTiJn-ifY'^dt' (7.109) 

Jo 



Let us define: 

F{t, u) := (\l + t'f{ I {LTi,n-i + vTi,r.-i?)dt' (7.110) 



Therefore 



F{t,u)<C J-f„(u')rfu'[l + log(l + i)r (7.111) 
Jo 
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{t, u) = {l + tf / + yT^n-if (7.112) 



Then 

dt 

What we need to estimate is 

I{t):= I {l+t'f/\( {LTil,n-i + vTil,n-if)dt' (7.113) 

We have: 

m = j^{i+t')-"^—{i!)di! (7.114) 

= (1 + t)-^I^F{t) + ]- [\l + t')-^'^F{t')dt' 

Substitute (7.111) we obtain 

m < C / r,'^„{u')du'{l + i)-V2[i + log(l + 1)]^ < C' / r,]„{u')du' (7.115) 
Jo ' Jo ' 

Therefore 

< C{ r ri^{u')du'Y/\ (\l + tr'"^£l^{t')dt'Y/^ (7.116) 
Jo Jo 

We turn to given by (7.105): 

<{[ + r]-'^K){L^nfdt'du'diJ,0)^/^ (7.117) 

•( / + r]-^n){LTi;rv-i + vTi^n-ifdt'du'd^i,f'^ 

Jwi 

< C{ r J^o,nWu'f/^ ■{[ [1 + log(l + t')]{LTi;r^-l + uT^j^-ifdi' du' dfl.)^/^ 
Jo ' Jw* 



where we have used assumption A. We can estimate the integral in the last factor in a similar way as 
we estimate M— : 

/ [1 + log(l + t')]{LTi;n-i + uTi;n-ifdt'du'dn. <C [ T'^^{u')du' (7.118) 
Jw^ Jo 



Therefore we obtain: 



< C{ r H,nWu'Y'\ r PlMdu'f'^ (7.119) 
Jo Jo 



This completes the estimate of the integral (7.104). 

We then turn to estimate the contribution of the second term on the right in (7.74) 



(l/4)(^-i(^)7rLi)L2^„_i (7.120) 



to the integral (7.99). 
Writing 



L^ijn-l = L{{1 + t)-^QiJn-i) = (1 + t)-^LQ^n-i " (1 + t)"'0^„-i (7.121) 
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what we must estimate is 



-(1/4) / iKoiJn)if^~^^''^^LL)il+t')-\LQtP„_i)dt'du'dfx^ (7.122) 

+ (1/4) / {Ko^n){l^-^^^^jTLL){l + tTHQi^n-l)dt'du'dn. 

Jw* 

By (7.81), the first integral is bounded in absolute value by 

C(/f + /i^) (7.123) 



where 



Ir= f {1 + t')-^\LiJn\[l + log{l + t')]\LQ^n-i\dt'du'dfx. (7.124) 
= / {l + ^J-^K)\Li)n\{l + t')-^[l + log{l + t')]\LQ^|;r^-l\dt'du'df^. (7.125) 



We estimate: 



Ir<C{[ {L^nfil + t')-^[l + log(l + t')]''dt'du'df,.y/^{ [ {LQ^l^n-ifdt'du'dii.y/^ (7.126) 

< C{ / (1 + tT'il + l0g(l + t')r£S,n{t')dt'V^'{ / KnWd^'V^' 

Jo Jo 

and, 

Ii<C n,ni^')du' (7.127) 
Jo 

where we have used the fact that for any t>0,{l + t)~^[l + log(l + 1)] is bounded. 
Also, by (7.81), the second integral in (7.122) is bounded by: 



C [ |i^/'„||QV'n-i|(l + t')-^[l + log(l + t')]dt'du'dn. 
Jwi 

+C I {l+'n-^K)\Li)nWn-l\{l + t')-'^[l + ^Og{l + t')]dt'du'd^JL^ 

Jw* 

<C{[ {Li^nfil + i')"'[l + log(l + t')]dt'du'di^A^/^ 
Jw* 

■{ [ (QVn-l)'(l + t')-^[l + l0g(l + t')]dt'du'dll^Y'^ 

Jw* 

+C{ / (1 + v~^^){Li^n)^dt'du'dfi.y/^ 
Jw* 

■{[ (1 + r;-iK)(gVn-i)'(l + i')"'[l + log(l + t')fdt'du'df,^Y^^ 
Jw* 

< C{ [\l + t')-'[l + log(l + t')]£S,Jt')dt'y/' 
Jo 

■{el [\l + t')-'[l + log(l + t')]£l^{t')dt'y/' 
Jo 

+C{ r Fl^{u')du'Y'\el [\l + t'r'[l + log(l + t')f£S^„{t')dt'y/^ 
Jo Jo 



(7.128) 
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Here we have made use of Lemma 5.1 with tpn in the role of tjj, namely 

/ ^V^dM^<t?eo£:o%(i) (7.129) 

the sum being over the set of tpn oi the form (7.26) as Y ranges over the set {1^ : i = 1, 2, 3, 4, 5}. 
Next, we shall estimate the contribution of the third and fourth terms on the right in (7.74): 

(Y) - (Y) ~ 

'Z-4lApn-l- Z-4LilJn-l (7.130) 

to the integral (7.99). 

Expressing L and L in terms of commutation fields T, Q, 

L = r]-'^K{l + t)-^Q + 2T, L = {l+t)-'^Q (7.131) 

(7.130) takes the form: 

• 4T^n-i - (1 + t)-\rj-^K^''^Z + ^^^Z) ■ 4Q->Pn-i (7.132) 



-{l + t)-^^''^Z-4{v~^K)Qi>n-l 

The last term is a lower order term and its contribution is easily estimated. 

Using (7.83), (7.84) and noting that Tiljn-i,Qil>n-i are among the tjjn, the contribution of (7.132) 
to the error integral (7.99) can be bounded by 

/ \Lil,n\\Un\{l + t')-^[l + log(l + t')]dt'du'dfi, (7.133) 

+ [ {l + ri-^K)\L^n\\4i^n\{l + t')-^[l + l0g{l+t')]dt'du'dn. 

Here the first integral is bounded by: 

{ / (1 + t')-^[l + log(l + t')WlAPnfdt'du'diJi.Yl\ [ \Mn\^dt'du'di^.y/^ (7.134) 

The integral in the first factor in (7.134) is bounded by: 

C (\l + t')-^[l + log(l + t')f£l^{t')dt' (7.135) 
Jo 

while the integral in the second factor decomposes into: 

/ \4^l)n\^dt'du'dii^+ / \4^nfdt'du'di2^ (7.136) 
where U is defined in Chapter 5: 

U = {xeW*^: H< 1/4} (7.137) 

Since 4/x > 1 in 

I \iil)n\^dt'du'diJ.^ < 4 / iJL\^il)n\^dt'du'diJL^ <C [ J^^„{u')du' (7.138) 

To estimate the integral over U f] W* we use the spacetime integral Kn{t, u) defined by (5.195), with 
in the role of ip: 

Kn{t,u) = -j %u-^ii-\Lij)_\4i^nfdii. (7.139) 
Jw* ^ 
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According to C3, Bl, Dl, we have: 

Kn{t,u) {l+t')[l + log{l+t')]-^\4tl>n\'^dt'du'dn. (7.140) 

^ Jur\wt. 



Recalling the definition: 



Kr,{t, u) = sup [1 + log(l + t')]-^Kr,{t', u) (7.141) 

t'6[0,t] 



and noting that for t' G [tm-ij^m] it holds that: 

(1 + t')-^[l + log(l + t')\ < 2(1 + tm)-'[l + log(l + tm)] (7.142) 

we then obtain: 

/ \4^n\''dt'du'dn.<CA'^Kn{tm,u) (7.143) 

where: 

A'^ = il + tmr'[l + log(l + Unt - (1 + 2"+'-)"Ml + log(l + 2"+'-)]" (7.144) 

Hence, in view of the fact that X^^^q is convergent and Kn{t,u) is a non- decreasing function of t, 
we conclude that: 

/ \4^n\^dt'du'dng=y^ [ \4i}n?dt'du'dHi<CKn{t,u) (7.145) 
Combining with (7.138) we get 

/ \4lpnfdt'du'dfi^<Kn{t,u)+ [ Po,nWu' (7.146) 

Jw* Jo 
Thus, the first integral in (7.133) is bounded in absolute value by 

C{ Al +*')-'[! + log(l + i')]'^o"„(*')rfi')'/'(i?n(i,«) + r n,nWu'Y'^ (7.147) 
Jo Jo 

Also, in view of (7.92) and the estimate (7.146), the second integral in (7.133) is bounded in absolute 
value by: 

{ / (1 + t')-^[l + log(l + t')f{l + a-^KfiL^l^nfdt'du'dii.y/^ ■ { [ \4i^n?dt'du'dtx.Y'^ (7.148) 
Jwi Jw* 

<C{ ^Uu')du'y/^Kr^{t,u)+ HMdu'V^' 



Finally, we estimate the contribution of the last term in (7.74), 

(l/2)(^)7?ii4^V«-i + / ■ W^n^i (7.149) 
to the error integral (7.99). From (7.82) and (7.85), this contribution can be bounded by 

C [ |i^oV'n||^Vn-i|[l + log(l + t')]dt'du'dfx. (7.150) 
Jw* 

By HI, 

<t?(l + i)"'El^^iV'n-l| <C(l + i)'l^|4Vn| (7.151) 

i 
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since the are among the tpn- So (7.160) can be bounded by 

C f \Koi^n\\Hn\{i + t')-^[l + log{l + t')]dt'du'dn^ (7.152) 



which is the integral (7.133) bounded by (7.148). 

We collect the above results in the following lemma: 
Lemma 7.2 We have: 



(7.100) equals 

What we consider here is 

By Bl and Dl we have: 
So (7.159) is bounded by: 



(7.153) 



< C{ f\l + t')-'^'£S,nit')dt' + r n^nWu') (7.154) 
Jo Jo 

+C{{ r ri^{u')du'f'^ + {Kn{t.u))''^} (7.155) 
Jo 

x{[\l + t')-'^'£S,nit')dt' + r n,n{y'')du'Y'^ (7.156) 
Jo Jo 

We now consider the contribution of to the integral (7.100). Since 

Ki = {uj/v)L (7.157) 



- / {aj/i^){LiJn + iy^lJn)^^^cTn-idt'du'dn^ (7.158) 
Jwi 

- / {w/p){Lil)n + '^^n)^^^(ri,n-idt'du'di^^ (7.159) 
Jwi 

C-\l + tf <cj/iy <C{l+tf (7.160) 



(1 + t'f\Li;n + i^i}n\\^^'>'7i,n-i\dt'du'dn^ (7.161) 



We shall estimate this integral. 

We begin with the contribution of the first term on the right in (7.74). We expand this term as in 
(7.103). So the contribution of the leading term in (7.103) is 

/ {l+t'f\Li)n + i^i'n\\tT^^^f\\LTi}n-i + i^T-4)n-i\dt'du'diJ,^ (7.162) 
Jw* 

By (7.86) and the fact that Tipn-i is one of the tpn this is bounded by 



C 

lo 



r T[\{u')du' (7.163) 
Jo 



To estimate the contribution of the second term on the right in (7.74), we write: 

L^V-n-i = (1 + t)-iLQ^/'„_i - (1 + t)-^QtPn-i (7.164) 

= (1 + t)-\LQtPn-l + I^Wn-l) - (1 + i)"'(l + (1 + <)^)Wn-l 
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So by (7.81) and the fact that Qijjn-i is one of the tpn, the contribution in question can be bounded 
by: 

C [ {l+t')[l + log{l + t')]\L^n + i^iJn\^dt'du'diJ. (7.165) 

+C I [1 + l0g(l + t')]\Lijn + l^i^nUnldt'du'dll^ 

<C T'lju')du' + C{ F'l^{u')du'y'\el {l+t')-^\l + \og{l + t')f£l^{t')dt'y'^ 

Jo Jo Jo 

To estimate the contribution of the third and fourth term on the right in (7.74), we shall use the 
expression (7.132). Using (7. 83), (7. 84) the contribution in question is bounded by: 

/ {l + t')[l + \og{l + t')]\Li;n + '^i^n\\Mn\dt'du'd^i. (7.166) 
Jw* 

which is in turn bounded by: 

{/ il + t'f\Lij,, + i^^Pr,fdt'du'diiA^^^ (7.167) 
Jw* 

X{[ [1 + l0g(l + t')]''\4lpn\''dt'du'dfl.y/^ 

Jw* 

Now, the integral in the first factor in (7.167) is bounded by 

C r ri^{u')du'''^ (7.168) 
Jo 

The integral in the second factor in (7.167) decomposes into: 

/ [l+\og{l + t')f\^ijn?dt'du'dii.+ [ [l + \og{l +t')]^\4i^n\^dt'du'dii. (7.169) 

Jwir\u Jw*r\i^'= 

In W we have 4/i > l;we can thus estimate, in view of (7.93), 

/ [1 + \og{l + 1' )]^ \4^pn\^ dt' du' dtx.<4 [ [l+log{l+t')]^ii\4i^n\^dt'du'dn. (7.170) 

Jw* n Jw* 

<C f\l + tT^[l+log{l + t')]^£[\it')dt' (7.171) 
Jo 

on the other hand, by (7.140), 

/ [1 + log(l + t')f\4i}n\'^dt'du'dii. < CKn{t, u) (7.172) 
Ju n wf. 



So we obtain: 



/ [1 + log(l + i')]'|^Vn|'<^i'rfw'rfMrf (7.173) 

Jwi 

< C{Kr.{t, u) +/*(!+ + log(l + t')]'£[:r.{t')dt'} 

Jo 



Thus (7.166) is bounded by 

C{ r Hl^{u')du'y/^Kr,{t, u) + (\l + t')-^[l + log(l + t')f£'-^{t')dt'Y'^ 
Jo Jo 



(7.174) 
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Finally, we estimate the contribution of the last two terms on the right in (7.74). By (7.82), (7.85) 
and (7.151) this is bounded by (7.166), which has already been estimated. 
We collect the above results in the following lemma: 
Lemma 7.3 We have: 



I / (ii'i^„ + a;V„)^^Vi,„_irfi'dM' 

(7.175) 



<c ri^{u')du' 

Jo 

+C{ r ri^{u')du'Y/\Kr,{t, u) + j\l + t')-'[l + log(l + t')]\£[^^^{t') + el£l^{t'))di!Y'^ 
Jo Jo 



To estimate the contribution of ^^V2,n-i to (7.99) and (7.100), we shall use the following assump- 
tions: 

Gl: There is a positive constant C independent of s such that in W^^, for all five commutation 
vectorfields we have: 

Yi^'^^nLL) = (7.176) 

\Yii,-'^''^fLL)\ < C[l + log(l + t)] (7.177) 

\Y{^''^frLL)\<C[l + \og{l + t)] (7.178) 

\U{^'^^h)\ < C(l + t)-'[l + log(l + t)] (7.179) 

l/rl^'^Vjl <^?[l + log(l + i)] (7.180) 

\Ui /)|<C(l + i)-i[l + log(l + f)] (7.181) 

|y(^'"^tr^)| < C(l + <)-![! + log(l + t)] (7.182) 

Here in each line Y occurs twice. In each of these occurances Y is meant to range independently over 
the set of the five commutation fields {Yi : i = 1, 2, 3, 4, 5}. 

The last of Gl seems stronger than what corresponds to the last of GO, however, recall that by 
(6.114), (6.122) and (6.195) of Chapter 6, we have: 

l^'^'^tr^l < C(l + i)-i[l + log(l + i)] : if 2 

while for Y2 = Q we have: 

Itr^'^V - 4| < C{1 + t)-^[l + log(l + t)] 

So the last of Gl is in fact in accordance with the other assumptions. 
In the following we shall use the bounds: 



Is 



L 



(LVn-i)'rfM^ < CeoSl^{t) (7.183) 

St,„ 



{Li,n-iYd,i. < Ceo(l + t)-'£l^{t) 

These follow from (7.129) using the expressions of L and L in terms of the commutation fields T, Q, 
as well as HO. 
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We consider now the error integral: 

- / {Ko^n)^^^(^2,n-ldt'du'dll. (7.184) 

The first term in (7.75), 

(l/4)L(tr^''V)LV'n-i 

(Y) ~ 

involves L(tr f). Writing L = (1 + t)~^Q, we have, from Gl, 

|i(tr^''V)l < C(l + t)-^[l + log(l + 1)] (7.185) 

It follows that the contribution of the first term to the error integral (7.184) is bounded in absolute 
value by: 



where 



lt= f \Li;n\\LiJn-i\i'i- + t')-^[l + log{l + t')]dt'du'dfi^ (7.186) 

l2 = I {l + V~^K)\LiJn\\lAl;n-i\{l + tT^[l + log{l + t')]dt'du'di^, (7.187) 
Jw* 



Using the first of (7.183) we can estimate: 



pt PU P PU P 

4< { / {lAlJr.fdt,,du'y/'{ / / {Li,n-ifdii,du'y/' (7.188) 
Jo Jo J St, .,, Jo J St, „, 



(l + 0"'[l + log(l + i')K 



and (using A): 



<C 1 {fo",n(i')}'/'{4£o,n(0}'/'(l + 0-'[l + log(l+i')]rfi' 

= Ceo Al + t')-^[l + log(l + t')]ei^{t')dt' 
Jo 

I2 <{[ (1 + r]-^K){L'4}nfdt'du'dii0Y''^ (7.189) 

■{[ (1 + r?-iK)(L^„_i)2(l + t')-^[l + log(l + t')]^dt'du'df,.y/^ 
Jwi 

< Ceo{ r HJu')du'Y/^{ l\l + t')-'[l + \og{l + t')f£l^{t')dt'Y'^ 



The second term in (7.75), 

(Y) ~ 

(l/4)L(tr' V)^V'n-i (7.190) 

(Y) - 

involves L(tr /). Writing L = 2T + a-^K{l + i)"^Q, we have, by Gl, 

|i(tr V)l < "^(l + log(l+t)] (7.191) 
So the contribution of the second term is bounded in absolute value by; 
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where: 

I- 

-'3 



/ |iVn||iV'n-l|(l + + l0g(l + t')]dt'du'd,l. 

= I {l+V~^l^)\L^n\\Li^n-l\{l+tT^[l + log{l + t')]dt'du'dfX. 

Jwf. 



using the second of (7.183), we can estimate: 



it<[{rf {Li,nfd,i.du'Y'^{r I {Li,n-ifdii.du'Y'^ 

Jo Jo JSt,^^, Jo JSt,^„, 

■{l + t')-^[l + log{l + t')]dt' 

< C f{£ln{t')Y'^{^l{^ + tr^£ln{t')Y'Hl + + l0g(l + t')]dt' 

Jo 

= Ceo / (1 + + log(l + t')]£S^{t')dt' 

Jo 

and (using A): 

I3 <{[ (1 + v~^K){Lij„fdt'du'dfx.y/^ 

Jwi 

■{[ (1 + rj-'K)iL,Pn-ifil + t'r^[l + log(l + t')]^dt'du'dii.Y/^ 

Jwi 

< Ceo{ /" n,nWy''Y'\ /V + + log(l + i!)f£ln{i^)dt'Y'^ 

Jo Jo 

The third term in (7.75), 

(l/4)L(/x-i(^)7rLL)iVn-i 
involves L{ij,~^^^''ttll). Writing L = (1 + t)~^Q, we have, from Gl: 

|/^(/x-i(^)^rii)| < C(l + t)-'[l + log(l + t)] 
It follows that the contribution in question can be also bounded in absolute value by: 

The term fourth and fifth terms in (7.75), 

(Y) " (Y) ~ 

involve II K and II Z. Now from (7.50)-(7.52), we have: 



Tl = $- Z, fL=^- Z 



hence: 



Since 

(^)^ = 17((^V + y(logi^)5) 
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and by El and E2 we have: 

< C(l + f)-i (7.198) 

which implies 

|Flogf2| < C(l + t)-^ (7.199) 
for all five commutation vectorfields Y, then by GO and Gl we have: 

\Iy^''^Z\ < (7(1 + 1)-^ [1 + log(l + 1)] (7.200) 
\Iy^^^Z.\ < C[l + log(l+t)] 
These imply, writing L = 2T + rj-'^K^l + t)-^Q, L = (1 + t)-^Q, that 

\t.if'^Z\,\t,i}''^~Z\ < C{1 + t)-^[l + log(l + t)] (7.201) 
So the contribution of the fourth and fifth terms in (7.75) can be bounded in absolute value by: 

where: 

lt= f \L^Pn\\Un-i\{i + t')-^[l+\ogil + t')]dt'du'dii. (7.202) 



-'4 — 



/ {l + r]-^K)\LiJn\\4i'n-i\{l + t')-^[i- + log{l + t')]dt'du'di^. (7.203) 



Using the last of (7.183), we can estimate: 



f<{ / {LiPnfdn.du'y/^i / l^n-ifdn.du'y/^ (7.204) 
Jo Jo Js^,^^, Jo Js^i^^i 

■{l + t')-^[l + \og{l+t')]dt' 

< C Afo",„(i')}'/'{eo(l + i')"'fo,„(i')}'/'(l + log(l +i')]'ii' 

Jo 

= Ceo / (1 + t')-'[l + log(l + t')]£S,^it')dt' 
Jo 

and (using A) 

I4 <{[ (1 + r]-^K){L^nfdt'du'dHfY'^ (7.205) 

Jwi 

{ [ {i + v-'K)\4i^n-i\''{i + tT^[i + '^og{i + t')]^dt'du'd,,.y/^ 

Jw* 

< Ceo{ r :F'o,n{^')du'y/^ [\l + t')-'{l + log(l + t')]'£l^{t')dt'Y/' 

Jo Jo 

The sixth and seventh terms in (7.75) involve d/v Z and d^v Z. Now by HI applied to the 
1-forms fj^, fj^ on each St,u yields: 

l^^^^^p = < C(l + t)-2^|£H/^Vj' (7-206) 

i 
i 
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Then from Gl: 



\Tf^Z\ < C(l + + log(l + t)\ (7.207) 



\jF^~Z\ < C{1 + t)-'[l + log(l + t)] 



Thus, also: 



|d/v^^^Z| < C(l + tr^[l + log(l + t)] (7.208) 
|d/v^^^l| < C(l + t)-i [1 + log(l + f)] 



It then follows that the contribution of the sixth term in (7.75) 

- (l/2)cyv^'''zLV„-i 

is bounded in absolute value by: 

while the contribution of the seventh term in (7.75) 

- (l/2)d/v^''^lLVn-i 

is bounded in absolute value by: 
The eighth term in (7.75), 

(1/2)4^^)^^^ • 4Vn-l 

involves 4^^'>ttll. By HO and Gl, 



< C(l + t)-yX](i?/''^^LL)2 < C(l + ty'il + log(l + 1)] (7.209) 
It then follows that the contribution of this term is bounded by: 

Finally, the last term in (7.75), 

d/v(/i f) ■ 4Vn-l 

involves 

(Y). (Y)^ (r). 

dlv(/x f) = jidpf f + fifi- f 

Now, H2 applied to gives: 

(Y) - {¥) - 

\Ip ^|2<C(l+t)-2^|/fl, (7.210) 

i 

Then Gl implies: 

\IJ> f\<C{l + 1)-^ [1 + log(l + 1)] (7.211) 

thus also: 

(Y)z 

Idi'v /I < C(l + t)-2[l + log(l + t)] (7.212) 
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Using then A3, Fl and GO we obtain: 

|c1/v(m f)\ < C{1 + t)-^[l + log(l + t)f (7.213) 
hence the contribution of this term is also bounded in absolute value by: 

We collect the above results in the following lemma: 
Lemma 7.4 We have: 

I / {Ko^nY^^a2,n-idt'du'dnJ (7.214) 

< Ceo{ / (1 + t')-^[l + log(l + t')]SS,n{t')dt' + r n,nWu'} 
Jo Jo 

We now consider the error integral 

-/ {Kilpn + UJIpn)^^^ Cr2,n-ldt' du' d/Ia 

Jw* 



or 



Recalling the bounds for w and v, this is bounded by: 



/ {w/p){LilJn + iyipn)^^'>(r2,n-idt'du'di^^ (7.215) 
Jw*. 



c[ {l + t')^\Li,n + l^i'n\\^^^(T2,n-l\dt'du'dlI^ (7.216) 

We shall estimate this integral. 

In view of (7.195), the contribution of the first term in (7.75) to the integral (7.161) is bounded in 
absolute value by: 

<C [ {( (1 + i^fiL^l^n + u^Jnfdfx.dt'y/^ 

Jo Jc^, 

■{j (1 + t')-^[l + log(l + t')f{Li,^_^fdnfdt'Y'^du' 

< C r {J''ln{u')Y'^{ l\o£ln{t'){l + t')-^[l+\og{l+t')fdt'Y/^du' 

Jo Jo 

< Ceo{ r T'l^{u')du'Y/\ [\l + *')-'[! + log(l + t')Y£SAt')dt'Y^' 

Jo Jo 

Here we have used the first of (7.183). 
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In view of (7.191), the contribution of the second term in (7.75) is bounded in absolute value by: 

C f {[ \Li}^ + uilJn\\Lipn-i\0- + + log(l + t')]dn.dt'}du' (7.218) 
Jo Jc„, 

<C (1 + t'fiLi^n + viJr^fd^l^dt'Y''' 

■{J [1 + l0g(l + t')]\LiP^-iYdlI^dt'y/^du' 

< C r {T'l^{u')Y'\ f eo£l^{t'){l + t')-'[l + log(l + t')fdi^Y/^du' 

Jo Jo 

< Ceo{ f T'l^{u')du'Yl\ (\l + tr'[l+\og{l+t')f£l^{t')dt'Yl^ 

Jo Jo 

Here wc have used the second of (7.183). 

In view of (7.196), the contribution of the third term in (7.75) is bounded in a same way as (7.218). 

In view of (7.201), the contributions of the fourth and fifth terms in (7.75) is bounded in absolute 
value by: 

C j {[ \Li,n+l^i>n\\Un-l\{l+t')[l + \0g{l+t')]dn.dt'}du' (7.219) 

Jo Jc^i 

■{ I [l + \0g{l + t')f\illJn-l\''dll^dt'Y'''du' 

< C r{Kn{u')Y'^{ f e,£l^{t'){l + tT^[l + log(l + t')fdt'Y'^du' 

Jo Jo 

< Ceo{ / n]nWu'Y^'{ / (1 + t')-'[l + log(l + t')]'£SAt')dt'Y 

Jo Jo 



,1/2 



Here we have used the last of (7.183). 

In view of the bounds (7.208), the contribution of the sixth term in (7.75) is bounded in the same 
way as (7.217), while that of the seventh is bounded in the same way as (7.228). 

Finally, in view of (7.209) and (7.213), the contributions of the last two terms of (7.75) is bounded 
in the same way as (7.219). 

We collect the above results in the following lemma: 

Lemma 7.5 We have: 

I / {Kr^i^n + i^i^ni^^ <y2,n-idt' du' dii^\ (7.220) 
Jwi 

< Ceo{ r T'l^{u')du'Y'\ [\l + tT'il + log(l + f)f£l^{f)dty/' 
Jo Jo 

Finally, we consider the contribution of ^^^(Js.n-i given by (7.77)-(7.79) to (7.99)-(7.100). Prom 
E1,E2,F1,F2 and (6.86), (6.87), (6.89), (6.95), (6.98), (6.99) and (6.104), we have: 

\Llogn\ <C{l + t)-^ (7.221) 
Itrxl < C(l + t)-\ Itrxl < C{1 + t)-^[l + log(l + t)] 
|A| <C(l + t)-i[l + log(l + t)] 
\L{v-'k)\ < C(l + t)-\ |4(r?-V)| < C{1 + t)-'[l + log(l + t)] 
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Together with GO these imply: 

r4n-i\<Ci^ + tr' (7-222) 
f^al„-^\<{l + t)-'[l + log{l + t)] 
l'''V3,„-il<C^(l+*)"Ml + log(l + t)] 

RecaUing (7.185), (7.191) and (7.201), we conclude that the contribution of ^ crs.n— i 

to each of the 

error integrals (7.99), (7.100) can be bounded in the same way as the corresponding contribution of 

Combining this with the previous conclusions we arrive at the following lemma: 
Lemma 7.6 We have: 

\[ {Koil}n)^^^an-ldt'du'dfxJ<C{[ {l + t')-'"^£ln{t')dt' + I H,nW)du'} 

Jwi Jo ' Jo ' 

+C{{ / J-(%(«')d«')'/' + (Knit, u))^/'} 
Jo 

x{ [\l+t')-'/'£ln{t')dt'+ r nA'^')du'Y'^ 
Jo Jo 



and: 



{Kilpn + OJtpn)^^^Crn-ldt'du'dfl^\ 



< c / j'[',n{u')du' + c{ / r,^„{u')du'y/^Knit, u)y/^ 

Jo ' Jo ' 

+c{ r n]^{u')du'}y'{ /V + t'r'ii + iog(i + m^'i^nii^) + ei£s,n{mr^' 

Jo Jo 
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Chapter 8 

Regularization of the Propagation 
Equation for 4trx. 
Estimates for the Top Order 
Angular Derivatives of x 



8.1 P reliminary 

8.1.1 Regulcirization of The Propagation Equation 

We denote, 

= d)j,h, Lo^v = df^ip„ = d^tpfj, (8.1) 



Proposition 8.1 The function h satisfies the following inhomogeneous wave equation in the acoustical 
metric g: 

dh' 

where a and b are the functions: 



0,h = -n-'—a-b (8.2) 



a={g-TT^T., b = Y.(g-Tu;^iu;.i (8.3) 

i 

Proof. From Chapter 1, we know that: 

□s^a = (8.4) 

It follows that h being given by 

i 

satisfies the equation: 

= - Y^C9~T^^,^i^,i^^ (8.6) 

i 

Since 

gn„ = Qgn„ (8.7) 

then for an arbitrary function /, we have 

□§/ = n-^Ogf + n-^g-yd^nd,f (8.8) 
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and we have 

d,n = -d,h 

then the proposition follows. □ 

From Chapter 3 trx satisfies the propagation equation 

LtTX = /U"^(L/u)trx - IxP - tra 

Since 

Sij,i/ = {g ^)'^^ RkhXi/ 

is the Ricci tensor, we have: 

tra = S{L, L) 



We decompose: 



Prom Chapter 4, 



Since 



we have: 



Also from Chapter 4, 



where: 



and: 



S{L, L) = 51^1 (L, L) + St^l (L, L) = trotyl + tral^l 



IJ.~^vll + {i~^)^^VAB = trw = Ugh 



Now, 



and from Chapter 3: 



odH cPH 1 n,dH^^ 



tra'*^! = 2(rLtr'5/; -f-ipj) 
VLL = D^h{L,L) = L{Lh) - t{DlL) 
DlL = -2C^Xa 
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Proof. Since both sides of the equation ctre St^ii l-forms, we need only evalucite both, sides on 

Il{M){Xa) = jCl{M){Xa) = L{XAm - {M)(ClXa) = 
= L{Xa{<P)) - [L,Xa\<P = Xa{L<P) 

While 4iL(l}){XA) = XA{,L(t>), so the lemma follows. □ 

Taking (j) = /Lttrx + / in lemma 8.1, using (8. 33), (8. 34), we get the propagation equation for xq: 

t-LXo + (trx - 2tx-\LiJi))xQ = (^trx - 2,i-\Lf,))4f - m4(|xI') - 9o (8.36) 

where: 

90 = 49- ItrxAf + 2Lf,) + (df^XLtix + IxH (8.37) 

We may substitute (3.24) 

LtTx+\x\^ = ^l~\L^l)tIx-tTa (8.38) 
into the expression of go. From Chapter 4, 

tra = tral^l + tra^^l 

where tra is regular as /x ^ while 

W^l=-^^(r^r-AB (8.39) 



where 



hence 



and: 



VAB = D^h{XA,XB) = 0\{Xa,Xb) - v~'^ABLh-fx-'xABTh 

(rf-i)^^t;^B = /^h- rj-h^Lh - iJ,-hTxTh (8.40) 



1 dH 

tral^l = /i"^mtrx - 2~dh^^^ ~ '^~^^^^^^'> (^"^^^ 
In view of the propagation equation for fi 

LiJL = m + lie (8.42) 

the right hand side of (8.38) is 

etrx + 7:^{M- V'^tv^Lh) - tral^l (8.43) 
^ tin 

which is regular as fi — > 0. 

Thus 50 is of the order of the second derivatives of V'/* and bounded as fj, — > 0. 

8.1.2 Propagation Equations for Higher Order Anguleir Derivatives 

To control the higher order angular derivatives of trx, we introduce the 5t,„ l-forms: 

= fx4{Rn...Rntix)+d{Rn-Rnf) (8.44) 
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Thus, for a given positive integer I we have the mult-indices of length I, where each ik & 1, 2, 3, 

A; = 1, ..,1. To the mult-index there corresponds the string {Ri^...Ri^) of rotation vectorfields. 

In deriving propagation equations for xi, we shall use the following lemma. 

Lemma 8.2 Let Y be an arbitrary S't^u-tangential vectorfield in spacetime manifold. We have 

[L,Y] = ^^^Z (8.45) 

where ^^^Z is the 5t,„-tangential vectorfields, associated to Y, and defined by the condition that for 
any vector V e TW*^: 

giP^^Z, V) = nV) (8.46) 

In terms of (i, T, Xi, X2) or {L,L,Xx,X2), 

(^)Z = (^)Z^X^, (^^Z^ = (^Vis(^-i)^^ (8.47) 

Proof. The vectorfield [L, Y] satisfies 

[L,Y]t = L{Yt)-Y{Lt) = Q 
\L,Y]u = L{Yu)-Y{Lu)=Q 

It follows that [L,Y] = '^^Z is a vectorfield which is tangential to the surfaces St^y,, consequently we 
expand 

{Y)Z = Or)z''XB (8.48) 
Taking 51-inner product with Xa we obtain 

^jy)Z^ = (y)ZA^ge^Z^XA) (8.49) 
= ([L, Y],Xa) - g{DLY, Xa) - giDyL, Xa) 
= ^^^TTLA - g{Dx^Y, L) - giDyL, Xa) 

Now since g{L, Xa) = we have 

- giDyL, Xa) = g{L, DyXa) (8.50) 

hence, substituting, 

^^^Z^ = 0^\la + g{L, [Y, Xa]) = '^V^^ (8.51) 

We have used the fact that \Y, Xa\ is tangential to St,u^ hence orthogonal to L. The lemma is proved. 
□ 

Lemma 8.3 Let Y be an arbitrary S't_„-tangential vectorfield on the spacetime domain W*^ and 
let ^ be an arbitrary St,u 1-form on W*^ . We have 

t.Lt.Y^-Ut-L^ = t-i^)Z^ (8-52) 

Proof. Since both L, Y are tangential to the hypersurfaces C„ we can restrict ourselves to a given 
C„. In defining we are considering the extension of ^ to TC„ by the condition 

^(L) = (8.53) 

We have 

{CU){L) = mi)) - ^{[L, L])=Q (8.54) 

therefore 

II^ = (8.55) 
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However 

{CrOiL) = Yim) L]) = m: Y]) = ^e^Z) (8.56) 

Since i^y^ is defined by restricting CyS, to TSt^u and then extending to TC„ by the condition 
{t-vCli^) — 0> it follows that on the manifold C„, 

Iy^ = CYi-^C^Z)dt (8.57) 

in view of the fact that dt{L) = Lt = l,4t = 0. 
We have 

UlIy^ - IyIlO{Xa) = {jOlUC - jOyIlO{Xa) (8.58) 
Substituting (8.55) and (8.57), the right hand side of the above is 

{CljCy^ - L{a^''^Z))dt - ^{^''^Z)CL{dt) - CyClO{Xa) (8.59) 
Now, dt{XA) = and CL{dt) = d{Li) = 0, therefore (8.58) becomes 

{jClCy^ - CyClO{Xa)) = {C^l^yM^a) (8.60) 

and by lemma 8.2, this is {C{y) z£,){^a)- The lemma follows. □ 

In the sequel, the proofs of several propositions make use of a general elementary proposition on 
linear recursions, the proof of which is by a simple application of the principle of induction. 

Proposition 8.2 Let {yn : n = 1, 2, ...) be a given sequence in a space X and {An : n = 1, 2, ...) a 
given sequence of operators in X. Suppose that (a;„ : n = 0, 1, 2, ...) is a sequence in X satisfying the 
recursion: 

Xn = AnXn-l + Vn (8.61) 

Then for each n = 1,2, ... we have: 

n-l 

Xn = An...AiXo + ^ An...An-m+iyn-m (8.62) 

m=0 

To present the propagation equation for -''a;;, we introduce the functions: 



^''■■''^ fi = Ri,...RiJ (8.63) 



hi=Ri,...RiMf) (8.64) 



Proposition 8.3 For each nonnegative integer I and each multi-index (zi...ij), the St,u 1-form 
(ji-.-iOj;^ satisfies the propagation equation: 

/^(H--i)a.^ + (trx - 2ii-\LiJ,)f^ -'^^xi = (^trx - 2i^-\Li^))/'' -"^ fi - i^d^'^- '''>hi - ^'- '^^gi 

where - is the St^u 1-form given by: 

fe=0 



fe=0 
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where go is given by (8.37). Here for each j = ('i - *^)?/^- is the St,u 1-form: 

+{fxRi,tix - Ri,L,i + ^'^'.'>Zfi)4iRy_,...Rntvx} 

where '■■^^■■■^^-^^ aj^i is the St.u 1-forni: 

(^-■■'^-i)a,_i = /i4(i?i,_i...i?ntrx) + trx4(i?i,_....i?ntrx) + 

Proof . When I = 0, the propagation equation in the proposition is just the equation (8.36). Thus, by 
induction, assuming that the propagation equation holds with / replaced by I — 1, that is, 

+ (trx - 2/x-i(L/x))('-''-i)xi_i (8.65) 

= (^trx - 2m-^(L/x))/'""'-^ - - ^'^-''-'^ 9i-i 

holds for some 5t,„ 1-form - what we shall show is that a propagation equation of the form 

given by the proposition holds true for /, where '■'^ ■ ''-'.g; is an St.u 1-form related to "*'"^\g;-i by a 
certain recursion relation. This recursion relation shall then determine '•*^ ' *'''(?(, for each /, from the 
St^u 1-form go, given by (8.37). 
We begin by re-writing 

2/.-i(L/.)((--^'-)a=,_i-/^^-"'-^V;-i) 

as 

2{Lij)fi{Ri^_,...R^,trx) 

(see (8.40) and (8.63)) obtaining: 

^^(n...i,_i)^^_^ ^^j.^(n...i,_i)^^_^ (8.66) 

We now apply f,^.^ to this equation. By Lemma 8.1 applied to and to the functions: 

ii,,_,...i?,,trx, ^'"-''-^Vi-i, ('^-''-^'/ii-i 

we have: 

ljiJiRi,_,...Ri,tvx) = 4{Ru-Ri.t^x) (8.67) 

/«,4(^"-"-^V.~i) = 4('"-"V0 
/^.^4(''"-"'-^^/ji-i) = 4(^*"-"'^/ii) 

(see (8.63), (8.64)). We then obtain: 

+trx4fl,/'-''-^)a;,_i + {Ri,trx)^'^-''-'^xi_^ (8.68) 



2{Ln)4{Rir-Ri^^x) + 2{Ri^Lfj.)4iRi,_,...Ri,tvx) + -t^xK fl) 



+^(i?^,trx)^(**"-"-^ - I^K^'^-^'^hi) - (i?.,M)^((^-^'-)/i,_i) - In^^ (^-''-^ffi-i 
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Next, we apply Lemma 8.3 to Y — Ri^,( = ('i - *'-i)a;;_i, to express 

Ir,/l^''-''-'^xi-i = UIr,^ - (8.69) 
Now, from (8.63) we have: 

Applying /^.^ to this we obtain, using (8.63) and Lemma 8.1, 

= + {R,,y.)^{Ri,_,...Ri,tvx) (8.70) 

Applying i.^^ to (8.70) and expressing: 

LRi,/i = Ri,Lij, + ^^*i^Zij, (8.71) 

using the fact that by Lemma 8.2 

[L, i?i J = Z (8.72) 

yields: 

iaR,^^''-''-'^xi-i=lL^''-''^xi + {R,,ii)ld{Ri,_,...Ri,tvx) (8.73) 

+{Ri,Ln + ^'^n)Zn)4{Ri^_^...Ri^ivx) 

Substituting (8.72) in (8.69) and the result in (8.68), and using (8.70) to re-write the second term on 
the left in (8.68), a propagation equation for - of the form given by the proposition results with 
{ii...ii)g^ expressed in terms of ^*^ '"^£f;_i by the recursion formula: 

^'^■■■'^^gi = Ir^^ (*-^'-i)<7z-i - /(H.,)^^*^-"'-^^^,-! + (8.74) 

Applying Proposition 8.2 to this recursion with the space of St^u 1-forms in the role of the space X, 
and ^'^•••*'^5f;, — /(Hi^)^(*i- '*'-i^a;;_i, in the role of Xn,yn, respectively, the proposition follows. 

□ 

We remark that the St^u 1-form '*i- -*3-i'aj_i reduces for j = 1 to 

ao = IJtrx + trx4trx + 4ho (8.75) 

Define 

itrx+|xl'=/o (8.76) 
Applying 4 to the above, we obtain, in view of Lemma 8.1 and the fact that 

\x\'' = l{trxr + ho, 

simply: 

ao = 4fo (8.77) 



For j > 2, we apply ^...^r.^ to (8.75) to obtain, in view of (8.76), the following expression for 

{ii-y-i)a._, = 4{Ri^_^...R,Jo) + ^''-'^-'^bj-i (8.78) 



(^i-*^-i)aj_i: 



where 

= [/^,/«,^_^.../^.j4trx (8.79) 
+ E E (i?i.„-i«i.,trx)(4J?i,_,>V-.V^'=i<ii,,trx) 

m=l fei<...<fem = l 
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Here and in the sequel the symbol > < signifies that the enclosed indices are absent. We can get an 
explicit expression for the first term on the right hand side of (8.79) by applying the following lemma, 
proved inductively, using Lemma 8.3. 

Lemma 8.4 For any positive integer I and any St,u 1-form ^ we have: 

/-I 
fc=o 

Applying this to St,u 1-form (Itrx, we get: 

3-2 

[Il,Ir,._^-Ir,,Wx = J2 ARi,-i-Ri,-J''''-"'-'^ZRi._^_,...Ri,tTx) (8.80) 

Let us now investigate the order of the various terms in the propagation equation of Proposition 
8.3. We agree to the convention that the order of ■^a : a = 0, 1, 2, 3 is 0, so the order of enthalpy h 

and the acoustical metric g, g, ^ is also 0. Since /i, k are the components of the acoustical metric g in 
another coordinate system, they are also of order . So L**, T* and a are also of order 0, as well as 
^L, tpf and ip. The i^, ujll and ojj^f are of order 1, so are the k~^C and ^. The x, the focus of 
this chapter is also of order 1. We are to set I = n — 1, in estimating the nth order angular derivatives 
of X in terms of the n + 1st order derivatives of tpa- From the definition of / (see (8.27)), we see that 

/ is of order 1. So 4*^'^ is of order 1 + 2, its principal part contains I + 2th derivatives of h, and 

it contains I + 1st order angular derivatives of /z. 

Next, we shall investigate the term ^^^ ' ''-'.g/. First, we should investigate the terms 4g, LtTx+ 
together with 4f, which we have discussed above, which express ^o- From (8.38), we see that Ltrx+|xP 
is of order 2. Its principal term is The function fj, is not involved in itrx + |xl^- We then 

investigate 4f/- From the definition (8.29) we know 49 contains 1st angular derivatives of fi, and 2nd 
derivatives of the ipa- It follows that 

the first term in the expression for ' is of principal order / + 2 and its principal terms are I + 2 
order derivatives of the ipa- Also it contains / + 1 order angular derivatives of fj,. 
We now consider the last term in the expression for - namely, 

Y.^n.r-^R,_J'-''-^'yi-k (8.81) 

fe=0 

(ii...ij)y, jg ^YiQ sum of 

(^-^-^)a,-_i, 4(i?i,_,...i?,,trx), 

with coefficients 

Rij I^Rij trx - Rij Lfj. + ^^'o ^ Zn = iiRi. (trx - e) - Ri^ m + '^^'^^ Z fi - eRi^ n, ^{Ri. trx) 

of order 1,2,2, respectively. The first two of these coefficients involve the 1st angular derivatives of fi. 

The order of 4(i?i^_j ...i?ijtrx) and 4^^^ '^'~^\fj-i is .j + 1. On the other hand, (^^ - '^-i^aj-i is given by 

(8.78) . By the above discussion of /o, the first term on the right of (8.78) is of order j + 2, its principal 
terms being angular derivatives of h. This is the principal term in ^'^^■■■'^i-^^aj-i. The second term on 
the right, given by (8.79) is of lower order, namely j + 1. In fact only the first term in 

(8.79) , given by (8.80), is of order j + 1 while the second term, the double sum, is of order j. Also, 
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does not involve the function /x. So we conclude that is of order j + 2 and its 

principal terms are j + 2 order angular derivatives of h. Then the order of (8.81) is ^ + 2, its principal 
terms are I + 2 order angular derivatives of h. Moreover, (8.81) contains I order angular derivatives of 

To complete the investigation of ^*^'"^fif;, we must consider: 



(8.82) 

fe=0 

which we can write as: 

i-i 



fe=0 



minus the commutator term: 

i-i 



fe=i 

We shall show this commutator term is of lower order by using the following lemma. 

Lemma 8.5 For any St^u-tangential vectorfield X and any St,u 1-form ^ and positive integer / we 
have: 

j=l ki<...<kj = l 

Here (''=i---*'=j)y ig the .St^u-tangential vectorfield: 

""kj "ki 

and the St,u 1-form: 

The proof is by induction, starting from the case ^ = 1, which is a standard fact in differential geometry, 
in view of the fact that everything restricts to 

Applying Lemma 8.5 we see that (8.84) is minus: 

EE E U^.--^, "-'-r:!-^ (8.85) 

fe=l j=l mi<...<mj=l—k+\ 

Here the indexes im^, ■■■,imi are absent, and - is the S'f^„-tangential vectorfield: 

(i^i-''''/'''-'')z = lR^ -Ir, '^^^^-"^Z (8.86) 

From (6.57), we know that ^-^^"^ Z is of order 1 and its principal acoustical term involves x- Hence 
^''"^i---^"^]'^'-''') Z is of order j + 1 and its principal acoustical term is a jth order angular derivative of 
X- In (8.85), the 1-form 

Ir,, >''". ;;;''"i</^^^_^^^ ii^--'-''-^)xi.k-i (8.87) 

is of order I — j + 1 as it is an angular derivative of order k — j of ("••"-'=-i^a;;_fc_i. If X is an St,u- 
tangcntial vectorfield of order m and ^ an St,u 1-form of order n, then the order of is max{m, n} + l. 
This is evident from the formula: 
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Thus, the order of the terms in the triple sum in (8.85) is 

max{i + l,/-i + l} + l 

and the two extreme terms corresponding to j = 1 and j = I — 1 are of highest order, namely I + 1. 
So (8.85) is of order I + 1, thus a lower order term. 

We now turn to the principal term (8.83). In view of (8.40) and the fact that for any function </>: 

we obtain: 

(8.88) 

l — k-\-l 

_ {ii...ii-k+iii-k-i---'i'i) ^ 

j=l mi <. . . <mj — / — fc+l 

Here the indexes imyimiH-k are absent. The first term is of order / + 1, while the double sum is of 
order I. The contribution of the first term in (8.88) to (8.83) is then the principal part of (8.82). This 
contribution is 

l-i 

fc=0 

We conclude that the principal acoustical terms of ^*^'''^Sfi are all the terms of the sum (8.89). Moreover 
(8.82) does not involve the function /j.. 

We shall estimate each term in (8.89) pointwise in terms of 



\{ii...il-i^-iil-k+i...ilj) , 
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Lemma 8.6 Let <j) and p be arbitrary functions and ^ a nonnegative function. Denote by ^ the 
St,u 1-form: 



and by r]j the 5t,„ 1-forms 

rjj = fi4{Rj<P) + KRjP) : i = 1, 2, 3 
Then for any S'4,„-tangential vectorfield X we have the pointwise estimate: 
l/x^l < C{1 + t)-i{|X|(max \r)j\ + 2max \^{Rjp)\ + (1 + t 

3 j 

+(max|/^.X|)(M|4</>| + 



Proof. We have: 
hence: 

Now, by HO, 



Ix^ = l^4{X^) + {Xi^)M + KXp) (8.90) 

< f^\4{x^)\ + \x\\M\M\ + \4{xp)\ (8.91) 

\4{X(j))\ <C{l+t)-^-niax\RjiX(j))\ (8.92) 

3 
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and we have: 

Rj{X(j)) = X{Rj(j)) + [Rj,X]<j) = X ■ 4{Rj(l>) + HrjX) ■ M (8.93) 

hence: 

max\Rj{X(j))\ < \X\ max\4{Rj4>)\ + (max (8.94) 

j 

Then we get: 

|4(X0)| < C(l +t)-^{|X|max|«f(i?j(/>)| + (max|/fl.X|)|40|} (8.95) 

3 3 ' 

By the definition of r]j , 

/xmax \^{Rj(i))\ = max \n4{Rj(i))\ (8.96) 

3 3 

= max \rij — 4{RjP)\ < max \r]j\ + max \4{Rjp)\ 

3 3 3 

Moreover, from (8.95) with p in the role of (j) we have: 

\4{Xp)\ < C{l + t)-'{\X\m&x\4{Rjp)\ + {m&^\lR^X\)\M} (8.97) 

3 3 

In view of (8.95)-(8.97), the lemma follows through (8.91). □ 

We now take (p = R.i,...Ri^_^^^Rii_^_^...Ri^tvx, and p = R^^...Ri^_^^^Rii_^_^...Ri^f 
= Then i is the St,„ 1-form (»i-»'-*-i''-'e+i-»()a;,_^ and r/^ the 5*,,, 1-form 

{ii...ii-k-iii-k+i-ii3)xi. Moreover, we take X to be the 5t,„-tangcntial vectorfield (-"'i-fc^Z. Noting 
that: 

i^\M\ + \M < iei + 2|^p|, 

we obtain: 

\l(Rn_k)z^''"'''~''~'"'"^''"'"^xi-i\ < C(l + t)-i{|(^''-^)Z|(max|(^i-*'-'=-i*'-'=+i-^'^')a;i| (8.98) 

3 

3 ^ 

8.1.3 Elliptic Theory on St,u 

Returning to the propagation equation for - given by Proposition 8.3, the term /i^(^*^ ' *'^/ii) 
remains to be considered. Since given by (8.64) is Zth order angular derivative of |xP, so 

the term to be considered is a principal acoustical term. Moreover, it involves I + 1st order angular 
derivatives of %, not trx, which is what the propagation equation for - allows us to control. 

The term in question comes from the right-hand side of propagation equation (8.36) for xq = 
/i^trx + df, from the term: 

p4i\xf) = 2px-iPx 

Now, the propagation equation (8.36) must be considered in conjunction with the Codazzi equation 
(4.36): 

di'vx = ^4trx + i (8.99) 

where 

i = 0*A-l^-HCBxl-CAtTx) (8.100) 
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which is regular as fj, — > 0. Equation (8.99) allows us to estimate, on St^u, X ^-nd Ipx in terms of 4trx 
and the derivatives of tpf^ of up to 1st order. The propagation equation (8.36) allows us to estimate, 
along each generator, ^trx in terms of ^(|xP), that is in terms of x and and the derivatives of 
^pp, of up to the 2nd order. Thus, considering on C„ the propagation equation (8.36) in conjunction 
with the Codazzi equation (8.99) we can estimate x and its 1st order angular derivatives in terms of 
ipp, and their derivatives of up to the 2nd order, avoiding in this way loss of differentiability. The idea 
coupling the propagation eauations for x along the generators of Cu with the Codazzi equations at 
each St^u was also used in p , where the Ricci curvature tensor vanishes. 
To get a higher order version of (8.99), we shall use the following lemma: 

Lemma 8.7 Let {M,g) be a 2-dimensional Riemannian manifold, let X be an arbitrary vectorfield 
on M and let ^ be a trace-free symmetric 2-covariant tensorfield on (M, g) satisfying the equation: 

divg6l = / (8.101) 
for some 1-form / on A/. Then Cxd, the trace-free part of CxO, satisfies the equation: 

divgr^^^^""/ (8.102) 

(X) • 

where / is the 1-form given, in an arbitrary local frame, by: 

^""Va - iCxf)a + itr(^)7r/<. 

Here, = Cxg- 

Proof . Let (pt be the local 1-parameter group generated by X and let be the corresponding 
pullback. We then have: 

div0,.g(0t*0) = (/)t*(divg0) = (j)t.f (8.103) 
Now in an arbitrary local coordinates: 

(divg^), - {g-^f^V^Oab (8.104) 
where F^^^ are the ChristofFel symbols of the metric g. Similarly, 

{Aiy^,„{^t*e))a = m.gr'n^^^^^ - rili^PtJU - rili<PtJ)ad) (s.ios) 

where F^f, is the ChristofFel symbols of the metric 4>t*g- We have: 
and 

^ab-l^m*9) ) ( Q^a (8-107) 

(4<^t*5)t=o = Cxg = (^^TT (8.108) 
at 

differentiating (8.107) with respect to t at t = 0, we obtain , in view of (8.106), the following formula: 

(lrL%^0 = \{9-y{Va^''\bd + Vb^^'^^ad - Vrf(^V„f,) (8.109) 



Since, by definition, 
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Differentiating then (8.105) with respect to t at t = and using (8.109) and (8.108) and the fact, by 
definition: 

ij^Mt=o = Cxe (8.110) 

we obtain: 

(^(dW*.s('^t*^))a)t=0 = (diVg(£x^))a - ^""^ T^^'V oO ab (8.111) 

-^{(Va(''V''^)^6e + (2Vc(^V*^ - V''tr(^)7r)^„6} 
From (8.103) and the definition: 

{j^(l)uf)t=o=Cxf (8.112) 

we conclude: 

divg(£x^) = ^""V' (8.113) 

where 

^""V'a = {Cxf)a + (''V'"=Vc^„6 (8.114) 

+^{(Va^''V''^)^be + (2Vc(^V*^ - VHr(^)7r)e„6} 

In fact the above hold for any n-dimensional manifold M, and irrespective of the trace- free nature of 
6. In the present case where M is 2-dimensional, decomposing into its trace- free part and its 
trace, 

m7, = m7^ + i5trW7, (8.115) 



we may write (8.114) as: 



^""V'a = {Cxf)a + ^tr(^)^/, + (^^TT^'^Ve^ai, (8.116) 



+ 7r(V„(^)7r'"=)0(,c + (Ve(^^7r''^)^a6 



Now, 

ii{Cxd) = {9-^T\CxBU = -iCx9-'r%b = (^V"*'^,,^ = (^^TT • e (8.117) 
where we have used the fact that 9 is trace-free. Therefore, CxO is given by: 

£xO = /:xe-^g{^''^7r-0) (8.118) 

and noting that for any function ip we have: 

divg(s''^) = dip 

we obtain: 



1 
2 

Hence, defining: 



divg(£x^) = divg(£x^) - ^rf('^^7r • 9) (8.119) 



we conclude that divg£x^ = / and / is as given in the lemma. □ 
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Proposition 8.4 For each non-negative integer / and each multi-index the trace-free 

symmetric 2-covariant tensorfield 

on St,u satisfies the elhptic system: 
where the St^u l-form - is given by: 

+ E(/ii, +^tr(«''V)---(^ii,_,^, +^tr(«*'-+^V)^"---''-'''«-fc 
fe=o 

Here i is the St^u l-form given by (8.100) and for each j = 1, I, ('^^■■■^o)q- is the 5t,„ l-form given by: 

Proof. The proposition reduces for I = 0, since i = io, to (8.99). By induction, we assume the eUiptic 
system holds with I replaced by / — 1: 

Taking {M,g) to be {St,u,$), to be ^^^-^'-^^xi-i, X to be iJj,, and / to be 

in Lemma 8.7, and taking into account the fact that: 

lR^^4{Rn_,...Ri,tTx) = 4{Ri,...RntTx) 
we get a recursion formula for ^'^ ' ''^i;: 

= Iji^ + ^tr^^-' V^'''"*'-'^»(-i + ^''-"Ui (8.121) 

Applying Proposition 8.2 to this recursion with the space of St^u 1-forms in the role of the space X, 
the operators 

/«,+^tr(«^'V 

in the role of the operators An and - in the role of x„, y„, respectively, the proposition 

is proved. □ 

Let us investigate the order of the terms in ^'^'''''^ij. We begin with i, given by (8.100). From 
the expression (4.39)-(4.40), we know that there is no 2nd order term in i, so the first term in the 

129 



expression for ('i - ^'^j; contains no principal term. Moreover, the second term is of order I + 1. This 
can be easily got from the fact that ('i - 'j)g'j- is of order j + 1. Also - does not involve /i. 

Remark: From the propagation equation in Proposition 8.3, we can control ...Ri^trx) in terms 

of 2/ix0(^^. ...j^i^.^x) the derivatives of i/jfj^ up to I + 2nd order. While using the elliptic system 

in Proposition 8.4, we can control .../jj.^x) in terms of fi{Ri^...Ri^ivx) and the derivatives of 

ij)^ up to / + 1st order. 

Since the elliptic system is to be considered in conjunction with the propagation equation of Propo- 
sition 8.3, the right hand side of the elliptic system for /^.^ ....jijj.^x is thus to be expressed in terms 
of - From (8.40) we have: 



IJ.4{Rii-Rht^x) 



Xl 



Then we can only control the product of /U with the right-hand side of the elliptic system in terms of 
This shall lead to /x- weighted estimates on St.u- 
Lemma 8.8 Let {M, g) be a compact 2-dimensional Riemannian manifold, and let be a trace-free 
symmetric 2-covariant tensorfield on (M, g) satisfying the equation: 



diVg0 = / 



(8.122) 



for some 1-form / om M . Let also jjl be an arbitrary non-negative function on M . Then the following 
estimates holds on M: 

/ l^\\\V9\^+2K\e\^}dy.g<^ [ ii'\ffdiXg + 3 [ \di,f\0\^diig 
Jm ^ Jm Jm 



where K is the Gauss curvature of {M.g). 

Proof . Consider the 3-covariant tensorfield given in an arbitrary local frame by: 



(8.123) 



For any vectorfield X, LUabcX'^ defines a 2-form on M . Since dimAf = 2, this 2-form must be a function 
0, times the volume form e of {M,g). Since depends linearly on X, there must be a 1-form e on M 
such that e - X = (j). So we can write: 

Wabc = eafeGc (8.124) 

Contracting the right hand side of (8.124) with (fif~^)'"^ we get: 

{9~'^T''eabec = e"eab = *eb 

(the Hodge dual of e). Contracting the left hand side of (8.124) with {g~^)°''^ and taking into account 
the fact that {g~^)"'''6ac = we obtain: 

{g-^rcOabc = (div^)6 = fb 

We conclude that: 

*e = f,e = -*f (8.125) 

and (8.124) becomes: 

Wabc = -e-ab* fc (8.126) 

In view of the fact that 



It follows that: 



eacCft = Qab 



abc 



-LOabctO- = -tab*W'*r = 171' = \f\' 



(8.127) 
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On the other hand, from the definition (8.123) we have: 



= \{'\7a6bc - V6^ac)(V»e'«= - V^'^^'^) (8.128) 



We write: 

V„^6cV*e»^ = V\e'"'Vaebc) - O'^'^V^VaObc (8.129) 

Using a well known fact in differential geometry, we have: 

W„^6c - VaV'-^bc = Rb'^\0dc + R/\eM (8.130) 
= S'^a^dc + Rc'^'a^bd 

where Rabcd is the curvature tensor and Sab = {9~^Y'^Rcadb the Ricci tensor of {M,g). Since M is 
2-dimensional, we have: 

Rabcd = K{gacgbd- Qadgbc), Sab = Kgab 

Hence, the right hand side of (8.130) is: 

KS%, + K(S'X - gca{g-y)0bd = 2K9ac 
in view of the fact that tr0 = 0. Thus, (8.130) reduces to: 

V'Va^be - V^V^'^be = '^K9ao (8.131) 

Substituting in (8.129) we obtain: 

V„^6cV*r^ = V''(r^V„^6c) - ^"'^VaV^^fec - 2K\e\^ (8.132) 
In reference to the second term on the right, we write: 

r^V„V^^?be = Va(r=V''0be) " ( V^^ '=) ( V^^fee) = Va(r^V^06c) " \f? 

Substuting in (8.132) then yields: 

Va06cV^r'= = divg J - 2K\e\'' + (8.133) 

where J is the vectorfield: 

j« = e^VbO"-" - e^c'^bO^" = eKVbO'"' - e^cF (8.134) 

Substuting (8.133) in (8.128) we get: 



-coabcto'''" = |V0p + 2K\e\^ - - divg J (8.135) 



Comparing (8.135) with (8.127) we conclude that: 

\Vef + 2K\e\'^ = 2\ff + dWgJ (8.136) 
Multiplying this equation by fj,^ and integrating over M, we obtain: 

/ fiWve\^ + 2K\e\^}di^g (8.137) 
Jm 

= 2 / ii'^divgJdfig 

Jm Jm 
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Writing 

we obtain, Since M is compact, 

From (8.134), we can estimate 
therefore: 



/x^divg J = divg (/Lt^ J) — 2/x( J • dn) 

/ fi^divgJdUg = —2 ij,(J ■ dfj,)diJ,g 
Jm Jm 

\J\<\eme\ + \f\) 

—2 / fi{J ■ dfi)diJ,g < 2 / fj,\J\\dfj,\dfj,g 
Jm Jm 

<2 / \dfi\\e\{fi\ve\+ii\f\)dfig 

Jm 



(8.138) 
(8.139) 



Applying the inequahties: 



2|d/i||6'|/x|V6'| < -iJ,'^\V0\'^ + 2\dii\''\9\ 



^ + 2\dii\^\e\'' 

2|f|2 I |J,,|2|/)|2 



2\dii\\0\ii\f\<ii'\fr + \dl^\ 



we then obtain: 



—2 / /i(J • dii)diJLg 
Jm 

n'\V0\'dHg+ [ mVI'^^M. + s/ m'\9\'dt,g 

^ JM Jm Jm 



(8.140) 



So the lemma follows. □ 

Next, we shall derive an estimate for K, the Gauss curvature of St^u- Recall the bootstrap assump- 
tions A, E, F of Chapter 6. 

Lemma 8.9 Under the bootstrap assumption A,E,F, the following estimate holds: 

\K-r-^\ < CTo(l+t)-'[l + log(l + i)] 
In particular, taking 6o suitably small, we have: 

K>C-\l+t)-^ 

Proof. From the equation (3.27), (3.31) and (3.36) in Chapter 3, we have the following expression for 
K: 

From (3.5), (3.33) and (4.10), we know that K is regular as /x — )■ 0. Also from E we know that 

\p\<C5l{l + t)-' (8.141) 

From A2, E and F2 we have: 

|r?-i(tr^trx-X-^)l <C5o(l+t)-' (8.142) 
Finally, we consider the first term in the expression of K. Assumption F2 implies 

\\[i^^xf-\x?\-i\f\<C5,^^^^^^ (8.143) 
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In fact, we can decompose: 



and 



lxl' = lxl^ + ^(trx)^ 



|^(trxr-(Jf|<|^trx-i||itrx+i| 
From (6.124) and (6.129) and F2 we have: 

\\{tTxr -{lr\<cso{i+t)-'[i+iog{i+t)] 

Also from F2, we have: 

\xf<C6o{l + t)-^[l+log{l + t)]^ 

So (8.143) results. 

Then from E, we have: 

|r;-2-l| <C(5o(l+i)-i (8.144) 
so from (6.127) and (6.124), (6.129), we have: 

\lv-'[{trxf - Ixn - ^1 < CSo{l + t)-'[l + log(l + 1)] (8.145) 
The lemma then follows. □ 

8.1.4 Prelimiiiciry Estimates for the Solutions of the Propagation Equations 

We now apply Lemma 8.8 to Proposition 8.4, taking {M,g) to be {St,u,f), the trace-free symmetric 
2-covariant tensorfields 9 to be "*'^Xi) and the 1-form / to be: 

In view of the fact that by Lemma 8.9, taking 5q suitably small, we have iiT > 0, we obtain: 

||M^^^"-"'^Xi||L=(s.,„) < C||Mi?.,...i?.,trx)|lL^(s,„) + C|lM(^^-^'^i/||L^(5.,„) (8.146) 

Now, by Fl we have: 



< C<5o(l+i)-Ml + log(l + i)] (8.147) 
Also, 

lx4{Rn...Rntrx) = ^''-'^^Xi - V/ (8-148) 
Substituting (8.147) and (8.148) in (8.146) yields: 

||M^('^-''^xdlL=(S,„) < (8.149) 

+CTo(l + t)-'[l + log(l + i)]||^^^-^''xdU^(5.,„) 
Let us return to the propagation equation of Proposition 8.3. Setting: 

(■''■■■''^gi = 1^4^'^-'^^ hi + gi (8.150) 
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This propagation equation takes the form: 



l^ii^-ii)xi + (trx - 2^l-^{L|J))^'^■■■''^Xl (8.151) 

Recall that ^0,0 is the unit sphere S"^ in (Sq is identified with M?). We define a diffeomorphism 
$t,u of S"^ onto St^u as follows. First, at t = 0, $o,u is the diffeomorphism of S"^ onto 5o,„ defined by 
the flow of T on Eo-Thcn $j = ° <I'o,u where $i is the flow of L on VK^*^. That is, '^t\Sa „ is the 
diffeomorphism of 5*0, „ onto 5t^^ defined by the generators of C„. Given an arbitrary 5t^^ 1-form ^, 
we may pull it back by ^t,u to 5^ and consider the 1-form ^{t, u) = as a 1-form on 5^ depending 

on the parameters t and u. If ^ = /^C) where C is an arbitrary Si^u 1-form, then £,{t,u) = ^^g^'"^ . If 
^ = where ^ is a function, then ^{t,u) = fi(j){t,u), where (l){t,u) = </> o „ is the corresponding 
function on S"^ and ^^(t, u) denotes its differential on S"^ . Also, we may pull the induced metric ^ on 
St,u back to 5^ and consider ^{t,u) = as a metric on 5*^ depending on t and u. The foregoing 

correspond simply to the description in terms of acoustical coordinates {t, u, 1?^, ^^), where (^^, are 
arbitrary local coordinates on extended to Sq so that the lines corresponding to constant values of 
(t?^,^?^) are orthogonal to the 5*0,11 (hence S = on Sq). 

In view of above, we may think of (8.151) as an equation for the 1-form ^^^■■■^^^xi{t,u) on S"^ 
depending on {t,u): 

^(n-i<)a;; + (trx - 2fx-\Lij,))^^'-^'^xi (8.152) 

= (itrx - 2f,-\Ln))4^''-''^ fi - ^'^-''^gi 

where (^---^Oxi = ^^^■■■'''^ xi{t,u) is a 1-form on S"^ depending on {t,u). 

In the following we denote by ( , ) the pointwise inner product of tensorfields on S^, depending 
on t and u, with respect to the metric ^{t,u). For 1-forms ^{t,u) and ({t,u), we have: 

{at,u),at,u)) = {^-Y''it,u)Uit,u)CBit,u) (8.153) 

We also denote by | | the pointwise magnitude of tensorfields on S"^, depending on t and u, with 
respect to ^{t,u). Thus, 

mu)\ = vmu),at,n)) (s.m) 

Now by the definition of x we have: 

d^Anit,u) 5(rf-i)^^(t,u) 
^^^^ ' = 2xAB{t,u), = -2x^^(t,n); (8.155) 



dt ^ ' at 



X^^(t,ti) = {f'r''{t,u){^-T''{t,u)xcD{t,u) 
It follows from (8.153) and (8.155) that: 



|(C,C) = (|,C) + (^,|)-2^X•C (8.156) 



Here, 



^■X-C = Ux^''Cb (8.157) 
In particular, taking ^ = ^ we obtain, in view of (8.154), 

kl|kl = i|(e,0 = (|,6-^-X-e (8.158) 
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Decomposing: 

XAB = XAB + ^^^strx, = x"""" + ^{^'T^^'^X 

then we have: 



hence (8.158) takes the form: 



^x•c = ^x•c + ^trx(^,c) 



\£.\^^\i\ = {%0-^■x■^-frx\e 



We shall apply (8.161) taking ^ = (*i-*')a;;. From (8.152) we have: 



f){ii ...ii) ^ 1 

(^L_£i,(i....iO^^)_ltrx|(--*')xH^ 



-(-2M-^f + ^trx)|(--)a.,|^ + (-2^-^ + itrx)((---)x., /'^•-' 

.((n...i,)a;,/ii...iO^,) 



We shall use the following assumption: 



In we have: 



Prom this assumption and (8.162) we have: 

(^L_^,(n...*0^^)_ltrx|(---)a:,|^ 
< -(-2m-^| + ^trx)|(— + (-2m-^| + itrx)|(--).,||/"-''7H 

In reference to the second term on the right in (8.161) with - in the role of ^, we 

|(n...iz)^^.^.(n...*0^;|<|^||(n...i0^;|2 

Substituting (8.164) in (8.163) we obtain, in view of (8.161), 



+(-2M-| + 5«tx)i/"-"'/,i + i<"-"ai 

The integrating factor here is: 

exp{^V2M-^f + ^trx - \x\){t' ,u)dt'} = (^)-(^(t, «))3/2e-^(*.^) 



Here 



A{t,u)=eM f tTxit',u)dt'), S{t,u)= [ \x\{t',u)dt' 
Jo Jo 

Since by (8.155): 



1 d 
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we have: 

J dot u) 

A{t, u) = -^ (8.169) 

that is, A{t, u) is the ratio of the area elements of St.u and 5*0, « at corresponding points along the same 
generator of Integrating (8.165) and using (8.166) we get: 

\^'^-''^xi{t,u)\ < ^''■■■''^Fi{t,u) + ^''-''^Gi{t,u) (8.170) 

where: 

^'^■■■''^Fi{t,u) = e^(*'")(A(t,ti))-3/2(^(t,„))2{(^(0,«))-2|(n..-0a;;(0,„)| (8.171) 

+ yJ^\^(^^«))-2(A(^^«))3/V^(*^«)(-2M-l|^ + itrx)(^^u)|/^^•••^'V/(^^«)|} 

and: 

^''■■■''^Gi{t,u) = e^(*'"^(A(t,u))-3/2(^(t,u))2 (8.172) 

• [\t,{t',u))-\A{t',u)f/h-^^'''^^^'^---''^giit',u)\dt' 
Jo 

We begin our estimates with A{t,u) and S{t,u). By F2 and (8.167) we have: 

\log A{t,u)- f 'L—dt'\<CSo [ {1 + t')-^[l +\ogil + t')]dt' <CSo 

Jo l-U + f Jo 

Since 

Jo l-u + t' 1-u 

it follows that: 

1 — u 1 — u 

Also by F2 and (8.167) we have: 

S{t,u)<CSQ (8.174) 

the integral 

roo 

/ (l + i')"'[l + log(l+t')]rft' 

being convergent. 

In view of (8.173) and (8.174) we obtain from (8.171) and (8.172): 

^''■■■''^Fi{t,u) < e^^°{l -u + r]ot)-^{^''-''^M^{t,u) + ^''-''^ Ml{t,u) + ^''-''^ Ml{t,u)} (8.175) 
where: 

^''■■■"^M^{t,u) = (0^)2(1 _„)3|(ii...iO^^(o,H)| (8.176) 
= /(^^'^^ + • \^^'''"^Mt',u)\dt' (8.177) 
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^'^■■■''^Ml{t,u) = _« + f')3(ltrx(i',«))|/"-"'7Ki',^)M*' (8.178) 



Also: 

(ii.-.ii) 



Gi{t,u) < e^^o(l -u + t)-' ■ -u + t'n'^-'^^~gi{t',u)\dt' (8.179) 



To proceed we must analyze the behavior of fi. Wc need the following assumption; 

8.2 Crucial Lemmas Concerning the Behavior of /i 

Lemma 8.10 Under the assumptions El,E2,^3o,F2 and A, the following hold. Let us denote: 
We then have, for all t G [0, s]: 

(i^o) {t, u,^) = +R,{t, u, ^) 

and: 

[l + log(l + i)] {s-t) 



\Rsit,u,^)\ < C5o- 

where C is a constant independent of s. 

Proof. The function tpo satisfies the equation: 



(l+t)2 (1 + s) 



Prom the expression for □§ in Chapter 3, this reads: 

i(L^o) + K^^o) = Po (8.180) 

where 

po = /i^Vo - uLi^o - 2C • d^o + M °^ 4h ■ dtpo (8.181) 

Now, by ^;3o, and A3, the first term on the right hand side of (8.181) is bounded in absolute value 
by: 

CSoil + t)-^[l + logil + t)] 
By (6.122) and E2, the second term on the right hand side of (8.181) is bounded in absolute value by: 

C6o{l+t)-^[l+log{l+t)] 
By (6.104) and E2, the third term on the right hand side of (8.181) is bounded in absolute value by: 

C6o{l+t)-^[l + log{l+t)] 
Finally, by A3 and E, the last term on the right of (8.181) is bounded in absolute value by: 

C(5o(l + t)-*[l + log(l + t)] 
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We conclude: 



Consider on the function: 



\po\<C5o{l + t)-^l + log{l + t)] 



i(i,n) = A(t,n)(gg4) 



(8.182) 



(8.183) 



depending on the parameters t and u, where A{t,u) is defined by (8.169). We have, using (8.167) and 
the definition of v, 

dA{t,u) 



dt 



= 2v{t, u)A{t, u), A{0, u) = l 



Thus, setting, in terms of the pullbacks by ^t,u to S^, 

To{t,u) = {A{t,u)y/^lAlJo){t,u), po{t,u) = {A{t,u)Y'^po{t,u) 

(8.180) becomes: 



'dt 



Po 



Integrating (8.184) we obtain: 



Writing, 
we have, 

hence: 



i(t,u) =e2^(*'"), N{t,u)= I v{t',u)dt' 

Jo 

1 

^{t, u) 



1-u + t 



iV(t, m) = log( \ '^^* )+N{t,u), N{t,u)= I u{t',u)dt' 



l-u 



A-u + t, 



2g2JV(t,u) 



Now, by E and F2: 
It follows that: 



Ait,u) = i^-i-y 

|i>(i, w)| < C(5o(l + i)-2[l + log(l + t)] 



\N{s,u)-N{t,u)\< [ \i>{t',u)\dt' <CSo [ (l + i')"^[l + log(l + t')]'^*' 
Jt Jt 

The last integral is: 



= 2[ 



j\l + t')-^[l + logil + t')]dt' 

1 _j^,l0g(l+t) log(l+5)^ 



< 2 



Thus, we obtain: 



(l + t) (l + s)' ' (l + t) (l + s) ' 

[1 + log(l + t)] is - t) 
(l + t) (l + s) 

[1 + log(l + t)] (s - t) 



\N{s,u)- N{t,u)\ < C6o 



(8.184) 

(8.185) 
(8.186) 

(8.187) 

(8.188) 

(8.189) 

(8.190) 
(8.191) 

(8.192) 
(8.193) 



il + t) (l + s) 



(8.194) 
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This implies in particular, replacing s,t by t,0 respectively and noting that N{0,u) = 0, 



\N{t,u)\<C5o 
We now return to (8.186). Integrating on [t,s] we obtain: 

To{t, u) = To{s, '"') ~ /5o(i', u)dt' 

By (8.182), (8.185), (8.190) and (8.195) we have: 

\po{t,u)\ < C6o{l + t)-^[l + log{l + t)] 

Hence, in view of (8.193), 



Po{t',u)dt'\ 



<C5o 



[1 + log(l + t)] is - t) 
(l + t) (1+s) 



From (8.185) and (8.190) we have: 



{Li,o)it,u) = iA{t,u))-'/\oit,u) = {- ^)e-*(*'-)To(t,«) 

1 — u + t 



(8.195) 



(8.196) 



(8.197) 



(8.198) 



(8.199) 



In particular, this holds at t = s. On the other hand, according to the definition of Ps{u) in the 
statement of Lemma 8.10, 



(LVo)(s,m) 



+ 



It follows that: 



Ms,u)-^^_^^ (1 + s) 



Substuting (8.200) in (8.196) and the result in (8.199) we get: 

(1 + s) [1 -u + tj 



(8.200) 



(8.201) 



(l-u + t)' 



Setting: 



where 



We obtain: 



'""^ Po{t',u)dt' (8.202) 



B (t U)- 1 (1 - " + ■S) 7V(8.u)-JV(t.«) _ 



+ 



P (u) 

(LVo)(i, u) = -^TT + Rsit, u) 



+ 



Moreover, (8.203) can be written as: 



+ 



N{s,u)-N{t,u) 



{s - t) 
[l-u + t) (1 + s)* 



,N{s,u)-N{t,u 



(8.203) 
(8.204) 

^} (8.205) 
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Since from (8.194), 

g|JV(s,«)-JV(t,«)| < gC5o^ 

|giv(.,„)-iv(t,„) _ i| < e^*''|iV(s,tx) -7V(t,u)| < Cdo^l±ML±lA(l^ 

[1 +tj (1 + sj 

it follows that: 

Since by E2, we also have: 

\PAu)\ < C6o (8.206) 
it follows from (8.202), in view of (8.198), that: 



[1 + log(l + t)] {s - t) 
(l + s) 



and the lemma is proved. □ 

We now introduce the additional bootstrap assumptions: 

There is a positive constant C independent of s such that in W^^, 

ELT3:|LTV'^|<C<5o(l + i)"' 
ELL3:|LLV^|<C<5o(l + i)"^ 

Proposition 8.5 Let the assumptions of Lemma 8.10 hold. Let the additional bootstrap assumptions 
Elt3, Ell3, hold as well. Denoting: 



we then have, for all t £ [0, s]: 



and 

Proof. We begin with the equation for (see (3.92)). We have: 



Setting: 



where £ is the constant: 



we have: 



m=Y^iTh) (8.208) 



Too = ^liTipo), TOi = m - mo (8.209) 

. = f(0) (8.210) 

""^ = I^IK ' ^^^^^^ + ^^I^^''^ ~ ^^-^^^^ 
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From El: 

\h\<C6o(l + t)-^ (8.212) 

which implies: 

\^-i\<CSo{l + t)-^ (8.213) 

Moreover, since 

i 

E implies: 

|mi| < C5o(l + i)"^ (8.214) 

Also using Elt3 we deduce: 

\Lmi\<CSo{l + t)-^ (8.215) 

Now we set: 

mo,i = J^(i^o) (8.216) 

Then, since L = 2T + a~^iJ,L, we have: 

mo,i = mo + ^£a-'^n{Lil)o) (8.217) 



Thus, setting also: 
we get: 



ei = e — ^£a "^{Ltpo), m — mx+ fiei (8.218) 



i/i = mo,i + ni (8.219) 

From (8.214), A and E, we have: 

|ei| <C5o(l+i)-', |ni| <C5o(l + t)-2[l + log(l+i)] (8.220) 

Moreover, by Ell3, 

\Lei\<CSo{l + t)-^ (8.221) 
which, together with (8.215) and the fact that: 

\Lii\<C5o{l + t)-'^ (8.222) 

yields: 

\Lni\ < C6o{l + t)-^[l + log(l + 1)] (8.223) 
By virtue of Lemma 8.10 we have: 

1 P (u) 1 

mo,i {t, u) = 4^ + l^Rs {t, u) (8.224) 
We define the function Es{u) on 5^, depending on the parameters u and s: 

E,{u) = ^iPs{u) + (1 + s)m{s,u) (8.225) 

Then by the second of (8.220), 

\E,{u)-'^eP,{u)\<C5o{l + s)-^[l+\og{l + s)] (8.226) 
141 



From (8.219), (8.224) and the fact that Rs{s,u) = 0, we have: 



{l + s){^)is,u) = E,{u) (8.227) 



Moreover we have: 



(i^*'")=(iTi+^^-(*'") 

<3i,s(i,w) = \iRs^t,u) - ni(s, w)|^^ - (ni(s,u) - ni(i,u)) (8.228) 

From Lemma 8.10, the first term on the right of above satisfies the required bound. From (8.220) and 
the fact that /(t) = (1 + t)~^[l + log(l + t)\ is decreasing in i, the second term on the right of above 
also satisfies the required bound. For the last term, we have, by (8.223), 

|ni(s, u) - ni{t, u)\< ""^l^*' - '^'^0 /'(^ + + + t')]dt' (8.229) 

and 

j (l+O'^Il+Ml + i')]'^*' (8-230) 

^ 3 ^ , lr l0g(l+^) _ l0g(l + g) i 

4^(l + t)2 (l + s)2J 2^ (1 + i)' (l + s)2 ^ 
^ 3 [1 + log(l + t)] {s - t) 

-4 [i + ty (i + s) 

We conclude that indeed 



Q.At,u)\ < CJo^^^f^^^)^ (8.231) 



[l +log(l + 0] {s^t) 
{l+tf {l + s) 

and the proposition is proved. □ 
From Proposition 8.5, we have: 



li{t,u) = ii{<d,u) + Es{u)\og{l + t)+ I Qi,s{t',u)dt' (8.232) 

Jo 

Recall that fj, = r]K. Assumption El restricted to Sq° implies: 

\r]{0,u)-l\<C6o (8.233) 

In view of the fact that 

K=l : on So (8.234) 

we obtain: 

|^(0,w) - 1| < C(5o (8.235) 
According the bound for <5i,s(i,M) in Proposition 8.5, 

\Qi,s{t,u)\<C6o{l + t)-^[l + log{l + t)] (8.236) 

Let us define on S'^ the function: ^ 

Mi,4w)= / Qi,s{t,u)dt (8.237) 
Jo 

Substuting (8.236) we obtain: 

|Mi,«(w)| < C5o (8.238) 
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We then define on S"^ the function: 

= m(0, u) + (8.239) 

From (8.235) and (8.238) we have: 

|M[i],.(w) - 1| < C,5o (8.240) 

Taking suitably small, this implies: 

inf infu[iiJM)>i (8.241) 

In view of (8.237) and (8.239), (8.232) can be written as 

H{t, u) = M[i],«(w) + Es{u) log(l + t) + Qo,s(i, u) (8.242) 

where ^ 

Qo,s{t^u) = - Qi,,{t',u)dt' (8.243) 

We have: 

\QoAt,u)\< [ \QiAt',u)\dt' <C6o [ {l + t')-^[l + log{l + t')]dt' (8.244) 

(1+t) (l + s) ('-''^^ 

(see (8.193)) 

Finally, setting 

Mt,u)^J^^, 4(n) = ^ (8.246) 

M'lium M[i],s(") 

We collect the above results in the following proposition: 

Proposition 8.6 Let the assumptions of Proposition 8.5 hold. Then, there is a function s(w, i?) 
on S'^ depending on the parameters u and s, satisfying: 

I M[i], «(«,■!?) - 1| < C5o, inf inf s(u,'i?) > ^ 

ue[o,eo] i?eS2 2 



such that setting: 



we have: 



IJ,s{t,u,'d) - 



M[i],s(w,i?) 



where: 



A.(t, u, 1?) = 1 + E,{u, ^?) log(l + i) + Qo,«(t, u, 1?) 

^(t,«,^) = ^J^+OM(i,«,t?) 



Qo,s(t, u,^) = - Qi,s(i', w, t?)rft' 
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and the functions Qo,s, Qi,s satisfiy the bounds: 

[l+log(l + t)] (s-t) 



|Qo,«(i,w,i?)| < CSo 
\Qi,s{t^u,^)\ < CSo 



(l + t) (l + s) 
[l+log(l + i)] {s-t) 



(1 + i)2 (1 + s) 

Let us define: 

i"m(t) = minu = niin ii(t,u,'&) (8.247) 

E'O («,i?)e[0,eo]xS2^ 

We set: 

jlm{t)=mm{fim{t),l} (8.248) 

Let us also define: 

Mit)^m^x{-fi-\Ln)_}= max {-^^-\^)_{t,u,d)} (8.249) 

The following lemma plays a crucial role in the sequel. 

Lemma 8.11 Let the assumptions of Proposition 8.6 hold on W^^. Then for any constant a > 4, 
there is a positive constant C independent of s and a such that for all t S [0, s] we have: 



Ia{t) := f J,;^%t')M{t')dt' < Ca-'ji;,\t) 
Jo 



provided Sq is suitably small depending on a. 
Proof. We can express M{t) as: 



Let us denote: 



(u,i?)e[0,eo]xS2 /is OT 



Esm= min Esiu,!)) (8.251) 



Case 1) > 0. In this case, 

Es{u,^)>0: V(u, ^) € [0, eo] x (8.252) 
From Proposition 8.6 we then have: 

hence: 

- {^)_{t,u,^) < -{QMt,u,^) < C5o^l+ML+M (8.253) 

Also: 

fisit,u,d)>l + Qo,s {t,u,^)>l- Cdo (8.254) 
Now (8.253) and (8.254) together imply: 

Mit) < CSo^-^^^^ (8.255) 

provided So is suitably small. 



144 



On the other hand, we have: 

H{t, u, 1?) = i})Mt, u, 1)) 

From Proposition 8.6, 

<C(5o (8.256) 

The lower bound of (8.254) then implies: 

fxm{t) >l-CSo (8.257) 

hence also: 

P-rnit) > 1 - C5o (8.258) 
Substituting (8.255) and (8.258) into Ia{t) we obtain: 

Ia{t)< fil-CSoy^CSo^-^^^^^^j^dt' <C'So (8.259) 
Jo (.J- + 1 j 

provided that: 

60a < ^ (8.260) 

This is because: 

(1 - CSo)~" < (1 - a-^)-" — >e, as a — 00 
On the other hand, we have, in any case, by definition, 

flm{t) < 1 ^ M-«(t) > 1 

Therefore, the lemma holds in Case 1). 

Case 2) Es^m < 0. Let us set in this case: 

Es,m = -Si, Si>0 (8.261) 

From the definition of Es(u) and (8.222) wc have: 

5i < C60 (8.262) 

In the following we denote: 

6a.)-Il±Mi±Mli^ [i + iog(i + t)] 



We also denote: 



fis.mit) = min fis{t,u,d) (8.264) 

(u,i?)e[0,eo]xS2 



From Proposition 8.6 we have, in the present case, 

[is{t,u,'d) > l-Silog{l+t)-C6ob{t,s) (8.265) 
for all (u, I?) e [0,eo] x S^, hence: 

As,m(t) > 1 - ^1 log(l + t)- CSob{t, s) (8.266) 

On the other hand, if 

Esi^mi'^m) — -^5,m 
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then 

= 1 - 5il0g{l+t) +(3o,s(i,Wm,'i?m) 

hence: 

A.,m W <i-Si log(l + t) + CSob{t, s) (8.267) 
Moreover, from Proposition 8.6 we have: 



hence: 



(8.268) 



Consider now the integral Ia{t)- Let us set: 

= - 1 (8.269) 

We have two subcases to consider: 

Subcase 2a) t <ti. Since t' < t, where t' is the variable of the integration in the integral Ia{t), in 
this subcase we have: 

1-^1 log(l +t')>l--^ (8.270) 

hence, by (8.266): 

A.,m(i')>l-- (8.271) 
a 

provided that: 

Soa < ^ (8.272) 
where we have used the fact that b{t, s) < 1. In view of (8.256), (8.271) implies 

hence also: 

fim{t') > 1 - ^ (8.273) 

Now by (8.268) and (8.271) we have: 

Mit') < (1 - + Cdocit')} (8.274) 
Using (8.273) and (8.274) we obtain: 

m < (1 - ^)-^(i - ^)""/*{(rT?) (^-^^^^ 

/ (IT?) " + *) ^ ^1 iog(i + = ^ (^-276) 
/■* 1 

/ C6oc{t')dt' < C'5o < — (8.277) 
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Here, 



while. 



provided 5o is suitably small. In view of the fact that the coefficient in (8.275): 

(1- -)-" — >e'^,as a — oo 
a a 

it follows that for t < ti. 

Ia{t) < ^ 

Since j2m{t) < 1, the lemma holds in subcase 2a). 
Subcase 2b) t > ti. We write: 

Ia{t) = laih) + [ ll^^{t')M{t')dt' 
Jti 

By (8.278) with t replaced by h, 



Ia{t)<-+ f n;n%t')M{t')dt' 



Consider now the upper bound (8.267) evaluated aX t = s. Since 6(s, s) = 0, we 

(s) < 1 - <5i log(l + s) 
On the other hand, /U > in W/^. It follows that: 

1 

s < t*, where = e^i — 1 

Let us introduce the variable: 

r' = log(l + i') 

and correspondingly write: 

r = log(l + t), (7 = log(l + s) 

and: 



Then in (8.280) we have: 
Also, we express: 

Since, 

it follows that 



n = log(l +ii) = -r^, r* =log(l + <*) = 



Ti < r' < T < cr < T* 
0<^^l^ = l-e-(-)<a. 



Q<h{t,s)< ^i^^(a-r) 



Substuting (8.288) in (8.266) with t replaced by t' we obtain: 

> 1 - Sit' - CSa^l±p.{„ - r') 
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We have: 

i^<^l±Ill = il + -l-)e-^ (8.290) 
Hence, under the smallness condition 

2a 

on (5q: 

?^^<^(l + ^)e-^ (8.291) 

In view of the fact that 

hm -(1 + -)e"~ = 
there is a positive constant K{a), depending on a, such that: 

_ l + _ e-x < - :Vx< — - 
XX a J^W 

Here we set: 

X = 2adi < 2aC6o 

So the smallness condition: 



on Sq implies: 

It then follows from (8.291) that: 



do < \, , (8.292) 
- 2CaK{a) ^ ' 



2ab\ 2a5i a 



^ CTo (l+rO ^^ 1 
(5i e'^' ~ a 



(8.294) 



In reference to (8.289), taking into account the fact that: 

1 - > 1 - (5ir* = (8.295) 

we obtain: 

l-5ia + 5i{l-^^i^}(c7-T') (8.296) 

oi 

> l-(5ia + (l- ^)(5i(tT-r') 
> (1 _ _ 5,^) + (1 _ 1)^,(^ _ /) = (1 _ _ ^,/) 

Prom (8.289) we then conclude that: 

ilsit',u,^) > {is,m{t') > (1 - ^)(1 - <5ir') (8.297) 
:V(u,^?) e [0,eo] x S'^Vt' >ti 
We now consider the bound (8.268). Since 

(l + i')c(i') = il±ll (8.298) 
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the bound (8.268) with t replaced by t' reads: 



If (8.292) holds, this implies: 

:V(u,i?)e [0,eo] x 5^V^' > 
The bounds (8.297) and (8.300) together yield: 

By (8.256), taking C6o < a"\ and (8.297), 

Mm(i') > (1 - ^)(1 - S,t') 

hence also: 

flmit') > (1 - ^)(1 - Sit') 
We now consider the integral in (8.280). In terms of the variable r' we have: 



jl-%t')M{t')dt' = / Ai™"(t')(l + t')M{t')dT' 



thus (8.301) and (8.303) yields: 

1_ 1 (1_ 2)a 



* l,;^\t')M{t')dt' < I (1 - S^rT^'-'Sidr' 



Since: 



Hi - S^ry-H^dr' = -[(1 - 5it)-« - (1 - (5iri)-«] < -(1 - 6^t) 



while the coefficient: 

1 + i 1 



1_ 1 (1_ 2)a 

we conclude that: 



— >■ e^, as a ^ 00 



' fl-,%t')M{t')dt' <-{l-5,T)- 
ti 



a 

On the other hand, by (8.267) and (8.288), 



= l-J,a + Ml + ^^}(--r) 



Now by (8.291) with r' replaced by r and (8.293), 



CTo (1 + t) ^ 1 
^1 e"^ ~ a 
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provided (8.292) holds. Hence 

1 -^ ■ ^ ^ , 

^1 a 

Then, 



l + ^ii±l)<l + i (8.308) 



l-^iC7 + ^i{l + ^^i^}(a-r) (8.309) 

< l-^ic7+(l + i)(5i(CT-r) 
< (1 + 1)(1 - ^ia) + (1 + ^)^1 (a -r) 
= (l + i)(l-M 

h.m{t)< {I + -){!- Sit) (8.310) 
a 

which together with (8.256) and a smahness condition on 5q of the form (8.260) yields: 

t^mit) < (1 + -)(1 - hr) (8.311) 



Thus we obtain: 



a 



hence also: 



Therefore: 



Jim{t) < (1 + -)(1 - (5it) (8.312) 



a 



1 

(1 



> 7^^(l - -^i^)"" (8-313) 



Since 



we conclude that: 



C 

Comparing with (8.305), then yields: 



2 

(1 + -)" -j> e^, as a -J> 00 



n-J{t)>U^-5,T)-'^ (8.314) 



/* /x-"(i')M(t')rfi' < -m;;" (i) (8.315) 

In view of above, (8.280) and the fact that fim{t) < 1) the lemma follows as well in subcase 2b). 
The proof of the lemma is now complete. □ 

Corollary 1 Under the assumptions of Lemma 8.11, there is a positive constant C independent of 
s such that the following holds. If at some (u, i?) e [0, eo] x we have Es{u, "&) < 0, then we have: 

ils{t',u,-&) ~ 

for all f e [0, t] and all t G [0, s]. 

Proof. Suppose at (u,t?), we have 

E,{u,^) = -6i,Si >0, 

From (8.266) and (8.267), 

1 - (5i log(l + 1) - C6ob{t,s) < ils{t,u,^) < 1 - 6ilog{l + 1) + C6ob{t,s) (8.316) 
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Fixing a = 4, and setting, in accordance with (8.269), 

= e^TT - 1 (8.317) 
we have to consider the two subcases according as to whether t < ti or t > ti. Ut <ti, from (8.271), 

Mt',u,^)>^ (8.318) 

while by the upper bound in (8.316), 

ri Jt 11. w") < ^ 

So the corollary holds when t < ti. 
If t > ti, from (8.310) we have: 



A.(t,w,i?)<7 (8.319) 



fis{t,u,i})<^{l-6iT) (8.320) 

If then t' <ti, the corollary holds by (8.318). While if t' > ti, from (8.297) we have: 

Mt',u,^)>'^{l-diT') (8.321) 

Since (1 — Sit) < (1 — Sit'), the corollary follows. □ 

Corollary 2 Under the assumptions of Lemma 8.11, there is a positive constant C independent of 
s and a such that: 

holds for all t' G [0, t] and all t € [0, s]. 

Proof. Case 1) Es^^n > 0. In this case, from (8.258): 



On the other hand, by definition. 



It follows that: 



So the corollary holds provided that 



fimit') >l-CSo (8.322) 
Mm(i) < 1 



C6q<- 
a 

Case 2) Eg^m < 0. In this case wc define Si as in (8.261) and ti as in (8.269) and we consider the 
subcases 2a) t' < ti and 2b) t' > ti separately. 
In subcase 2a), (8.273) holds, thus we have: 

^^y? < (1 - -)~° (8-324) 

which is bounded by a constant independent of a (for a > 4). 
In subcase 2b), (8.303) as well as (8.312) hold, hence: 
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(for,T' < r) which is bounded by a constant independent of a (for o > 4), as required. □ 
Corollary 3 The assumptions of Lemma 8.11 imply the assumption AS. 

Proof. Wc consider a given (u, §) G [0, eo] x S'^ as in the proof of Corollary 1. Again, we have the 

two cases Es{u,'d) > and Es{u,'d) < to consider. 
In the first case, recalling (8.254), we have: 

Mt,u,^) >l-CSo 

On the other hand, from Proposition 8.6 we have: 

where we have used (8.206), (8.226) and (8.231). Therefore: 

-2/z-i|^ = -2A;^^>-CTo(i + r^ 

On the other hand, F2 implies 

tvx>C-\l + t)-' 

So AS follows in Case 1) if So is suitably small. 

In the second case wc set as in the proof of Corollary 1, Es{u, i?) = —Si, Si > 0, a = 4 and define ti 
as (8.317). Then we have to consider the subcases t < ti and t > ti. 
In the first subcase we have (sec (8.318)) 

3 

fls{t,U,'&) > - 



from Proposition 8.6 

^"'{t,u,d) < Qi,s{t,u,^) < C<5o(l + t)-^[l + log(l + i)] 



dt 

Therefore: 



-2n-'^ = -2A7^^ > -CSo{l + t)-'[l + log{l + t)] 



So AS follows in subcase 2a) if Sq is suitably small. 
In the second subcase we have from Proposition 8.6, 

{l + t)^{t,u,'d) = -5i + {l + t)Qi,s{t,u,^) 

- 5i 4 

if So is suitably small, according to (8.292) with a = 4. It follows that in subcase 2b) 

So AS again holds. □ 
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8.3 The Actual Estimates for the Solutions of the Propagation 
Equations 

We now return to (8.175). We would like to obtain an estimate for the L"^ norm of ^"^^'""^'^ Fi{t) on 
[0,eo] X S^. In general, if is a function defined on W*^^ and we consider (j){t,u), the corresponding 
function on S'^ depending on t and u, then the norm of </> on E^" is 



L^i:l°) = 1/ / , 4>'^dti0du (8.326) 



\ J[0,eo]xS^ 

While the norm of (j){t, .) on [0, eo] x S'^ is: 



U{t)\\L^[0,eo]xS^) ^ J i(j){t,u))^d^iM,o)du (8.327) 

V J[0,eo]xS^ 

^(0,0) being the standard metric on S'^. We have: 

Jdct^{t,u) J dot .^(0, u) 

dfJ-Mt^u) = I --d^imfi) = Mt'U)—= diiMfi) (8.328) 

^det^(0,0) ^det^(0,0) 

Now, by the definition of 9, we have. 



1 d I 

Ktr6' = — Wdet (8.329) 



on Sq", because vanishes there. Using F2, 10, (6.93) and the relation 
we have: 



|Ktr6» + ^—1 < C5o (8.330) 
1 — u 



on T.l\ 

Integrating (8.330) we get: 

^/det rf(0, w) 

e-c^o (l-uf < ^ < e^^° (1 - uf (8.331) 

^det^(0,0) 

Combining with (8.173), we obtain from (8.328): 

e-^*° (1 - u + t)'dM^(o,o) < dn^^t,u) < e^*° {I - u + i)'dM^(o,o) (8.332) 
In view of (8.326) and (8.327) it follows that: 

C-\l+t)m)\\L^aO,eo]xS^) < II<^IIl=(e:o) < C{l+t)m)\\L^[0,eo]xS^) (8-333) 

Moreover, if is an S't „ 1-form defined on W* and we consider ^(t, u), the corresponding 1-form on 
S"^ depending on t and u, then setting (p — |^|, 4>{t,u) = |^(f, u)|, we have: 

ll?i'lll,2(E^0) = ||C||i,2(s;o), ||0(t)||L2([o,,o]xS2) = |||^(t)|||L2([o,eo]xS=) (8.334) 
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hence, by (8.333), 

C-\l+t)\\m\\\L^[o,eo]xS^) < mmi:lo) < Cil + mm\\\LH[o,eo]xS^) (8.335) 

We now consider the terms ('^■■■'')M°(i, u), '•''-''■'^ M^it, u), '^''-''^ M^it, u) on the right hand side of 
(8.175), given by (8.176), (8.177) and (8.178) respectively. 
First, by A3, (8.335), and (8.235), 

||(^-'')M0(i,«)|U.([0,eo]x5=) < C[l + log(l + t)]2||(^--0a;;(0)||^.(^eo) (8.336) 

We turn to ^'^■■■'''> Ml{t,u). We partition [0,eo] x 5*2, into 

Vs- = {{u, d) e [0, eo] X S"^ : Es{u, ^) < 0} (8.337) 

and 

V,+ = {(«, d) e [0, eo] X 52 : E,{u, d) > 0} (8.338) 

We then have: 

ll^"-"^^/Wlli^([o,.o]xS^) = ll^"-"^M/(i)||i.(^^_) + ||(^-*')Mi(t)||i.(^^^) (8.339) 
By Minkowski's inequality, we have: 

ll^"-''^^;'Wlli=(v._) < r f Nl{t,t')h.^y^_)dt' (8.340) 

where: 







^''■■■''^Nl{t,t',u)^{^^^)^l~u + tr[-2^^-\'^^^^ (8.341) 



We have: 



^'^■■■''^iVi(t,OI|L2(v,_) < (l + 0'[max(^)]2ma^^^^ 



(8.342) 



Now, by Corollary 1 to Lemma 8.11 we have: 



while by (8.249), 
Substituting in (8.342), 



max(i;|)<C (8.343) 



rnax[-2M-i(|^)-(i')] < 2M(t') (8.344) 



||("---^')A^/(f,tOllL=(v.-) <C(l+0'M(t')|||/'"--''VKi')IIU^([o,.c]xi.^) (8.345) 

We define: 

(-■-')PKi) = (l + t)'ll|/"-''VKi')IIU^([o,.o]xS=) (8.346) 
Suppose that, for non-negative quantities ('i---")p^(°)^ {ti---ti)pW ^ have: 
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Defining then the non-decreasing non-negative quantities (*^ - *')p^(°)^ (»i - »i)p^(i)^ 

^''■■■"^HS = {ftM^''-''^P['\t')} (8.348) 
t'e[o,t] 

(ii.-.iOpW^ sup + (8-349) 
t'e[o,t] 

Then for t' e [0, we have: 

^'-'^^Pdt') < r^^{t'){^''-''^Pl^{t) + (1 + tr"'^'^-''^Pl^{t)} (8.350) 
Substituting in (8.345) we obtain: 

t^---'^^Nl{t,t')\U.^y^_^<C{{l + t^^^^^^^^ (8.351) 
for all t' e [0,t]. Substituting this in (8.340) we obtain: 

t^---'^^Ml{t)U.^y^_^<C{{l + tf^^^^^^^ (8.352) 
We then apply Lemma 8.11 to conclude that: 

||(^-^')Mi(t)|U.(v._) < Ca-i{(l +t)('-"'p/;:)(f) + {l+tf'^'-''-''^PS{t)}n-;.\t) (8.353) 
In analogy with (8.340) and (8.342), with Vs+ in the role of Vs_, we have: 

ll'"-''^Mi(i)||i.(V3+) < f ||(--^')7V;^(i,t')IU=(V3+)di' (8.354) 
Jo 

and: 

||(*^---^')A^/(t,OIU^(V.+) < (l + tO'[ma^(^)]'mfxh^ 

(8.355) 

Prom (8.255) we have: 

max[-2M-^(^)-(0] < C5o{l + t')-^[l + \og{l + t')\ (8.356) 
and from (8.254) we have: 

max(^) < C[l + log(l + t)] (8.357) 
Substituting (8.356) and (8.357) as well as (8.346) in (8.354) and (8.355) we obtain: 

||(^^-'')M,i(t)|U.(v.+) < CTo[l + log(l + ^)]^^* ^^+^^°^^^^+^'^^ (^^-^')PK^Orf^^ (8.358) 
hence, by (8.350), 

t^---'^^Ml{t)U.^~,^^)<C6,[l + \og{l+t)f{^^^^^^^^ (8.359) 

Jo 

To estimate the integral in (8.359), we follow the proof of Corollary 2 to Lemma 8.11. We have two 
cases Es^rn > and Eg^m < to consider. In the first case (8.322) holds, hence if 

Soa < ^ 
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we have: 

flmit')-" < (1 - < C (8.360) 

and then 

/ Ii±ii!|i±^ll/i-(t')dt' < C[l + log(l + t)r (8.361) 

In the second case we define as before, (5i > by Es,m = —Si, and ti according to (8.269). Then for 
t' < ti (8.273) holds, so an estimate of the form (8.361) holds for all t <ti. 

If t' > ti, then (8.303) holds, under the smallness condition (8.292) on Sq. Thus we have: 

/* Il±Mi+^A;;»(t')rf*' < C j\l + r')(l - SWr^dr' < (8.362) 
CH + r) j\l - SirT^dr' < C(l + .) • 

= 2C(l-i)-Vi(l + r)(l-^iT)i-« 

The last equality comes from the first of (8.285). By the upper bound (8.312) we conclude that the 
last is bounded by a constant multiple of 

[l + log(l + t)]2/iJ„-°(i) 

We conclude that in general, 

/ il±Mi±^)l^-a(f')rft' < c[l + log(l + t)]^M^-"(i) (8.363) 

which, substituted in (8.359), yields: 

||(---')M/(t)|U.(v,^) < C6o[l + log(l + i)]n^"'"'^^ff (t) + ^"■"'^^£\i)}M^-''(i) (8.364) 
Combining (8.364) and (8.353), and taking account into the fact that CS^ < ^, we obtain: 

\\^'^---''^Ml{t)U.^[o,eo]><s^)<Ca-\{l + t^^^^^^^^ (8.365) 
We turn to ^''-''^ Ml{t,u). We have: 

ll^"""'^^'Wlli=([o,eo]x5=) = ll^"-^'^^'(i)lli=(v._) + (t)lli.(^^^) (8.366) 



and also: 



{{^''■■■"^MmiL^v,-) < f \\^'^-''^Nf{t,t')U^^y^_^dt' (8.367) 
Jo 

||(^^-''^Mf(<)|U2(v.^) < f f^-'^^Nf{t,t')U.(^^^)dt' (8.368) 



where 



We have: 



IJ.{t',u) 2 



(8.369) 



•^')Arf(t,0lU=(V3-)<(l + 0'[max(-^)]2ma^^^ (8.370) 
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Now, by F2, 

max (itrx(t')) < C(l + t')-' (8-371) 

[0,eo]xS2 2 

This together with (8.343) imply: 

||(^^--"'^iV,'(t,i')IU=(v._)<C'(l + t')'lll/"---''VKt')IIU=([o,eo]xS=) (8.372) 
Then from (8.346), (8.350) and Corollary 2 of Lemma 8.11 we have: 

||('i-'')Aff(i,t')l|L^(v._) < C^''-"^Piit') (8.373) 

< C{(--^')pS)(t) + (1 + O-^/^^"-"^P£^(0}Ai™"(i') 

< c'{(--')p/°)(t) + (1 + (i)}M;;"(i) 

Substituting (8.373) in (8.367) we get: 

||(--^')Mf(0IU=(V3_) < C{il+tf'-"^P[;^{t) + (1 +i)^/'^"-''^Pff (t)}M-«(t) (8.374) 
In analogy with (8.370) we have: 

||(----'')Arf(t,0IU^(V3+)<(l + 0'[max(-^)]2ma^^^ (8.375) 



To estimate 



, nit) fisit,u,-d) 

max( , ,, ) = max „ , , — ) 

Va+ Xi') (u,,?)ev.+ >s(t', «,■!?) 

we appeal to Proposition 8.6 to obtain: 

max(4^)< max ( 1 + ^^o + 4(n, ^) logd + ^) 
v.+ >(t')' (»,'?)eVa+'l-CTo + i^«(w,^?)log(l + i') 

We have two cases to distinguish according as to whether t' < y/i or t' > \ft. In the second case we 
have l + i'>l + \/t> vT+l, hence: 

4(«, ^) log(l + i') > \Es{u, ^) log(l + t) : V(u, ^) e V,+ 



Then from (8.376) we obtain: 



max(-4^) <2:t' > Vi (8.377) 



provided that 

C5o<l 

On the other hand, in the first case, wo have, trivially: 

max(4Sr) < C[l + log(l + t)]:t' <Vi (8.378) 

Vs+ fj,(t ) 

In view of (8.371) and the definition (8.346) we obtain: 

||(^-^')iV2(t,t')||L=(v.+) < C[l +log(l + t)]2(^--')P;(t') :t'<Vi (8.379) 
||('-*')iV2(t,t')||L^(v.+) < C^'^-''^Pi{t') ■.t'>Vi 
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Substituting (8.379) in (8.368), yields: 

t^-'^^M^{t)U^^y^^) < f^'f^-^'^N^Mh.^y^^^dt' + f ||(^-*')7Vf(i,i')||L^(v.+)rfi' (8.380) 



< C[l + log(l + t)f / ^''■■■''^Pi{t')dt' + C I ^''■■■''^Pi{t')dt' 

Jo JVi 

Jo 

+c f M-"(t'){^"-"^^/':^i)+(i+o-^/^^"-''^^^ffwK 

< c[i + iog(i + t)]^{(i + i)V2(--^')p/°j(t) + (1 + t)V4(- --)pa)(i)}^-a(t) 

+c{(i+t)(---)p/°j(i) + {i+tr^^'^--'^^pi^{t)}ji-^^{t) 

< C'{{l + tt-'^^Pl^{t) + (1 + i)^/^^"-"'^pff (i)}M-«(t) 

Here we have used (8.350) and Corollary 2 of Lemma 8.11. 
Combining (8.374) and (8.380) we obtain: 

||(--^')M2(i)|U.([o,,„,xs=) < C{{l+tf'-'^^Pl^{t) + {l+ty/^^'^-''^Pl^{t)}fi-^^{t) (8.381) 
Finally, (8.336), (8.365) and (8.381) yield, through (8.175), the following estimate: 

t''-''^Fi{t)\\L^([0M>^s^) < ^(1 + + log(l + t)?\\^''-''^MO)\\mj:'„o^ (8-382) 

+cii + t)-H^''-^^p[^{t) + (1 + t)-'/'^''--'^PtJmii;;:{t) 

We now consider the estimate (8.179) for ^'^-''^Giit, u). By (8.343) and (8.357) we have, in general, 

Hence (8.179) implies: 

(*^-")Gz(f, w) < C(l + i)-3[l + log(l + f)]2 [\l + t'f\^''-''^gi{t', u)\dt' (8.384) 
It follows by Minkowski's inequality that: 

\\^''-''^Gi{t)U^^o,eo]xS^) < C(l+t)-3[l+log(l+i)]' /V+i')'lll^'"-''^5i(i')llk^([o,eo]xS^)^ii' (8-385) 

Jo 

Now the St,u 1-form ^^^'"'^'^gi is given by (8.150). Here we must distinguish the principal acoustical 
terms. In reference to (8.64), we define the function: 

(ii--0^^^(i,....,)/^^_2^.(n--<)^^ (8.386) 

then 4*^ ^ ''^/ does not contain principal acoustical terms. Also, according to the discussion following 
Lemma 8.4, the principal acoustical part of consists of the sum (8.89). Therefore the St ^i 

1-form: 

i-i 

{i^-H)g^ = (i^-i')gi + ^/(„.,_^)^(^-*'-'=-^''-'=+-'')ar;_i (8.387) 

A;=0 
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does not contain principal acoustical terms. We conclude that, writing: 

l-i 

^'^-''^gi = 2nx ■ IP^''-''hi - ^/(H,,_,)^('^-''-''-^''-'=+^-'''ari_i + ('-''^g; (8-388) 

fe=0 

where 

{n-H).^^ ^ in...n)g^ + ^(2^^ . + hi) (8.389) 

does not contain principal acoustical terms. 
Let us define 

Xi{t) = max \\\'-''-''^xi{t)\h^[o,eo]xS^) (8-390) 
ii.. .11 

We shall estimate 1| |''*^" *'^5/(t)||L2([o,eo]xS2) in terms of Xi{t). Consider first the second term on the 
right of (8.388). By (8.98) we have: ' 



i-i 

fe=0 

C(l + i)"HX] \iil■■■il-k-l^^-k+l■■■il3)x^\ + {il■■■il)z^j 
k=0 j 

where 

ii^-ii)zi = (8.392) 

fe=o j 

fe=o ^ 
From (6.184), we have: 

I'^'^'^Zl < C6oil+t)-'[l + log{l+t)] (8.393) 
Substituting this in (8.391), we deduce: 

l-i 

lllE^f«*,-.>z^'""''"'"'''"'^""''^^'-i|ll^^([0'^o]xS^) (8.394) 

k=0 

< ClSoil + t)-2[l + log(l + t)]X,{t) + C{1 + t)-i||(^--')zKt)|U2([o,,„]xs^) 
Consider next the first term on the right in (8.388). By the 2nd of F2 we have: 

\\2fi\x-lP^''-"^Xi\mLH[o,eo]xS-) (8.395) 

< C<5o(l + t)-'[l + l0g(l + t)]||M|0'^"-"'^X(|(i)IU=([O,eo]xS=) 

Using the elliptic estimate (8.149) and the inequality: 

C-'il+t)mt,u)\U2^s^) < ||e|U2(5.,„) <C(l+t)|||e(t,w)||U2(s2) (8.396) 

which holds for any covariant St,u tensorfield ^ of any rank, ^{t,u) being the corresponding tensorfield 
on S^, we obtain: 

y\$^^^-^'hi\{t,u)\\ms-) (8.397) 
+C^o(l + t)-Ml + log(l + i)]|| |'^"-"'^Xi(i, «)l lU^(s^) 



fe=0 

i-i 
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Taking the L"^ norms on [0, eo] then yields: 

||^|^(^-^')xdWIU=([o,.o]xS=) (8.398) 

+C5o{l + t)-^[l + log(l + i)]|||<'-'')xKi)IIU=([o,.o]xS=) 
In view of (8.394), (8.395) and (8.398), we obtain from (8.388): 

< C{1 + l)5o{l + t)-2[l + log(l + t)]Xi{t) + ^''-''^Qiit) 

where: 

('-'')QKt) = C6l{l + t)-'[l + log(l + m\^'^-''^xi{mLH[o,eo].s^) (8.400) 

CSoil + t)-'[l + log(l + t)]|||/'"-^'V;(0IIU^([O,eo]xS^) 

+Cdo{l + i)-'[l + log(l + i)]llMl<'"-''^i;|(i)llL^([o,eo]xs^) 

+C(l + t)-l||(^-'')^;(i)|U=([0,.o]xS^) 
+ \\\^''---''^9imLHlO,eo]><S^) 

Returning to (8.170) and taking L'^ norms on [0, eo] x 5^ we obtain: 

|l|('--')a;Kt)lllL^([0,e„]x5^) < ll<*^-^''i^;(t)llL^([0,.o]xS^) + ll'^"-"'^G;(i)||L^([0,eo]x5=^) (8-401) 

Substituting (8.382), (8.385) and (8.399) then yields: 

\\\^''-"^ximLH[o,eo]xS^) < ^'^-'^^Biit) (8.402) 

+C{1 + 1)Sq{1 + t)-^[l + log(l + 1)]2 / (1 + t')[l + log(l + t')]Xi{if)(Hf 

Jo 

where: 

(^-^')B,(t) = C(l + t)-'[l + log(l + t)]^||(^-^')x,(0)|L.(^.o) (8.403) 

+c(i + t)-{(---^p/;j(0 + (i + t)-^/^^^^---^'^p«(0}M;;"(*) 

+C(l+t)-3[l + log(l + i)]2 / {l+t'f(''-''^Qi{t')dt' 

Jo 

Taking in (8.402) the maximum over recalling the definition (8.390), we obtain the integral 

inequality: 

Xi{t)<Bi{t)+C{l + l)6o{l + t)-'^[l+\og{l + t)f f {l+t')[l+\og{l + t')]Xi{t')dt' (8.404) 
where: 







Setting: 



Bi{t) = max '^''■■■'''Bi{t) (8.405) 



Yi{t) = / (1 + t')[l + log(l + t')]Xi{t')dt' (8.406) 
Jo 

then (8.404) becomes: 

< (1 + i)[l + log(l + t)]Bi{t) + C{1 + l)(5o(l + + log(l + t)fyi{t) (8.407) 
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which imphes: 
where 

Obviously, 
Hence, if 

(8.408) implies: 



yi(t) <e^'(*) f e-^'(-''\l + t')[l+\og{l + t')]Bi{t')dt' 
Jo 

0<Ci{t)<C'{l + l)So 
log 2 



So < 



C'{1 + 1) 



Yi{t) <2 [ (1 + t')[l + log(l + t')]Biit')dt' 
Jo 

Substituting this in (8.402), recalling (8.406), we finally conclude that: 

+2C{1 + l)5o(l + i)"^[l + log(l + t)f / (1 + t')[l + log(l + t')]Bi{t')dt' 

Jo 



(8.408) 

(8.409) 
(8.410) 
(8.411) 

(8.412) 
(8.413) 
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Chapter 9 

Regularization of the Propagation 
Equation for /^ii. 
Estimates for the Top Order 
Spartial Derivatives of /i 



9.1 Regularization of the Propagation Equation 

In this chapter, we shall concentrate on the propagation equation (3.92) in Chapter 3: 



Lii = m + lie 



(9.1) 



where 




(9.2) 



and 



(9.3) 



Since 



p p dp/dh 



f/ dp/dh dp/dh 



therefore (9.3) takes the form: 



e=-^Lh+-f\L^i) 
n dh n 



(9.4) 



Lemma 9.1 The following commutation formula holds: 



[L, + tvxH = -2x-i/) (j)- 2d/vx • M 



and 




Here, (f> is an arbitrary function defined on W* 
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Proof. Let us work in acoustical coordinates (f, ,«? ). We have: 

Since in acoustical coordinates L = we obtain: 

T /La (A-i\ABt d"^ fdcj) .c d dcj) 

c 

+^(^ ) iPa{4b<I>)-{^ ) -gTa^ 



We have: 



and: 



dt 

Here, we used the fact that for a non-degenerate matrix M, we have: 

=-M ^ M ^ 

dt dt 

and the way we use to derive (8.109). 
Hence: 

2d/vx^ - ^'^ trx = 2d/vx 



-l^AB^tAB _ oALr.^C J,C. 



' dt 

Substuting (9.6) and (9.8) to (9.5), we get: 

LU = ^L4, - 2x^''IPa{M - 2(d/vx)^^A'^ 

Writing then: 

^x^^'^AiiBct)) = tvxM + 2x''''iPa{4b<P) 

the first formula follows. The second formula can be proved in a similar way. □ 
Now we apply the second identity by taking (f) = h to obtain: 

^Th = TM + CT 

where: 

CT = KtieM + 2^9 ■ ip^h + 2d/v(K^) • 

Ct is of order 2 and regular as /i 0. The last term is a principal (i.e. order 2) acoustical term. 
We now appeal to the wave equation for h given in Chapter 8: 



u.n„n = —u ——a — 
dh 



where 

a = /ua, h = jjib 
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are regular as — ^ 0. Since for any function cj) we have: 



Then (9.13) reads: 



where: 



liUgCj) = ii/k(l> - LL^ - ^tixL.^ - \t^xL<t> -K-H (9.15) 



li$.h = LLh + ^tvxL.h + ^tixLh + j (9.16) 



j = 2C-4h-n-'^^a-b (9.17) 
ah 

is of order 1 and regular as /U ^ 0. Applying T to (9.16) yields, in view of the fact that 

[L,T]=A (9.18) 

we have: 

T{ij.M) = L{TLh) -A-4Lh+ ^T{trxLh) + ^T{tvxLh) + Tj (9.19) 

On the other hand from (9.11) we have: 

li^Th = T{iiM) ~ {Tfj,)Ah + HCT (9.20) 

Combining, we obtain: 

H^Th = L{TLh) + ^T{tvxLh) + ^T(trxi/i) + f (9.21) 

where: 

f = Tj - A • 4Lh + iiCT - {Tij)/kh (9.22) 

j' is of order 2 and regular as /x — )• 0. The only principal acoustical term in j' is contributed by the 
last term in ct noted as above. 
We have: 

1 dH 

/^m=-—^Th + wo (9.23) 

2 ah 

where 

», = i^4/..<™ + 5(i^M + iprW')r/. (9.24) 

is of order 2 and regular as /i — ^ 0. Then by (9.21): 

Mm = L/^ - ^^(LhXTLh) + ^^{(Lh)Ttvx + [Lh)Ttrx} (9.25) 



where: 



/;4^T» (9.26) 
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here we note that the 3rd term on the right contains principal acoustical terms. In view of the equation 
for trX in Chapter 3, the principal acoustical part of Ttrx is lt^\x. Also, since 

^^rf^^{-X-rn) (9.27) 

the principal acoustical part of Ttrx is —r]~^K4^fi. It follows that the principal acoustical part of the 
3rd term on the right in (9.25) is: 

J^{-»7-'«(i/i) + {LhMfi = l^{Th)^f, = m^ti (9.28) 



We can therefore write: 



where: 



M4^m = L/^ + itrx/o + m/^fi + w'q (9.29) 



l^{Lh){TLh) + l^iTtrx " 4^^^)Lh (9.30) 



^dH ,^ 1 y ^r, ^dH IdH ., 



contains principal acoustical terms only through f . 
Let us turn to e. We have: 



^e=-^^Lh + -f%L^i + wi (9.31) 
T] ah T] 



where: 



= 2^{-^)4h ■ 4Lh + 2[^{-)f'4h ■ ^Li^i + -4f' ■ 4Li^i] (9.32) 
ah T] ah ah rj rj 

ah T] ah-' rj ah rj rj 

is of order 2 and regular as /i — > 0. The only principal acoustical term in W\ is the term 

(9.33) 

V 

contained in the last term on the right in (9.32). 

Applying Lemma 9.1 taking = /i, we then obtain: 

/;Le=-^LM+-f'Li^^, + CL+wi (9.34) 
T] ah r] 

where 

2 (in 2 - 9 

= -:jr(x • + ■ + -^'(x • + • ^V'i) (9.35) 

ri an rj 
contains principal acoustical terms in the terms involving d/vx- Defining: 

= + (9.36) 
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we then have: 



where: 



IJ,^^e = L{f,^f[)+l^w[ (9.37) 



-2{Ln)f{ - ^^{±{^^){Lh)^h + + -Lf%^Pi} (9.38) 

an Tj ah an rj r] 



is of order 2 and regular as /i ^ 0. 

We commute ^ with equation (9.1) and multiply it by /x to obtain: 



- 2 

L(mAm) + (Mtrx - i/i)^M = -2/ix • ^ M (9.39) 
—jjL^fjb ■ (4trx + 2i — 2^6) + /i^m + /U^^e + eji/^^i 

Substituting (9.29) in (9.39), the term m4^/U in (9.29) combines with the last term on the right in 
(9.39) to {L^)^fj,. This is brought to the left hand side of (9.39), making the coefficient of ^fi on the 
left equal to /xtrx — 2L/i. Also, defining 

/' = /o + m'/( (9.40) 

and 

x' = - /' (9.41) 

the term Lf is brought to the left hand side of (9.39). Then left hand side becomes: 

Lx' + {tTX-2fi-\Ltx)){x' + f') (9.42) 
and the resulting right hand side is: 

itrx/^ - 2nx ■ - • (4trx + 2?: - 24e) (9.43) 



Defining then: 



g' = - ^tvxfi - ■ {4trx + 24e) +w'o+ i^w[ (9.44) 



the resulting equation takes the form: 

Lx' + (tvx-2ii-'^{Ln))x' = (9.45) 

-(itrx - 2t,-\Lfi))f' - 2/zx • + g' 

The functions /', g' arc of order 2 and regular as /i — > 0. The function /' docs not contain principal 
acoustical terms. From the above discussion, the principal acoustical part of g' , is, besides the term 
—fjL^IJ' ■ 4trx, contained in the last two terms in (9.43). In fact, the principal acoustical part of w'q is 
contained in the term 

I dH , , 

-,-cr (9.46) 
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contributed by the term \^3' in (9.30). Since 

e = $- r)-\ (9.47) 

taking into account the Codazzi equation 

d^vx = ^4trx + i (9.48) 



this principal acoustical part is 



-^'^ih-itrx (9.49) 

The principal acoustical part of is contained in the term 

IJ,\cL+wi) (9.50) 
Taking into account the Codazzi equation the principal acoustical part of h^cl is: 

— i^dh + f^m-dtTX (9.51) 
r] an 

Finally, the principal acoustical part of fi^wi is contained in 

—0'Li)i (9.52) 
r? 

By the results in Chapter 3, the principal acoustical part of ^^T' is: 

-77" Va;' • 4trx (9.53) 

Now, 

^LV-i = X\Li;i = L'^Xa^i, (9.54) 

hence: 

{4x')Li>i = L^'<^4,^ = + LH'4,i (9.55) 
= 4V't - V'MV'i - r]f^ij;i =^h- vf'0i 



Therefore the principal acoustical part of (9.52) is: 



{ 4h + T'i^Pi} ■ 4trx (9.56) 

v v 

Combining the above results and noting that 

IdH dn , , 

we conclude that the principal acoustical part of g' is: 

^ • (M^trx) (9.58) 

where 

^ = -4,^+ ^f*4^i + ^ (9.59) 
T] 1] dh 
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9.2 Propagation Equations for the Higher Order Spartial 
Derivatives 

We now return to the propagation equation (9.45). To control the higher order spartial derivatives of 
fi, we introduce the function: 

^''■■■''^x'^,i = fiRi, ...Ri.T^/kli - Ri, -Ri.T'^f' (9.60) 

We have: 

^0,0 = ^' (9-61) 

To derive a propagation equation for .r'^j wc shall use the following lemma. 

Lemma 9.2 Let a and (3 be St,u trace-free symmetric 2-covariant tensorfields defined in the space- 
time domain W*^ . Then we have: 

T{a ■ /3) = iUa) • /3 + a • (/t/3) - tr(^V(" ' /?) 

Proof. Since T is tangential to St, we can confine ourselves to Sj. To define /^a and /y/?, we extend 
a and /3 to TS( as: 

a{y, T) = I3{V, T) = : e TEt (9.62) 



Since 
we have: 
Then, 
Here, 



ff-i =f 0f +(^-1)^^Xa«)Xs (9.63) 
a • ^ = (r')^^(r')^''"^B^Ci3 = {g-^rir^f^Oi^bPcd (9.64) 
T{a ■ f3) = -(^)7f«S„6 + {jCTa)abf3'''' + a''\jCTl3)ab (9.65) 



^^^n^b = {CTg)ab, '•^^n^' = {g-'rir'r^^^^ca (9.66) 
Here, 7 is a symmetric 2-covariant tensorfield on given by: 

lab = {9~^y\aacPbd + Pacabd) (9.67) 

We have: 

labT"" = 

SO, we can view 7 as an St,u symmetric 2-covariant tensorfield. Now for any two symmetric trace-free 
2- dimensional matrices A and B we have: 

AB + BA- ti{AB)I = 

In an orthonormal frame relative to ^ the components of a and /3 form A and B. The components of 
7 form AB + BA. It follows that: 

7AS = (a • ^)^^s (9.68) 

Hence, we have: 

(^)7f^^7AB = (^V^^'tab = tr(^)/(a • fi) (9.69) 

Since a and /3 are trace-free, the lemma follows. □ 
Similarly, we have: 
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Lemma 9.3 Let a and /3 be St,u trace-free symmetric 2-covariant tensorfields defined in the space- 
time domain W*^ . Then we have: 

Ri{a ■ (3) = ilji^a) -13 + a- - tr^^' V(c^ " /3) 

To simpUfy the derivation of the propagation equation for x'^ we introduce the functions: 

^''■■■''^f'^^, = R,,...R,,T^f' (9.70) 

= (9-71) 

and 

^'""^Km,i=K-K^^Trk (9-72) 

Proposition 9.1 For each non-negative integer m the function a;^ g satisfies the propagation 
equation: 

where g'^ Q is given by: 

m— 1 m— 1 



9'm,0 = T^9' + E + E T'y'm-k,0 



k=0 fe=0 

Here, for each j = 1, m, y'j Q is the function: 

y'jfi = -iTf^)a'^-uo + (TLfi - ^iTtvx - A^i)TJ-%f, 

where 

Proof. The proposition reduces for m = to the propagation equation (9.45). By induction on 
rn, assuming that the propagation equation holds with m replaced by m — 1: 

+ (trx - 2M"'(M)a^m-i,o = "(^t^x - 2n-\Ln))f^_^^o - 2mx • ^2,m-i,o + 9m-i,o (9-73) 

for some Q) we shall show that a propagation equation of the form given by the proposition holds 
for m, where g'^ Q is related to g'm-1,0 by a certain recursion relation. Rewrite the term 

2h-\Lh){x'^_-^^o + /;,_i,o) 

in (9.73) as: 

2(L/z)T™-^4^^ 
(see (9.60) and (9.70)) obtaining the equation: 

+ trxx'^.i,o = 2{Ln)T"'-'^fi - hrxfL-ifi " 2mX ' ^ m-i + 9L-i,o (9-74) 
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We apply T to this equation. Since: 

TT'^-^lj, = T'^/kn 

'^fm-lfi — fm,0 

and by Lemma 9.2: 

(see definition (9.72)), we obtain: 

TLx'^_,^o + tTxTx'^-1,0 + {TtTX>'m-i,o (9-76) 
= 2{Lij,)T"'^ij, + 2(Ti/i)T™-i^/i 

-^trx/l,o-^(?^trx)./;„_i,o 

Using the fact: 

[L,T] = A=-(^-i)^^(CB + r?B)XA (9.77) 

we express: 

TLx'^-i,^ = LTx'^_^^o - (9.78) 
From the definition (9.60) with I = and m replaced by m — 1: 

we get: 

= x'mfi + {Tfx)T"^-'^ti (9.79) 

Applying L to (9.79) and expressing: 

LTfj, = TLn + An 

yields: 

LTx'^_,^o = Lx'^fi + {Tn)LT^-'^ii + {TLfi + Afi)T'^-'/^n (9.80) 

Substituting (9.80) to (9.78) and the rcsuh in (9.76), substituting also (9.79) on the left, we obtain a 
propagation equation of the required form with: 

9'mfi = Tg'm-1,0 + ^X'^-Ifi + y'mfi (9-81) 

Applying then Proposition 8.2, the proposition follows. □ 

Proposition 9.2 For each pair of non-negative integers (m, Z) and each multi-index the 
function (*i - *'^a;^ ^ satisfies the propagation equation: 

+ (trx - 2n-\Ln))('^-''h'^^, = -(^trx - 2^^-\Lu,)f'■■■''^ f^^, 
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where 



n' ,— R R n' R R (^n-it) 7(»i---»!-fe-i)T' 

ym,l — ■^H■■■-^^lym,0 ^ 2^^'" '^^-1'+^ •'^ 



m.l—k—1 



k=0 



l-l 



^ / , ^^H ■■■'-^ii-k+1 ym,l-k 



fc=0 



where g'^ q is given by Proposition 9.1, and for each j = 



'7n,j — l 



where: 



'2,m,j-l 

Proof. The proposition reduces for I = to Proposition 9.1. By induction on I, assuming the 
proposition holds with I replaced by Z — 1: 

L^'^-''^x'^,,_, + (trx - 2/x-i(L/x))(^— = -(^trx - 2/x-i(L^))<^^ -^'-^7™,-i (9-82) 

for some ^ve shall show that a propagation equation of the form given by the proposition 

holds for I, where '" ■ "^5^ ; is related to ("•••»!-i)gr^ by a certain recursion relation. Rewrite the 
term 



2m-^(lm)((---)^;.,-i + ^"-"-^V;.,-i) 



in (9.82) as: 

to obtain the equation: 



2{Lfj)Ri^_^...Ri,T'^Ikli 



(9.83) 



-2mX 



\m,l-l ^ fm,;-! 



We now apply R^ to this equation. Since 



"■il Jm,l-1 ~ Jm 



and by Lemma 9.3 



"2,171,1-1' 



...,-tr^"''V(x-^^^-^'-^V,.,-.) (9-84) 
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we obtain: 

i?i,L(^-*'-)x;,,;_i +trxi?./'-''-)x:„,,_i + (i?„trx)('-^'-)x:„,_i (9.85) 
= 2{L^l)R,,...R,,T'^/^^^l + 2{R,,L^l)R,,_,...R,,T■^/^^^l 

9m,l-l 

By Lemma 8.2 we have: 

[L,Ri^] = ^'^H)z (9.86) 

hence: 

From the definition of ^'^ ■ ''-i^x^ we obtain: 

Ri^''-''-'^x'm,i-i = ^''■■■''^x'm,i + {Rnli){Ri,_,...Ri,T^/ktJ^) (9.88) 
Applying L to (9.88) and expressing: 

LRi,iJL = R.^Ln+'^^'i^Z 

yields: 

= + {R,,^l)L{R,,_,...R,,T"%^l) (9.89) 
+(i?,,LAi + (^'')Z/i)(i?„_,...i?,,T'"4iM) 

We substitute (9.89) in (9.87) and the result in (9.85), substituting also (9.88) on the left, a propagation 
equation of the required form results, with: 

Applying then Proposition 8.2, the proposition follows. □ 

The function ^^^"''^'~'^^a'mj-i defined in Proposition 9.2 reduces for m = 0,j = 1, to the function: 

a'o^o = L/^H + trx/^n + 2x • ^2 (^.91) 

According to equation: 

- 2 

L(^/i) + (trx - e)^ = -2x ■ Ip fx-i^i- (4trx + 2z - 2^6) + + /x^e 
which is derived by Lemma 9.1, we have: 

a'^ Q = elk^i - ^^IJ. ■ d/vx + + /i^e + 24/U • 4e (9.92) 
Lemma 9.4 For each non-negative integer m we have: 

where: 

m— 1 m— 1 

/c=0 fe=0 
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and for each j = 1, m, 

Moreover, for each pair of non-negative integers (m, I) and each multi-index we have: 

where: 

fe=0 

i-i 

I \ ^ p. p. {ii---il-k) Jl 

fe=0 

and for each j = 1, Z and each multi-index 

Proof. To prove the first part, we note that it holds trivially for m = with: 

b'ofl = (9.93) 

Thus, by induction on m, assume that: 

«™-i,o = 3^'""'«o,o + C-i,o (9-94) 
holds for some b'^_i q. Applying T to this we obtain: 

Ta'^-,,o = T"'<,o+Tb'^-ifi (9.95) 
On the other hand, from the definition: 

a'„_i,o = LT^-^^ii + trxT™-i^M + 2% • h,m-ifi (^.96) 
Applying T to this and using Lemma 9.2 yields: 

Ta'„_i,o = TLT-^-'^^ + tr^T-^i/x + 2x • ^^.^.o (^-Q^) 
+(Ttrx)r'"-i4i/z + 2(i:rx - tr(^Vx) ' h,m-ifi 

Writing 

TLT'^-'^^li = LT^^^ii - AT™-i^/x, 
(9.97), in view of the definition of q, reads: 

= «™,o - AT^-'^t^ - c'™ (9.98) 

where is as in the statement of the lemma. Equating the two expressions for Ta'^_i q, that is, 
(9.95) with (9.98), we obtain the formula for o> 

b'mM = Tb'^-ifl + AT"-i4^M + 4 (9.99) 
Using then Proposition 8.2, the result follows. 
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To prove the second part, we apply induction on I. Assume: 

a'mj-i = Ri,.,...Ri,T^a'o^o + ^'^-''-'h'^^t., (9.100) 
Applying to this we obtain: 

=^.,-^.ir™a;,^o + i?,/^-^'-)6;„_,_i (9.101) 
On the other hand, from the definition in Proposition 9.2, 

Applying to this and using Lemma 9.3: 

Rii^''-''-'''a'm,i-i = RnL{R,^^^...R,,T"'/^^l)+trx{R^,...R,,T"'^^i) (9.103) 
+2x- ^^"-"'^2,™,; + (^^'trx)(^.,-.-i?.iT'"4iM) 
+2(/.,X-tr(^='Vx)-^^-^'-V..,-. 

Writing: 

Ri,L{Ri^_,...Ri,T^/kli) = L{Ri^...Ri,T"'j^n) - ^""n) ZRi,_^...Ri,T"^^ti 
(9.103) becomes, in view of the definition of a'^ ;,: 

= ^''-''^a'mj - (^•')^i?i,_,...i?i,T-4i/^ - (9.104) 

Equating the two expressions for iij/'i ' ^'-^^a^ that is (9.101) with (9.104), we obtain the formula 
for (*i---*')a'^ if we set: 

(^-^')6'„,, = iii/^-^'-)6;,,;_i + («H)zii,,_,...ii,,T'"^/. + C,; (9.105) 

Using again Proposition 8.2, the result follows. □ 

Next, wc shall investigate the order of various terms in the propagation equation of Proposition 9.2. 
In obtaining estimates for the n + 1st order spartial derivatives of /i, of which at least two are angular, 
we are to set m + Z = n — 1 in Proposition 9.2. The principal terms shall be of order m + Z + 2 = n + l, 
and the principal acoustical terms shall be the principal terms in the spartial derivatives of x and /x. 

From (9.26), (9.36) and (9.40), we know that /' is of order 2, and contains no acoustical part of 

order 2. It follows that ' ^ is of order m + Z + 2, but contains no principal acoustical part. 

We turn to ^^^'"'^'^g'^ i- From the expression of ''^ "''^S'^ we must investigate g!^ q. From (9.44), 
(9.36), (9.38), (9.35), (9.32), (9.30) and (9.24) wc know that g' is of order 2, and its principal acoustical 
part is given by (9.58), consisting of 1st angular derivatives of trx multiplied by fx. It follows that 

T'^g' (9.106) 

the first term in g!^ q is of order m + 2 and its principal acoustical part consists of 

^(/.4T™trx) (9.107) 

or, in view of equation (3.125)-(3.126), 

C • indtrx) : m = (9.108) 
^ • {ii^T""-^ ^ix) : m > 1 
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to principal acoustical terms. In view of (9.60) and (8.34), (9.108) can be expressed to principal 
acoustical parts in terms of: 

C • xo : m = (9.109) 
C- 4a;^-i,o ■m>l 
The second term in g'^ g can be written as: 

m— 1 m— 1 

J2 ^T^x'^-k-ifi - E T''\x'm-k-ifi (9-110) 

fc=0 k=0 

The commutator sum is of lower order m + 1, while 

T'^x'^-k-ifi = T\iiT"'-''-^/i.ii - T^-fc-i/O (9.111) 

The contribution of the second term in (9.111) to the first term of (9.110) is of lower order m + 1, 
while the contribution of the first term is: 

mAa;'„_i_o (9-112) 

This is the principal part of the second term in g'^Q- 
The third term in g'^ q is 

m — 1 

E T'^y'rn-kfi (9-113) 
fc=0 

Consider the expression for y'- Q. Here, all terms except the first term: 

- (TM)a;._i,o = -(TM)(T^-^a'o,o + 6;_i,o) (9.114) 
are of lower order j + 1. The principal term in g is 

It follows that T-'^^ag g is of principal order j + 2 but contains no principal acoustical part, its principal 
term being: 

From Lemma 9.4, 

i-2 j-2 

= E^'^^'"'"'^/^ + E^'4-fe-i (9-115) 

fe=0 fe=0 

The first sum in (9.115) is of order j + 1, while from the expression of Cj, the second sum in (9.115) is 
of order j. We conclude that the principal part of the third term in g'^ Q is 

- m(T/i)T™-ia'g (9.116) 

This is of principal order m + 2, but contains no principal acoustical part. This completes the investi- 
gation of g'^ Q. 

We conclude from above that the contributions of (9.109), (9.112) and (9.116) to 

Rir-RiJmfi (9-117) 
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are all of principal order I + m + 2. The contribution of (9.109) to (9.117) is 

^■^''■■■''^xi:m = (9.118) 

where ^ is given by (9.59). By HO, 

\^Aii-iOxi\ < \^\\(^^-^')xi\ (9.119) 



|<C(l + r'k|niax| 



Tn-l,i+ll 



The contribution of (9.112) is: 

mA("-«)x'„_i,; (9.120) 

From HO, this is bounded by: 

Cm(l + i)-i|A| max (9.121) 
Finally, the contribution of (9.116) is: 

- m{Ti2)Ri, ...Ri.T'^-'a'o^o (9-122) 

This does not contain principal acoustical part. This completes the investigation of the first term of 

(n...ii) / 

We turn to the second term of This is: 

l-i 

J2Rir--Ri>-.J''''-''^Z^''---''-'-'^x'rn,l-k^ (9-123) 

which we write as: 

l-i 

J2 ^''''-''^ZRi,..Mi,_,J'^---''-''-^^x'^^i_,_, (9.124) 

fe=0 

minus: 

l-i 

'=-)a:'„,;_,_i (9.125) 

Obviously, the commutator term is of lower order I + m+l, while the principal part of (9.135) is: 

l-i 

(9.126) 

This is a principal acoustical term. By HO, it can be bounded by: 



C(l + t)-i(y |(^-^)z|)max|('^-''^-i**^+i-*'^')a;' ,| (9.127) 
fe=i 

Finally, we consider the third term in ' This is 

J2R^r-Rii-.J''-''-''h'm,l-k (9-128) 



fc=0 
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Note that only the first term in ^^^ '^^-'t/mj is of principal order m + l + 2: 

- (i?i,/x)("---^)a;,,,._i = -{Ri^fj,m,_,...Ri,T"^a'o^o + ^''-''-'Kj-i) (9-129) 

Since q is of order 3, but contains no acoustical part of order 3, it follows that Ri^_^...Ri^T"^a'Q q 
is of principal order m + j + 2 but contains no principal acoustical part. is given by 



Lemma 9.4: 



^'"■"'-^^Cj-i=^i.-i-^nCo (9.130) 



J-2 



fe=0 

j-2 



fc=0 



By the discussions after (9.115), we know that the first term on the right of (9.130) is of order m+j + 1. 
Obviously, the second term is also of order m + j + 1. While ^'^ '''^c^j, given in Lemma 9.4, is of 

order m + j + 1, hence, the third term on the right of (9.130) is of order m + j. Thus ^^^"'^^~^^b'^j-i 
is of lower order m + j + 1. We conclude that the principal part of (9.128) is: 



i-i 



- ^(i?j,_j,^)i?8,...i?i,_j^_^ji?„_^_i...i?8iT"aQo (9.131) 

This is of principal order m + I + 2, but contains no principal acoustical part. This completes the 
investigation of ^" 

9.3 Elliptic Theory on St,u 

Returning to the propagation equation for ^^^'"^'^x'^^i of Proposition 9.2, the term 2fj,x ■ ''^^2 m I 

remains to be considered. Of course, *'^^2 ml^^ ^ principal acoustical term, it involves the m + Zth 
order spartial derivatives of not ^fi, which is what the propagation equation for '^'^■■■''^a;^ ^ allows 
us to control. The term in question comes from (9.45), namely, from the term 

2nx-P IJ' = 2mX • ^2 

Now, the propagation equation must be considered in conjunction with the definition (9.41): 

fi^fj, = x' + f' (9.132) 

which is an elliptic equation for fj, on each surface St,u- Then we can use this equation to estimate on 

St.u, dl-i- as well as in terms of x' and the 2nd derivatives of ^/i^. On the other hand, (9.45) allows 
us to estimate x' along each generator of C„ in terms of a^id 2nd derivatives of ip^. Thus we can 

estimate 4a* and in terms of 2nd derivatives of tp/j,. 

Similarly, by the propagation equation for ('^ - ''^a;^ ; must be considered in conjunction with an 
elliptic equation for 

^''■■■''^t^m,i = R.,-R.^T"'ii (9.133) 

then we can estimate Ip'^'^'^^"''^'^ fim,i in terms of m + ? + 2nd derivatives of ip^. The required ellptic 
equation will be derived from (9.60): 

^,Ri,...Ri,T"^/^^l = ^'^-''^x'^^i + ^''-"^fU^i (9.134) 
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with the help of the following lemmas. 

Lemma 9.5 Let (M, g) be a 2- dimensional Riemannian manifold, let X be an arbitrary vectorfield 
and / an arbitrary function on M. Then the following commutation formulas hold: 

X{A,f) - Ag{Xf) = -(^)7r«*(vV)a6 - tr(^)7r^4/ 

and: 
Here, 

tr(^)7r^ = V»(^V^ - ^VHr(^)7r 



+ J(,5^4tr(^V + ^grfatr^^V - gabd^tv^^'K) 

where Cxg = '^V. 

Proof. Let (pt be the local 1-paramctcr group generated by X and let be the corresponding 
pull back. Consider an arbitrary 1-form a on M. We then have 

</>t*(Va) = V(.^t,a) (9.135) 
Now, in an arbitrary coordinates we have: 

(VaU = |^-r>, (9.136) 

g 

where V^^ is the Christoffel symbol of metric g in these coordinates. Similarly, in the same coordinates, 

( V {cf>ua)U = -^^^ - Tl,{Mc (9.137) 
Differentiating (9.137) with respect to f at t = we obtain: 

{j/^\MU)t=o = ^(jt(Mb)t=o - r^(,(^(<^t*a)e)t=o - (^r2)t=oac (9.138) 
Now, from the definition. 

By (9.135), the left hand-side of (9.138) is the a6-component of: 

(|(0t,(Va)))t=o=rx(Va) 

Recalling (8.109), we have: 

ipilh=o = (9.139) 

where: 

^""Hab = ^(Va^^V,^ + V,(^)< - V^(^)7r„,) (9.140) 
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we conclude that: 

{Cx{Va))ab = (V(£xa))afe - ^""^U^c (^-l^l) 
In particular, in the case a = df for some function /, since 

Cx{df) = d{Xf) 

we obtain: 

(£x(VV))a6 = (V2(X/)).fe - (^Vj,,,^/ (9.142) 
for any function / on M. Since: 

it follows that: 

X{AJ) = £x(A,/) = -(^V»^(VV)a6 + (5-')"'(-Cx(VV))a6 (9.143) 

Since 

{g-'r\V'iXf)U = A,{Xf) 

then by (9.142) and (9.143), the first part of the lemma follows. In fact, the first part holds for an 
arbitrary n-dimensional manifold M. 

For the second part, we consider the case of 2-dimensional manifold M. The trace-free part of V^/ 

is: 

= vV - Ig^af 

hence: 

£x(VV) = £x(VV) - I^^'^ttAJ - IgXiAJ) (9.144) 
Substituting from (9.142) and the first part of the lemma we then obtain: 

(£x(VV))a6 = {V\Xf)U - ^""^TTl^bdcf - l^^'^TTatAJ (9.145) 

-^gab{^,iXf) - (^V='^(VV)cd - tr(^)7r^4/} 

Taking the trace-free part on both sides of above, then we get the second part of the lemma. □ 

Lemma 9.6 Let / be an arbitrary function defined on a given hypersurface St. Then the following 
commutation formulas hold: 

rm - MTf) = -^^Y^{lp'f)AB - tr^^Vf ^b/ 

and: 

~ ^ 2 ^2 1 (T) ^ (T) ' C 

{M f)AB - {IP {Tf))AB = - 2 iAB^f - fl,AB^cf 

Here, 

'^HIab = \{^a'^HI + ^b^^Ya - ^^^"V^bI 

is the Lie derivative with respect to T of the induced connection on St^u^ and the trace in the lemma 
is with respect to the induced metric on St^u- 
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Proof. Since T is tangential to Ej, we can confine attention to Ej. Also, we can choose acoustical 
coordinates (i?i,i?2) so that H = on the given Ej. So on this E^: 

T=l (9.146) 
Consider an arbitrary St^u 1-form a defined on Et- In terms of (M,i?i,t?2): 

{ll>a)AB = ^-tAB<^c (9.147) 
Differentiating (9.147) with respect to u we obtain: 

^ (Th^\ ^ (das. dac df^B (a^As\ 

d^i^^Un = Q^i-g^) -tAB-Q^ - -Q^ac (9.148) 



In view of (9.146), 



du ' du 

Moreover, from Chapter 3 we have, in view of (9.146) 



(Ma, ^i0a)AB = {UilPa))AB (9.149) 



hence: 



|^ = (-)/^,=2«^^„ |-(^-)^- = -(-)/^- = -2.^^- (9.150) 



dfAB ^ l±n.-UCD(^lBD , ^Iad _ ^^AB y 

du 2du^^^ ' ^ di^A d'&B d^^ 

{T),CD^E I ^ (^-l\CD( ^^^''fBD , ^^^H AD ^^^VaB \ 

f ^ AB^r>E ' ^ d-&^ d'd^ d'd^ ' 

= l^rr^'iJpA'^HBn + ^B^^'fAn - ^n'^'fAB) 



that is: 



where: 



AB _ {T),C 



(9.151) 



'^'flAB = Ii^a'^Yb + ^b'^Ya - ^"''Yb} (9-152) 
Substituting (9.151) in (9.148), and in view of (9.149), we then obtain: 

{t,T0a))AB = {lPiM)AB - ^^''f^AB'^C (9.153) 

This holds for any St,u 1-form a defined on Ej. In particular, it holds in the case a = 4f for some 
function / defined on E^. In this case, we have, 

^ _df_ duA ^ d df 

i.e. 

Mdf) = 4{Tf) (9.154) 

So by (9.153) we have: 

{U{iP^f))AB = {IP\Tf))AB - ^^HlAB^cf (9.155) 
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for any function / on S^. Since: 

it follows by (9.150) that: 

T{/kf) = M^f) = -^^V^''(^V)ab + (^-1)^^(/t(#/))ab (9.156) 

Since 

(^-i)^^(#(T/))^s=^(T/) 

the first part of the lemma follows. 

To prove the second part, we note that the trace-free part oi ij) f is: 



hence: 



1, 



U{ip'f) = U{ip'f) - ^^^H^f - ^^mn (9.157) 

So using (9.155) and the first part of the lemma we obtain: 



2fAB 

Then taking the trace-free part on the above, we get the second part of the lemma. □ 

Proposition 9.3 For each pair of non-negative integers (m, /) and each multi-index (ii...i;) we 

have: 



where: 



i-i 



('^•••'''rf„,;=i?,,...i?i,d„,0 + ^iii,...i?i,_,+i(^''''-'=V-^'^'"-"'-'-'Vm,i-fe-l) 

*;=0 
l-l 

+ ^ Ri, (tr^^-^--^ Vi • 4^''-"-'-'^fim,i-k-i) 



fe=0 



and: 



fe=0 fc=0 

Proof. We first consider the case 1 = 0. If also m = we have trivially: 

do,o = (9.159) 
We shall derive a recursion formula for dm,o- Consider then: 

dm-1,0 = - T"^~^$.IJi 
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Applying T to this we obtain: 



Prom the first part of Lemma 9.6, 

T{$~lJ.m-lfi) = ^fJ-mfi - • -0^Mm-l,O - tr^'^Vl ' ^Mm-l.O 

Substituting (9.161) in (9.160) and noting that: 

4^A*m,0 - = dm,0 

we obtain the recursion relation: 

dm,a = Tdm-ifi + • Ip^Hm-ifi + tr^^V^ • ^Mm-l.O 

Applying Proposition 8.2, we get the expression for dm,o- 
Next, we consider the case Z > 1. We have: 

Applying to this we obtain: 

Prom the first part of Lemma 9.5 we have: 

Substituting (9.164) in (9.163) and noting that: 

^^'^••"'Vm,; - Rn-.RnT^^i^ = ^''■■■''^dm,i 
we obtain the recursion relation: 

^''■■■''^d^,i = 



(9.160) 
(9.161) 



(9.162) 



(9.163) 
(9.164) 



(9.165) 



Applying again Proposition 8.2, the result follows. □ 

Proposition 9.4 For each pair of non-negative integers (m, I) and each multi-index we 
have: 



'2,m,l 



where: 



fc=0 

Z-l 

k=0 



and: 



m — 1 



m—l 



1 " - fe (T) ^ - fe (T) - 



fe=0 



/c=0 
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Proof. We first consider the case Z = 0. If also m = 0, from the definition, we have: 

eo,o = (9.166) 

Consider then: 



- 2 

em-1,0 = P Atm-1,0 — 



2,Tn-l,0 



Apply j^j. to this to obatin: 

^Tem-1,0 = Mm-1,0 " ^2,^,0 (9.167) 

From the second part of Lemma 9.6: 

/^T-^ Mm-1,0 = ^ fJ-mfi - 2 " " 4l^m-l,0 (9.168) 

Substituting (9.168) in (9.167) and noting that: 
we obtain: 

1 (T) (T) 
em,0 = + 2 i^lJ-m-lfi + l^'i • ^Mm-l.O (9.169) 

Applying Proposition 8.2, the expression for e^.o follows. 
Next, we consider the case Z > 1. Consider: 

em,(-l - ^ Mm,(-1 r2,m,;-l 



Applying (.^.^ to this we obtain: 



/fl./'^ -^'-^^e„,z_i - (9-170) 

From the second part of Lemma 9.5: 

(9.171) 



2 

Substituting (9.171) in (9.170) and noting that: 

. 2 



we obtain: 

(^-^')e„,, = /fl. (^^-^'-^^e^,,.! (9.172) 

Thus, applying again Proposition 8.2, the result follows. □ 

Let us investigate the order of ^^^"'^''^dm,i- First, we should investigate dm,o- Here, the leading terms 
are of order m + 1 and are contributed by t.j'{Ip Hm-k-i) in the first sum, a 2nd angular derivative of 
T"^~^IJ, to principal terms, and by tr*^"^^^^ in the second sum, a 1st angular derivative of 6 
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to principal terms. The principal acoustical part of the latter is a first angular derivative of x if w = 1, 
a 3rd angular derivative of T'"~^/i if m > 2 (by (3.125)-(3.126)). It follows that the leading terms in 
the first term of dm,i- 

are of order m + / + 1, the principal acoustical terms being I + 1st angular derivatives of % and I + 2nd 
angular derivatives of /x if m = 1, Z + 3rd angular derivatives of T"*~^/i and / + 2nd angular derivatives 
of T^-V if m > 2. 

The leading terms in the second term of ^'^■'''rfm,;: 

l-l 

fc=0 

are also of order m + l + 1, being I + 1st angular derivatives of T™/i, 1>1. Finally, the leading term 
in the third term of ^'^ ■ ''^ 

l-l 

Y,K-Rh-,+A^^^''''-''Hi ■ 4^''-''-'-'^t^m,i-k-i) 

fe=0 

is: 

From the expression for ^^''tt^b, this term involves the Zth angular derivatives of x and is thus of 
order / + 1, which coincides with the order of the leading terms in the first two terms of the expression 
for ^^^'"^'^dmd if m = 0. We conclude that is of order m + I + 1-one less than principal-and 

its leading acoustical terms are Ith angular derivatives of x and (for I > 1) / + 1st angular derivatives 
of /i if m = 0, Z + 1st angular derivatives of x and I + 2nd angular derivatives of /x and (for I > 1) 
I + 1st angular derivatives of T/x if m = 1, Z + 3rd angular derivatives of T™~'^ijl and / + 2nd angular 
derivatives of T™~^ii and (for I >1) I + 1st angular derivatives of T^/z if to > 2. 

Let us also investigate the order of ^*^ ' *'^em^;. First, we should investigate em,o- Here, the leading 
terms are of order to + 1 and are contributed by T''{Sfirn-k-ifl) in the first sum, a 2nd angular 

derivative of T'^~^iJ to principal terms and by f,j^ in the second sum, a 1st angular derivative 

of /™ to principal terms. The principal acoustical part of the latter is a 1st angular derivative of x 
if m = 1, a 3rd angular derivative of T"*~^fi. if to > 2 (by (3.125)-(3.126)). It follows that the leading 
terms in the first term of '•^^ ' ^'-'em,,;: 

arc of order m + / + 1, the leading acoustical terms being I + 1st angular derivatives of x and I + 2nd 
angular derivatives of /U if to = 1, Z + 3rd angular derivatives of T'^~^fj, and / + 2nd angular derivatives 
of T"^~^iJL if TO > 2. The leading terms in the second term of ^*^ ' *'^em,i: 

fe=0 

are also of order to + / + 1, being I + 1st angular derivatives of Z > 1. Finally, the leading term 
in the third term of ^'^^'"'^'^em,i' 

|]^^..../^._^^^(^''"-'=Vi-4(^^-^'-'=-^v™,.-.-i) 

fe=o 
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IS 

(/fli, -i-Ri^ ^ " Vl) • ^l^mfi 

This term involves the ^th order angular derivatives of x and is thus of order 1 + 1, which coincides 
with the order of the leading terms in the first two terms of ^^^'"^'^em,i if m = 0. We conclude that 
('i---")em,j is of order m + l + 1-one less than principal and its leading acoustical terms are Zth angular 
derivatives of x and (for l>\) I + 1st angular derivatives of /x if m = 0, ^ + 1st angular derivatives of 
X and I + 2nd angular derivative of /x and (for Z > 1) Z + 1st angular derivatives of if m = 1, Z + 3rd 
angular derivatives of T™~'^n and I + 2nd angular derivatives of T™~^^ and (for l>\) l + lat angular 
derivatives of T^/i if rn > 2. 

By equation (9.134) and Proposition 9.3, ^^^'"'^'^ lJ,m,l satisfies on each St,u the elliptic equation: 

^^''■■■''^t^m,i = f^-\^''-''^x'm,i + ^''-''^fki) + ^'^-''^d^^i (9.173) 

We shall need the following /x-weighted estimate: 

Lemma 9.7 Let (M, g) be a compact 2-dimensional Riemannian manifold, and let (phe a function 
on (M, g) satisfying the equation: 

Ag(l) = p 

for some function p on M. Let also fi be an arbitrary non-negative function on M. Then the following 
estimate holds on M: 

/ M'{^|v2<^|2 + i^|#|2}d^,<2 / mV^Ms + s/ \d^,\^\dct>\^d,,g 

Jm ^ Jm Jm 

where K is the Gauss curvature of {M,g). 
Proof. Consider the 1-form: 

■ip = d(j) (9.174) 

We have: 

divgV = Ag(l> = P (9.175) 

So we get: 

pd{AiYgil)) = d{p,p) — pdp. (9.176) 
Now, in arbitrary local coordinate d(divg'0) is: 

V„(VV6) 

and we have: 

Va(VVb) = V^(VaV6) - ^aVb (9-177) 

where Sa'' = Sac{g~^)'"^ and Sac are the components of the Ricci curvature of (M, g). Since dimM = 2, 
we have: 

Sa' = K5l 

Noting also that: 

= VbVa 

(9.177) reduces to 

Va(VV6) = V^(V6^a) " K^Pa (9.178) 

Substituting in (9.176) we obtain: 

MV^(V6V'a) - M^V'a = daipp) - pdaP (9.179) 
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We multiply this equation by —fiip°' and integrate over M. We have, integrating by parts, 

- / MVv''(V6Va)rf/Xg = / M^iwi^d^g + [ 2nl''datidng (9.180) 
Jm Jm Jm 

where 

r = V^'VbV" (9.181) 
Moreover, we have, also integrating by parts, 

- / iiij;°'da{np)dng = I iJ,pdivg{iJ,tp)diJ,g = / {n^ + iipii°-daH}diig (9.182) 
JM Jm Jm 

In view of (9.180) and (9.182), we obtain: 

/ M^{|VV'|^ + i^|V'l^}rfMs+ / 2iiI''dalidpLg= [ {iJi'^p'' + 2,ip^l;^dali}dpLg (9.183) 
Jm Jm Jm 

Now, we have: 

2/i|/"d„M| < 2/x|/||dM| 

and 

|/| < iwii^i 

hence we can estimate: 

MI'"daP.\ < 2mMmII^I|V^| < ^M^|VV'|^ + 2|rfMn^P (9.184) 

Also we can estimate: 

2m|pV''4/«| < + MmI'IV'I' (9.185) 
In view of (9.184)-(9.185), the identity (9.183) implies: 

/ P^{\wi}\^+K\i;?}diig<2 j ii''p''diig + i j (9.186) 
Jm ^ Jm Jm 

The lemma thus follows. □ 

We now apply Lemma 9.7 to (9.173), taking {M,g) to be (S't.u,^), to be ^"•••*'^/Um,;, and the 
function p to be: 

M-^((---)a=;,, + ^^^-"'V;,o + ^^^-^'^d„^,/ 

In view of Lemma 8.9, taking Sq suitably small, we have K >0, thus we obtain: 

||M#(*^-"'V™,dU^(s,,„) (9.187) 

By Fl, 

\M < C5o{l+t)-^[l + \og{l+t)] (9.188) 
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Substituting (9.188) in (9.187) yields: 



||/i^'('-''Vm,;|U2(s,,„) (9.189) 

+C5o{l + t)-\l + log(l + i)]|M('^-''Vm,;|U2(s,,„) 
In view of Proposition 9.4, we then obtain: 

+ C5o(l + t)-\l + l0g(l + i)]M^^^-^'Vm,aU^(S..„) 

9.4 The Estimates for the Solutions of the Propagation Equa- 
tions 

We now return to the propagation equation of Proposition 9.2. Setting: 

^'^■■■'^^9'^, = -2mx • ^''■■■"^h,m,l + ^''-"^a'm, (9.191) 
the propagation equation takes the form: 

+ (trx - 2i,-\Li,)f^-^^)x'^^^ = -(^trx - 2„-\Lt,)f-''^ f'^^^ + ^'^-^'^ g'^^, (9.192) 

Defining as in Chapter 8 the diffeomorphisms ^t,u of S"^ onto St,u, if w is any St.u r-covariant tensorfield 
defined in W*^^, we consider the pullback u!{t,u) = $t a r-covariant tensorfield on 5*^ depending on 

the parameters t and u. If in place of lo we have ^^w, the corresponding tensorfield on S'^ is '^'^q^^^ ■ 
The propagation equation (9.192) can then be viewed as an equation for the function ^'^■■■''^a;'(t, u) on 
S"^ depending on t and u: 

+ (t^X - 2M-^f )(--')-;„, = -(^trx - 2^-^f/--^'rm, + ^-''^m, (9.193) 
Consider a function (j){t, u) on 5^ depending on the parameters t and u. We have: 

Then from the propagation equation (9.193) we have: 

^''■■■''^^L,l^^^''■■■''^^'rn,l + (trx - 2m-i|^)((- -*')x'„,)2 (9.195) 

— "Iq^^X--^/^ -^J X^,; /m,( + 



^2 ^ ai- 



m,; 9m,l 



Since 



and 



m.l I 



flrn,;! ^ I ^m,l\\ 9m,l\ 
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the assumption AS implies through (9.195) 

Applying (9.194) taking (j) = ('i - 'O^;^ ^^re get: 

§-/'-''^^'m,i\ + (trx - 2t,-'^)\(^-^^^x'^J (9.197) 

The integrating factor here is 

eMj\t^X-2fJ,-'^){t',u)dt'} = {^^^)-'A{t,u) (9.198) 

where A{t,u) is defined by (8.167) and is given by (8.169). From (9.197) we deduce: 

1^"-*'^^™,;! < (*-*')F;,/t,t.) + (---)G'„/t,t.) (9.199) 

where: 

('-^')F^/t,«) = (A(t,«))-i(/z(t,«))2{(M0,n))-2|(^-^')a;'„,;(0,u)| (9.200) 

and: 

('-'')G'„,,(t,tx) = {A{t,u))-\n{t,u)f ■ [\^i{t\u)r'A{t\u f' - ''^g'^^i^^^ (9.201) 

Jo 

Using the bound (8.173), we obtain from (9.200) and (9.201): 

(^-*')i4/t,w)<e<^^»(l-z. + t)-2{(«--')M;^/f,w) (9.202) 

+("-^')M;^,,(i,u) + ("-'')M;^/i,«)} 

where: 

(-•••^')M;:^,(t,«) = (i^)2(i_„)2|(n....)^;^ (0,^)1 (9.203) 
m(0,w) 

^"■■■^'^M;^,(t,z.) = yJ(-^)2(i_^ + f')2x[-2^-i(|^)4f',«)].|(--V;_,(t',«)|df' (9.204) 

^"■■"''M;^,(^,n) = i£(-^)2(l-t. + 0Vx(^^u)|^"••''V;,(^^ (9.205) 

Also: 

(-■■■'')G'„,;(t,n) < e^^°(l -u + t)-' . -u + t'n'^-'^^~9'm,i{t',u)\dt' (9.206) 

Jo Mir 
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We shall estimate the norm of ^'''"''^ F^j{t) on [0,eo] x S'^. 
First, by A3 and (8.333) at i = 0, 

ll^*^---*'^A^;.°/i)lk^([o,eo]xS^)<C[l+log(l + i)]^||(---)x'„,,(0)L (9.207) 

Wo turn to ^''-"'^ M^^i. Partitioning [0,eo] x 5^ into the sets V^-, Vs+ defined by (8.337) and 
(8.338), respectively, we have: 

ll^"-''^A^;;i/i)lli=([o,.o]xS=) = \\^''-"^M'^^,mhiv..) + ll^"-''^<,;(*)lli^(V3+) (9-208) 
By Minkowski's inequality: 

ll^^^ -"^<,/Wlk=(v,_) < r ||(^-^')<,(t,t')lk^(v._)c^i' (9.209) 

Jo 



where: 



^''■■■''^KAt,t\u) = i^l^^ril-u + tr[-2t.-\^)^^^^ (9.210) 



We have: 



(9.211) 

In view of (8.343) and (8.344) (see definition (8.249)): 

ll^"-''^<;(i,*')IU^(V3_) < C(l +tO'M(t')||^"-''V;,,K*')IU=([o,eo]xS=) (9.212) 

Let us define: 

^"•••''^J^;^,z(^) = (l + ^)l^^"■■^'V™,/(^)IU^([o..o]xS^) (9.213) 

,'(0) 



Suppose that, for non-negative quantities ^^^'"^^^ P'Jf} ^^^'"^^^ have: 



^''■■■''^pLAt) < ^''-''^pllit) + ^''■■■''^p:i]ht) (9.214) 

We define the non-decreasing non- negative quantities *'^.P^°^a, *'^-^mVa 

^"•••'^^Sa(*) = {-^^^it'f'-''^Pl']{t')} (9.215) 
t'e[o,t] 

= m + t'y^'li^n.it'f-''^PSht')} (9.216) 

Then for t' € [0, t] we have: 

^''■■■"^put') < f^;n''{t'){^''-'''pSUt) + (1 + tr'^''''-"^pSAt)} (9.217) 

Substituting in (9.212) and in view of (9.213) we have: 

f'---''^Kiit,t')\\L^iv._)<C{{l + t^^^^^^^^ (9.218) 
for all t' G [0,t]. Substituting this in (9.209) we obtain: 

ll^"-^'^M;^,(t)|U.(v,_) < C{{1 + tt- ''^P'i'l{t) + (1 + tYl'^''- -''^PS,St)}h{t) (9.219) 
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Applying Lemma 8.11 we conclude that: 

t'-'^^M'lMWiv..) < Ca-\{1 + tt-'^^P'Jflit) + (1 + W (9-220) 

In analogy with (9.209) and (9.211), with Vs+ in the role of Vg-, we have: 



||(ii...Ji 

and: 



^</i)IU^(V3+) < /* ll^"-"^<;(i,i')IU^(V3+)'^i' (9.221) 
Jo 



(9.222) 



Substituting (8.356), (8.357) and (9.213) in (9.222), and the restriction (9.221), we obtain: 

{ii—ii) I 



M'm,imLHv,^)<CSo[l + log{l+t)f ^^^^^^l\;^*'^^ ^''---''^PLAt')dt' (9.223) 
hence, by (9.217) we have: 



"'^</(*)IU^(v.,) < C6o[l + log(l + t)n^'^-''^ P:i%it) + ^'-''^ PS,am (9-224) 



(i+f) 

In view of (8.363), we conclude: 

\\^''---''^MUmLHv.^)<C5„[l + \ogil + tt{^'^-^^^^ (9.225) 
Combining finally (9.220) and (9.225) and taking into account the assumption a6o < C~^, we obtain: 

(9.226) 

Here, wc also have used the definition (8.248) of Chapter 8. 
We turn to ^''-''^ M^^i{t,u). We have: 

ll'"-''^M;„',;(i)lli=([o,.o]xS=) = ll'"-''^<,/(i)lli=(v._) + ll^"-'''<,Kt)lli=(v.+) (9-227) 

ll^"-''^<,/(*)IU^(V3_) < /* ||('-'')<;(t,t')IU^(v._)di' (9.228) 

Jo 

ll^"-''^<,;(i)lk^(V3+) < r ll^"-"'^<z(i,i')IU^(V3+)rfi' (9-229) 

Jo 



and: 



where 



We have: 



^^^•••"^<^(^,^^«) = ^(^1^)^(1 -" + 0'trx(^^«)|^"■■■''V;.,^ 



(9.230) 



\^'^---''^N:^^^{t,t')u^v._)<l{i+tr^^^ (9.231) 
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By (8.343) and (8.371): 

||(----^')<,(i,tOlU=(V3_)<C(l + t')ll^"--''V;,i(i')IU^([o,eo]xS^) (9.232) 
Then by (9.213) and (9.217): 

||('-^')<,(t,t')IU2(v,_) < C('-^')p;:,,,(t') (9.233) 

where we have used Corollary 2 to Lemma 8.11. Substituting (9.233) in (9.228) wc get: 

t'-''^M'lm\\LHv..) < C{{1 + tf'-''^P:j!^l{t) + (1 + t)^/^^^^-^'^PS„(i)}M-"(t) (9.234) 
In analogy with (9.231) we have: 

\\^'---''^N:^/t,t')h.^^^^)<lil + tr[^^^^ (9.235) 

Here, we have two cases to distinguish according as to whether is < or > -^/i. In the first case, 
(8.378) holds, and in the second case (8.377) holds. In view of these, recalling (8.371), we obtain: 

f'-"^KAtX)\\mv.^) < C[l + log(l +t)]2(^--')p4/t') ■.t'<Vi (9.236) 
ll^"-"'^</(^,i')llL=(v.+) < C(---)p;,,(i') :t'>Vi 
Substituting (9.236) in (9.229), we then have: 

||(--^')M;^,,(i)IU.(V3+) < /^ll^"-'''<i(*,i')IU=(V3+)rfi'+ r ^''■■■'''>KiMhHv.,)dt' 

Jo JVi 

(9.237) 



<c[i + iog(i + f)]2 / '('^ ■^'^p^^^{t')dt' + c f ("•••^')p;,,;(i')rft' 

Jo J\ft 

< c[i + iog(i + t)r rii-{t')e---'''pSjt) + (1 + fr'/'^'-''p:S,amdf 

Jo 

Js/t 



< 



c[i + iog(i + t)]2{(i + ty/'^''-''^p:it(t) + (1 + ty^'^''-"^p£Um;a''{t) 

+C{{1 + tf'-''^P^l^{t) + (1 + i) V2 P'm,l,amn-J{t) 
< C'{{1 + tf'-"^PS,ait) + (1 + *)'/'^"-'^^Sa(*)K(i) 

where we have used Corollary 2 to Lemma 8.11 and (9.217). 
Combining (9.234) and (9.237) we obtain: 

WIU^([0,eo]xS^) < C{(1 + tf'-''^P:j^%{t) + (1 + t)^/'^"-'''PSa (*) (9-238) 

The estimates (9.202), (9.207), (9.226) and (9.238) yield: 

ll''"-''^i4/i)IU^([o,.„]xs^) < C{1 + t)-2[l + Iog(l + 0]'ll^*"-"''^™/0)|L.(5,;;o) (9.239) 

+c{i + t)-H'''---''^pTUt) + (1 + wim;;" w 
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We now consider the estimate (9.206). From (8.383): 

^'^■■■''^G'^^t{t,u)<C{l + tr'[l+\og{l + t)r l\l + t'f\^'-- -^^^~g'^,i{t',u)\dt' (9.240) 

Jo 

It follows that: 

ll^"-''^G"„,/(i)IU^([o,eo]xS^) < C(l + i)-2[l + log(l + t)]^ (9.241) 

''V + i')'ll^"-"^5;.,,(i')IU^([o,.olx5^)rfi' 



Now ""^5^,; given by (9.191). According to the discussion following Lemma 9.4, the principal 
part of ('i- *'^^;^,; consists of (9.118), (9.120) and (9.126). Define the function '"'^'"''^ g'^^i by: 

i-i 

('1-")^^ ^ = - C • (^i-^'^Xi - (■^''-^)z(*i-*'-'=-i*'-'=+i-*')x^,^i_i : m = (9.242) 

fc=0 

and: 

^'' ■''^9'm,i = "-''-''^g'm^l - e • i^^'^-'^^x'^-u (9.243) 
l-l 

Then ' ^o®^ contain principal acoustical terms and we have: 

^''■■■"^90,1 = -2mX • ^'''""^h,o,i + ^ ■ ^^"-^'^^^ (9-244) 

i-i 

+ ^ (^Ji,_J^(n...ii-fe-ii!-)=+i-iOa;^^^_^ + ^''-''^50,; : m = 



fc=0 



and: 



^'^■■■''^g'^, = -2mx • + ^ • 4(--^''x:„_i, (9.245) 



/s=0 

Let us define: 

X'^^^ = max ||(*-'')x'„/i)|U2([o,e„]xS^) (9.246) 

We shall estimate 115^ i(0IU^([o,£o]xS2) in terms of Xq i{t) and X((i), defined by (8.390), for m = 0, 
and in terms of X'^ ;(t) and i+i(i), for m > 1. Consider first the second term on the right of 

(9.244) and (9.245).' The St,u 1-form ^ is given by (9.59). By the bootstrap assumption A,E and F 
we have: 

\^\<C5o{l + t)-''[l + log{l + t)] (9.247) 
Thus, by the pointwise estimtes (9.119): 

lie • ^''■■■"^xi\\L-ao,eo]^s^) < CSoil + t)-'[^ + log(l + t)]Xi{t) (9.248) 

11^ ■ 4^''-''^x'^-iALH[0,eo]xS-) < C6o{l + i)"'[l + l0g(l + i)]^m-l,i+l W 
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Consider next the third term on the right of (9.245). From (6.89) and (6.99) we have: 

|A| < C5o{l+t)-^[l + log{l + t)] (9.249) 
Thus, by the pointwise estimate (9.121): 

|iTOA('--')x'„,|U2([o,,„]xs^) < Cm6o{l + t)-^[l + log(l + t)]X'^_,j^,{t) (9.250) 

Consider next the term next to the last term on the right in (9.244) and (9.245). By the pointwise 
estimtes (9.127) and (8.393): 

l-i 

II J2 (''^'-^^^'"•"'-'-^''-'=+"-''^a;V;-ilU^([o,eo]xS=) < Cl6o{l + t)-'[l + log(l + t)]X'^^i{t) (9.251) 

fe=0 

Finally, we consider the first term on the right in (9.244) and (9.245). By F2 we have: 

I|2mX • ^"-''^^^^^ Jl^([o,.o]x5^) < Cdoil + t)-'[l + log(l + t)]||Ml^'""'V2,,„,J WIU=^([o.^o]xS^) (9-252) 
We now appeal to (9.190). In view of (8.396), (9.190) is equivalent to: 

\U''''''^hrnJ(*'^)hHS^) < C||(^-^')a;:„/t,u)|U.(5=) +C||^"-''V;.,i(t,^)IU=(5^) (9.253) 
+C||/x^'-^')d™Xi,")llL^(s^)+C||Ml^'""''^e„,i|(t,w)|U2(s.) 

+CSo{l + t)-'[l + l0g(l + t)]\0''-''^l,m,l\{t,u)\\ 

Taking norms on [0, eg] then yields: 

(9.254) 

+C||^(*--'")d™,(t)ll L2([o,eo]xS2) L2([0,eo]xS2) 
+C(5o(l+t)-Ml + log(l+t)]|||4(^-^'Vm,d(i)lk^([0,.o]xS=) 

In view of (9.248), (9.250), (9.251), (9.252) and (9.254), we obtain from (9.244) and (9.245): 

ll^'"-''^5o/i)IU=([o,.o]xS=) < C{1 + l)5o{l + i)-'[l + log(l + i)]^o,K*) (9.255) 
+CSo{l + t)-'[l + log(l + t)]Xi{t) + ^''-''^Q'o/t) : m = 

\\^''-''^~9'm,imLH[0,eo]xS^) < C{1 + l)6o{l + t)-^[l + log(l + t)]X'^j{t) 

+C{m + l)5o(l + ^-'[1 + log(l + i)]^™-i,i+i(*) 

+^''-''^Q'mAt) : m > 1 



where: 



^''■■■''^Q'mAt) = C<5o(l + t)-^{\ + log(l + t)]2|||4(^--')^^^;|(t)||^,(j„^^^j^^,) (9.256) 

+C<5o(l + t)-'[l + l0g(l + t)]||'^"-"' V\m(^)IU^([0,.o]x5^) 
+CTo(l + t)-'[l + l0g(l + t)]||Ai(*^-*')d,„,,(t)|U2([o,,„]x5^) 

+C(5o(l + i)~'[l + log(l + i)]llMl^'""''e„j|(i)llL2([o,.o]x5=^) 

+ ll^''"'"^5m,((0lk^([0,€olxS2) 
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We now return to (9.193). Taking LP' norms on [0,eo] x S'^ yields: 

ll''^-''^^™,i(*)IU=([o,eo]xS=) < ll^'^-^'^i^™,;(i)IU=([o,.o]xS=) + t''---''^G'^^m\L^([0M><s^) (9-257) 
Substituting (9.239), (9.241) and (9.255) then yields: 

ll^'"-''^4,;WIU^([o,.„]xs^) < '^''■■■''^B'.^iit) (9.258) 

+C5o{l + t)-^[l + log(l + t)f / (1 + t')[l + log(l + t')]Xi{t')dt' 

Jo 

+Cil + l)5o(l + t)-^[l + log(l + t)f [ [1 + log(l + t')]^o iit')dt' : m = 

Jo 



+C{m + l)So{l + i)-'[l + log(l + 1)]^ [\l + log(l + t')]X'^_,^,^,it')dt' 

Jo 

+C(/ + l)5o(l + 0"'[l + log(l + 0]' / + '^og{l + t')]X'^ i{t')dt' :m>l 

Jo 



where: 



^'^■■■''^B'^/t) = C{1 + t)-'[l + log(l + i)]'ll^"-^'^2.:„/0)|L.(^.o) (9.259) 

+C{1 + t)-'{^''---''^Fttit) + (1 + 

+C(1 + t)-'[l + log(l + 1)]^ [\l + t'f'^^^ -''^Q'mAt')dt' 

Jo 

Taking in (9.258) the maximum over and recalling the definition (9.246) we obtain: 

K I < B'oiit) + C(5o(l + t)-^[l + log(l + t)]2 / (1 + t')[l + log(l + t')]Xi{t')dt' (9.260) 

Jo 

+C{1 + 1)6q{1 + t)-^[l + log(l + 1)]2 / [1 + log(l + t')]^o iit')dt' : m = 

< B'^A^) + + 1)^0(1 + i)-'[l + log(l + t)f [ [1 + log(l + t')]X'^_,^^^,{t')dt' 

Jo 

+C{1 + l)do{l + t)-^[l + log(l + i)]2 / [1 + log(l + t')]X'^ i{t')dt' : m > 1 



where: 

i?;,,,(t) = max(^--')s;,,,(t) (9.261) 

Setting: 

I = n — 1 — m 

(9.260) is a set of ordinary integral inequalities for X'^ m = 0, n — 1. For m = 0, we have 

an integral inequality for Xq containing on the right hand side the quantity Xn-i which has been 
estimated in Chapter 8. For m > 1, we have an integral inequality for X'^ containing on the 

right-hand side the quantity X'^_^ n-i-{m-i)- Thus, the integral inequalities, considered successively 
in the order of increasing m, depend only on quantities already estimated. Setting: 

YUit) = f\l+log{l +t')]X'^/t')dt' (9.262) 
Jo 
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and recalling (8.406), since 

dt 

the i satisfy: 



= [l + \og{l+t)]X'^^i{t) 



dY' it) 

— ^ < [1 + log(l + t)]B'^^i{t) + C5o{l + t)-^[l + log(l + t)fYi{t) (9.263) 
+C{1 + l)^o(l + t)"'[l + log(l + t)fY^^i{t) : m = 



< [1 + log(l + t)]B'^^i{t) + C(m, + l)(5o(l + t)-^\\ + log(l + i)]'il-i,/+i(t) 
+C(/ + l)(5o(l + + log(l + t)fY'{t) : m > 1 



The integrating factor here is: 



e-c,(t) 



where Ci(t) is of the form (8.409). We thus obtain: 

ro',,(t) < e^'(*) /' e-^'(*')[l + log(l + i')]i?o,;(<')rfi' (9-264) 

JO 

C5o / (l + 0"^[l + log(l+t')]^^W :?" = 

< e^'^*^ /*e-^'(*'ni + log(l + t')]Sk;(*')'^i' 

+C(m + l)5o / (1 + i')"'[l + log(l + ^)fY^-x,i+x{^)di! : m > 1 
Jo 

Since the integral 

[l + log(l+0]'_^^, 



(l+f)^ 



is convergent, if (5o satisfies a smallness condition of the form (8.411), taking into account the fact that 
Yi,Y!^_-^ are non-decreasing functions of (9.264) imply: 

Yoi{t)<2[ [1 + log{l +t)]B'o i{t')dt' + CSoYi{t) :m = (9.265) 
Jo 

y4,;(0 < 2 / [1 + log(l + t')]B'^^i{t')dt' + C{m + l)(5oil-i,;+i(i) : m > 1 
Jo 

Setting Z = n — 1 — m, m = 0, 1, n — 1, we then have: 

^o'n-i W < 2 / [1 + log(l + t')]B'^^^_^{t')dt' + C5oYr,-i{t) (9.266) 
Jo 

and, for m = l,...,n — 1, using a modified version of Proposition 8.2 appropriate to inequalities, we 
deduce: 

Y:n,n-i-mit) < (m+ l)!(C^o)'"Fo',n-iW (9-267) 
fe=o l^ + i-'i^J- Jo 
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Substituting the bound (8.412), these imply that: 

< 2 [\l + t')[l + log(l + t')]Bn-i{t')dt' (9.268) 
Jo 

m „t 

+2V / [l + log(l + i')R„_i_,(O'^t':m = 0,...,n-l 
provided do is suitably small depending on n. The bounds (8.412) and (9.268) in turn imply: 

F„_i(i) + nyo'„_i(t) < 2(n + 1) / (1 + i')[l + log(l + t')]Bn-iit')dt' (9.269) 

+2n / [1 + log(l + t')]B'o „_i{t')dt' : m = 

l,n— 1 — (m— 1)(*) + {n- "^)^4,n-l-m(*) 

<2(n + l) / (l + i')[l + log(l + i')]5n-i(i')<^*' 
Jo 

m-1 „t 

+2(n + 1) ^ / [1 + log(l + l!)]B'^^^_,_^{t')dl! 

k=o 

+2(n - m) / [1 + log(l + t')]S™,„-i-m(i')rfi' : m = 1, n - 1 
Jo 

Recalling then (9.258) and setting Z = n — 1 — m, we conclude that: 

ll*'"-'''4,n-lWI|L^([0,.o]xS^) < ^'"-'"-^^San-llO (9-270) 

+C5o(l + i)"'[l + log(l + i)]'[^n-i(i) + n>"oU-iW] • 

m = 

||(^---'"--"')a;;,,„_l_„(t)|U.([0,eo]xS=)<^'^---^"-^-'"^BU-l-rn(*) 

C5o(l + t)-'[l + log(l + t)f ■ [(m + l)y4_i,„_i_(„_i)(t) + (n - m)y4,„_i_„(i)] : m > 1 
So finally we obtain the following estimates by substituting (9.269) in (9.270): 

t'-''^An-i{mLH[0M-s-) < ^''■■■'"-'^B'„^,,_,{t) (9.271) 

+C(5o(l + t)-^[l + log(l + t)]^{2{n +1) [ (1 + t')[l + log(l + t')]Bn-i{t')dt' 

Jo 

+2n [ [1 + \og{l + t')]Bly„_:^{t')dt'} ■.m = 
Jo 

and 

\\^''---'-'--^x'rn,n-l-rnmL^[0,eo]><S^) < ^''-'-'-^ B'^^^_,_^{t) (9.272) 

+CSo{l + t)-^[l + log(l + i)]^{2(n + 1) / (1 + t')[l + log(l + t')]Bn-i{t')dt' 

Jo 

m-1 .( 

+2(n + 1) ^ / [1 + log(l + t']Bl^_,_k{t')dt' 

+2(n - to) / [1 + log(l + t')]B'^^^_^_^{t')dt'} : TO > 1 
Jo 
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Chapter 10 



Control of the Angular Derivatives 
of the First Derivatives of the x^. 
Assumptions and Estimates in 
Regard to x 

10.1 Preliminary 

One of the aims of this chapter is concerned with derivation of estimates for angular derivatives of the 
spartial rectangular coordinates and Tx* : i = 1, 2, 3 with respect to Rj : j = 1, 2, 3. The estimates 
are based on bootstrap assumptions in regard to x- These estimates are then used to obtain estimates 
for angular derivatives of the deformation tensors of the commutation fields. 

Before we proceed, we must discuss the general definition of the operator (,x , with X an arbitrary 
St^M-tangential vectorfield, as well as the operator Z^, jCt, as applied to an arbitrary St,u tensorfield. 
Consider first the case of an St,u 1-form ^. Let X e TSt,u- Then jCxS. is just a notion intrinsic to St,u- 
To define however, we must consider the extension of ^ to a given as an St^u 1-form, that is, 
by requiring ^{L) = 0. We then define /^.^ to be the restriction to TSt^u of the usual Lie derivative 
jCl£,. a notion intrinsic to C„. Note that in any case {jClO{^) — 0- We can define j^j-^ in a similar 
way by substituting C„ by E^. 

The case of any p-covariant tensorfield in the role of ^, is formally identical to the case of an 
St,u 1-form. Consider next the case of an S't,„-tangential vectorfield Y. X be another St,u tangential 
vectorfield. Then txY is defined to be simply CxY = [X, Y]. From Lemma 8.2, £lF = [L, Y] = '-^'^ Z 
is an S't^M-tangential vectorfield, so j^l^ is defined to be £lY. Similarly (see Lemma 10.18), /g-F is 
defined to be jCtY. 

The case of any g-contravariant 5*4^11 tensorfield is formally identical. And also, the general case of 
an arbitrary St,u tensorfield •& is similar. Note that the above definitions of ^x^^ -^l^; /t^) does 
not depend on the acoustical metric g. So we have: 

Ixi^'^'P) = {lx^)®^ + -i^<»ilx'P) (10-1) 
with X an arbitrary Sf^u-tangential vectorfield. And also: 

It{^ <S) ip) = Ht^) (S) (p + 19 <S) {jCt'p) (10-3) 
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We also note that the same results hold with Q in the role of L. 
Prom the above discussion, we have, for X,Y £ TSty- 

{CloKX, Y) = L{g{X, ¥)) - g([L, X], F) - g{X, [L, Y]) 
= L{^{X, Y)) - ^{[L, X],Y)- ^{X, [L, Y]) = {U$){X, Y) 



That is: 



Similarly, we have: 



and 



(^V = t-L^ = 2X (10.4) 
(^V = ■^T^ (10.5) 



{LT-g){X, Y) = T{g{X, Y)) - -g{[T, X],Y) - g{X, [T, Y]) 
T{^{X, Y)) - ^{[T, X],Y)- ^{X, [T, Y]) = {It^){X, Y) 



namely, 



= 2k6I (10.6) 



Given now a positive integer I let us denote by '^i the bootstrap assumption that there is a constant 
C independent of s such that for all i e [0, s]: 

: maxmax||i?j,...i?ij'0„||z,oo(s»t)) < C'<5o(l +^)~^ 

Also, for convenience of notation, let us denote by '^q the basic bootstrap assumption El of Chapter 
6: 

^0 : |V'o-/io|, maxlV'il < C^o(l 

i 

Given a positive integer I we then denote by ^![;] the bootstrap assumption: 

^[1^ : to and...and 
Given a positive integer n we denote: 

: if n is even 
n-l .r . (10.7) 
: if n IS odd 

Lemma 10.1 Let G be a smooth function of the variations {tpa '■ ct = 0,1,2,3). Suppose 
that the bootstrap assumption t[i,] holds for some positive integer I. Then there are constants C, C; 
independent of s such that the following estimate holds: 

||i?ij...i?iiG'||i2(s'0) 

l-l 

max max \\Rj,i,...Rj,^tpa \\l^(j:''>) 
fe=i " 

Proof: It is just a direct calculation. □ 

Consider now the functions . By (3.201)-(3.203), we have: 

RiP = Rf^^ = f. ■ (10.8) 
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where 

f.=m-Ri (10.9) 

Here, m is given by: 

m = mb- ^"^ (10.10) 

where 

mb = -a-\ + jt (10.11) 
Recall the definition of functions ?/' in Chapter 6: 



Since RiX^ = Ri ■ , we have: 



where 



By (10.9)-(10.11) we have: 



where 



and 



= + (10.12) 



RiV^ = • (10.13) 



^^=m' ■ Ri (10.15) 
m' = m'b ■ ^"^ (10.16) 



m; = m6+Y3^^ (10.17) 



is the 2-covariant St,u tensorfield: 

(a-i - 1 



^-rif---'ix-^^) + t (10.18) 

1 — u + t 1 — u + t 



We consider next the angular derivatives of the rectangular coordinate functions . According to 
(6.6) we have: 

(i?i)^^ = n^j4)' (10.19) 

where 11;^ are the components of 11, the ^-orthogonal projection to St^u on S^: 

K = - Qkif^T^ (10.20) 

and 

{Riy = e.,n,x™ (10.21) 
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Recall (6.146): 

g{Ri,f)=Xi = eimjx"'y^ (10.22) 

we then obtain: 

Rj, = i?, - X.f^dj (10.23) 
Define, for each non-negative integer k, the functions: 

=^4"Aa;^' (10.24) 
These are linear functions of the rectangular coordinates, therefore the 

^'^4u...i. = (10-25) 
are constants. Define for each non-negative integer k the functions ^''^Sj^ by the equation: 

i?,,...i?,,^^=«<..,^-«5f^..,^ (10.26) 

In particular, 

= (10.27) 

and by (10.23), 

(i)<5^ = A,fj' (10.28) 
Replacing A; by A; — 1 in (10.26) and applying iJj^. we obtain: 

By (10.23)-(10.25), 

i?.^^-!)^;^ ^ =Wxl , -('=-1)4, , A,,f' (10.30) 
Substituting this in (10.29) and comparing with (10.26), we get: 

= Ri^-'^^.-.i... + ^'-'^n...i._.^^.^' (10-31) 

Now we can apply Proposition 8.2 with A„ in the role of Ri^, Xn in the role of ''^''^^^...jj. and yn in the 
role of 

Since by (10.27) = we obtain: 

= E ^'""'^4n...i.-i^--^--™+=(^^™^') (10-32) 

m=l 

Since the ^^^x are hnear functions of the rectangular coordinates, we have, from (10.25), 
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From (10.21) and (10.24) we obtain: 

(o^ar^ (i)ar| = ta^x^ (10.34) 

Moreover, 

For fc > 2 we have from (10.24) and (10.35): 

^xl..,,=K-RiJ^<i. (10.36) 



(fc-2) ii . (fc-2) J 



It follows from (10.36) that for k>2: 



max |W<.,J=.max l^^-^^x^..,^, J (10.37) 



while from (10.34): 



Then we have: 



which by (6.147) imphes: 



max 



l^^^a^'l = maxima;-''! = max|a;^| (10.38) 



max jf'^^a;^' .|=max|a;^| (10.39) 

j;ii...ik j 



.max \r>xl^..J\L^^^o^<^+t (10.40) 

Lemma 10.2 Let 

max ||i?i,...i?,,yJ||i^(sjo) <C(,5o(l + i)"Ml+log(l+i)] 

hold for k = 0, Let also assumptions ^)[;] hold. Then if Sq is suitably small (perhaps depending 
on I), we have: 



max ||i^i^,...i^jlAi||^oo/s«o^ < C/Jofl + log(l + 1)] 

and: 

ma^. ||('=+^^<5^,,...,JLoo(j:eo) < Ci5o[l + log{l + 1)] 

for all fc = 0, L 

Proof. Noting (6.160) and (10.27), the lemma holds when I = 0. Then by (10.12), (10.22), (10.26), 
(10.40) and (10.32), we can use an induction argument. □ 
Actually, we did not use ^![;]. 
Lemma 10.3 Let 

max ||i?i,...iiny^'|Loc(sfO) < Ci5q{1 + t)-^[l + \og{l + t)] 
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hold for A; = 0, Let also assumptions ^[i,] hold. Then if So is suitably small (perhaps depending 
on Z) we have: 

max ||i?i^...i?iiAi||i2(s«o) < Ci{l+t)y^i^ 

and: 

for all A: = 0, I. Here: 



yk = max ||i?i^...i?i,yJ||^2(sfO), = 

We also define: 

Wo = maxlllV'o - /io|lL2(s;o), max ||V'i||i2(s;o)} 



and for k=f=0: 



and: 



Wk= max \\Ri^...Ri^tlJa\\L^(j:'o) 



Proof. By (10.22) (10.32) and (10.40), the lemma holds for I = 0. Then we can use the induction 
argument. □ 

Lemma 10.4 For every non-negative integer k we have: 



Here, 



and 



m=0 



Proof. Since 



the lemma reduces for fc = to equation (10.13). Then arguing by induction, and using Proposition 
8.2, the lemma follows. □ 

Now it is evident from (10.15) and the formulas for the coefficients ^^^(^'.. . and ^^'V- • given 

^ ' f'Ml...lfc ' 111. ..Ik ° 

in the statement of Lemma 10.4, that ^'^'of'. contains the angular derivatives of the Ri of order 

'111 ■■■1'k 

up to k and '■'^Vli contains the angular derivatives of the Ri of order up to fc — 1, where by "the 
angular derivatives of the Ri of order up to 1" we mean the S'(,„-tangential vectorfields j^ii.^...j^ji.^Ri 
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for m = 0, I. We shall thus derive the below expressions for these vectorfields. The basic formula is 
the formula for 

given by the following lemma. Let tu, be 

Wi = {wi)b ■ (10.41) 



where 



Let us then define: 



Lemma 10.5 We have: 



Proof . We express: 



According to (10.23): 



Thus, we have: 



{wi)b = eij^y' gmn4x'^ (10.42) 
j'. = i[-Wi (10.43) 



[Ri, Rj] — —eijkRk + — 



Now, 



Since, 



we then obtain: 



Ri — {Ri)^dm 

[R,,R,] - {R^{{R,^) - Rj{{Rir)}dm (10.44) 
= {RiiiRjT - ><jTn - RjiiRir - Air")}5„ 

RiiiRjD = RiicjkmX^) = ejkm{Rif 
~ ^jmk{{Ri} AjT* ) = ^jmk^ilkX ~\~ ^jmk^i^ 

^jmk^ilk ~i~ ^mik^jlk ~t~ ^ijk^mlk ~ 



Ri{{Rj)"^) — Rj{{Ri)'^) = —CijkiRk)"^ + {eikm^j — ^jkmK)T^ (10.45) 

Substituting (10.45) in (10.44) yields: 

[Ri, Rj] = -eijkRk - Kvj + XjVi (10.46) 
-{Ri{Xj) - Rj{Xi))f - (A,i?i(f ™) - XiRj{f"'))dm 

where 

Vi = Cikruf^dm (10.47) 
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By (10.12), (10.13), 

Riif"')dm = -{l-u + t)-^Ri + ^'. (10.48) 

Substituting (10.48) in (10.46), the latter becomes: 

[Ri,Rj] = -€,jkRk (10.49) 
-(i?,(A,)-i?,(AO)t 

where: 

v'.=v^ + (l-u + t)-^Ri (10.50) 

Since [Ri, Rj] is S'f u-tangential, we may apply the projection operator 11 to the right of (10.49). This 
annihilates the second term, and since liRi = Ri, we obtain: 

[Ri, Rj] = -CijkRk + Xiii'. - n^i) - Wi - (10-51) 

In view of (10.43), we must show that: 

Jlv'i = Wi (10.52) 

We have, in view of (10.50), 

= TLvi (10.53) 

where 

Vi=Vi + {l-u + t)-^Ri (10.54) 
In view of (10.47), (10.12) and (10.21), we have: 

Vi = eik-mV^dm (10.55) 
We then have, in terms of the frame {Xa : A = 1,2), 

nvi = g{vi, Xb){^-Y^Xa (10.56) 

and: 

g{7h,XB) = gmniviTX"^ = eikmy'^gmndsx" (10.57) 
Comparing (10.57) with (10.42) we see that: 

g{vi,XB) = {wi)b{XB) (10.58) 
Substituting (10.58) in (10.56) we conclude that: 

Uvi = Wi (10.59) 

Therefore by (10.53), the lemma follows. □ 
Since by (10.15), 

~rt,=m' -Ri- Wi (10.60) 
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Thus, defining the St^u tensorfields jii by: 

ft = Ajm' (10.61) 

and the St^u-tangential vectorfields Vif 

Vij = —XiWj + XjWi (10.62) 
the formula of Lemma 10.5 takes the form: 

[Ri, R-j] = -(-ijkRk + fM ■ Rj - Hi ■ Ri + Vij (10.63) 
Lemma 10.6 For every non-negative integer k we have: 

/d /d i?- = ('=)rv'?*. R +^''^B-- ■ R +('=)'Y - • 

The coefHcients ^'^^o;™^^ are constants, given by: 

The coefficients ik = {'^'^^ Pi^ i^. '■ m = 1, 2, 3) are triplets of T^^-type 5*4 „ tensorfields given 

by: 

fe-i 

C^)/?. . ■ A- A- ('=-")o. . . 

Here are the operators acting on triplets z = {z"^ : m = 1,2, 3) of T;j^-type St^u tensorfields 
given by: 

{AiZr = Ir^z"' - Yl ^inmZ" + ^"^ • ft - (^ • /X^),?™ 
n n 

and the ^^^pj-i^ if, = {^^^ P^i^ • m = 1,2,3) are the triplets of T^^^-type Sm tensorfields, given 

by: 

n 

Finally, the coefficients 5t,„-tangential vectorfields, given by: 

k-l 

lj;ii...ik — <^J■l^...lk-„-l^Ri^■■■V-Ri^_^^^^^k-n■m 
n=0 

n=0 

Proof. With: 

(o)a7 = (5f , = 0, (°)7j- = (10.64) 

the lemma is trivial for /c = 0. Moreover, one can easily check that the lemma reduces for fc = 1 to 
(10.63). Then arguing by induction, using Proposition 8.2 and noting (10.64), the lemma follows. □ 
To analyze the operators Aj, we define the multiplication operators Mj. These are 3-dimensional 
matrices, the entries (Mi)™ : m,n= 1, 2, 3 of which are Tj^-type of St,u tensorfields given by: 

(Mi)™ = -e^nml + " C^n (10.65) 
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Here / is the T^^-type of St^u tensorfield which is the identity as a transformation in the tangent space of 
St,u at each point. These matrices act on triplets z = {z™ : m= 1, 2, 3) of T^^-type of St,u tensorfields 
on the right: 

{z ■ Mi)"' = X] • (^0-^^) 

n 

SO that with matrix multiphcation defined according to: 

(M, . M,)™ = Y.{Mit ■ {Mj)T (10.67) 
fe 

we have: 

{z ■ Mi) ■Mj=z- {Mi ■ Mj) (10.68) 

The operators are defined in terms of the matrices Mj by: 

AiZ = lii.z + z-Mi (10.69) 

We may also define the action of the operators Ai on matrices K by: 

AiK = + K-Mi (10.70) 

Note that if we also denote by / the identity matrix, then according to (10.70) we have: 

Ail = Mi (10.71) 

From (10.69) and (10.70), we readily deduce the following formula by induction (some product terms 
cancel.) on k: 

Ai,...Ai,z= J2 {iRr^-m^- (10.72) 

partition 

Here the sum is over all ordered partitions {si, S2} of the set {1, fc} into two ordered subsets si, S2. 
Also, we denote: 

(M)'- = Ai^^...Ai„J :if S2 = {nu...,np},p=\s2\ (10.73) 
Introducing the matrices It and Ni by: 

(AYn - ~^^nmI (10.74) 

(iv,);^ = - STun (10.75) 

we may write: 

Mi = Ii + Ni (10.76) 

Let us introduce for any positive integer k and multi-index {ii,...,ik) the matrices ^''^Iii...i^ and 
^''Sn...u by: 

('^/n...., =/n.../u (10.77) 

and: 

«iJ,,...,,=A,,...A,,/ (10.78) 
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We also set = I, ^°^B = 0. It is then readily seen that: 

i^''^ln...i,r = ^'^<,n...ij (10.79) 

Obviously, ^'^'Sjj . jj^ contain terms of degree 1 up to A; in Ni, and the terms of degree q with k — q 
angular derivatives on it. Thus '^'^■'Bi^ . j^ contain the angular derivatives of the Ni of order up to fc — 1. 
Also, (10.73) can be written as: 

(M)-=W7,„^..,„^+(^)b,„^..,„^ (10.80) 
Finally, by the way in which we derive (10.39), we have: 

max l^'^^a^i, ^ J = maxl^aT^I = 1 (10.81) 

m,j;ii...ik ■'' m,j 

which implies: 



max. |(W7,,...,J™| = 1 (10.82) 

n,m;ii...ik 



10.2 Estimates for 



Given a non-negative integer I let us denote by the bootstrap assumption that there is a constant 
C independent of s such that for all t G [0, s] : 

t^f : maxmax||J?i,...i?ji(3Vc<||Loo(s»o-) < C5o(l -|-i)~^ 

ce V t ^ 

We then denote by the bootstrap assumption: 



: to and... and t? 



Given a positive integer /, denote by the bootstrap assumption that there is a constant C indepen- 
dent of s such that for all t G [0, s]: 

ti : max|l/« .../^ v||l~(e^o) < ^^^o(l+i)"'[l + log(l+t)] 

Let us also denote by Xo the bootstrap assumption: 

to ■■ \x-^^—A<C6o{l + t)-'[l+\ogil+t)] 
1 — u + t 

This coincides with F2 in chapter 6. We then denote: 

t[i] ■■ to and.. ..and Si 

10.2.1 Estimates for Ri^....Ri,y^ 

Proposition 10.1 Let hypothesis HO and the estimate (6.192) hold. Let also the bootstrap assump- 
tions ^^[(j, '^fi-i] and hold, for some positive integer I. Then if So is suitably small (may depend 
on Z) we have: 



max \\Ri,...Ri,y^\\L^,^^o.<Ci5oil + t)-''[l + log{l + t)] 

for all fc = 0, /. 
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Proof. We shall argue by induction. The proposition reduces for Z = to (6.192), which is assumed 
here. Let then the proposition hold with I replaced by Z — 1. We then have: 

max ||i?i,...i?i,2/^||^^(5,eo <Q_i,5o(l + i)-Ml+log(l + i)] (10.83) 

forallfc = 0,...,/-l. 

Here, we shall use the expressions in Lemma 10.4. First, note that by Lemma 10.2, 

.max ||('=)4...,JLoo(s:o) <a-i^o[l + log(l + i)] (10.84) 

j;ii...ik " V t / 

for all A; = 0, I. 

Then by (10.26) and (10.40) we have: 

max ||i?i,...i?i,x^||ioo(s^o-, <C(l+i) (10.85) 

j;ii...ik * 

for all fc = 0, I. 

So what we need to do is just estimting /^.^...^^.^^^ with < A; < Z — 1. First, by and HO, 
we have: 

max||i?i,...i?i,(a-i)||^^(5,c„ <C5o{l+t)-^ (10.86) 

ii...ik ^ ' ' 

max ...Ir I^ILoo(s^o) < C6o{l + (10.87) 



with 1 < A: < ; - 1. 

Then by (6.62) and we have: 

max ll/fl .../fl (^^VlLoo(s'O) <C,^o(l+t)-Ml + log(l+t)] (10.88) 

for < fc < Z — 1. Here we also used the induction assumption so that we have: 

max \\Ri^...Ri,Xi\\i^„,^.o. < Q_i(5o[l + log(l + 1)] (10.89) 

i;ii...ik ^ ' ' 



So by and (10.16), (10.18), we have: 



max||/^ .../j^ m'|L„„(sfO) <C'5o(l + t)-2[l + log(l+f)] (10.90) 



for < A < Z - 1. 

Second, by Lemma 10.6, we can easily get: 



II^K.,-^fln^.iL-(E:o) < C{l + t) (10.91) 



with < A; < L 

In fact, from (10.89) and (10.90) we have: 



max ll/fl, .../K,^ftllLoc(E?o) < Ci6l{l + t)-^[l+log{l + t)]^ (10.92) 

_ . .7,1. « 1 \ t y 



for all A; = 0,..., /-I. 
Then by (10.75): 



l;ll...lk 

forallfc = 0,...,Z-l. 



max 11/^ 7V,||^^(j,c„ < Ci6l{l + t)-^[l + log{l + t)f (10.93) 

...7,1, 1 \ t ■> 
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By the discussion preceeding (10.80), 

max||('=)Bi,...iJ|^oo(Eeo) <C;^o(l+*)"^[l + log(l + *)]' (10-94) 
By (10.80), (10.82) and (10.94) we have: 

II < C :for|s2|</ (10.95) 

(provided that do is suitably small depending on I). It then follows from (10.72): 

k 

max ||A,,...Ai,z||i^(sjo) < Cfc V max ||/i?.^ -/k. ^Hi^.^jo) (10.96) 

m=0 

for all fc = 0, 

Then by Lemma 10.6 and (10.92): 

. m.ax UR,--^R,^J"'^Pr,n...iJ\Loo^^ioj < Q6l{l + t)-'[l + log{l + 1)]^ (10.97) 

for all m and all n < / — 1. 
Then by (10.96) we get: 

mWn-^Wi^'"Vj;n...i„.llLoo(E-) < C,^o'(l + t)-'[l + log(l + t)]' (10.98) 

for all m and all n < / — 1. 
So finally we have: 

.max Wlj, ...^fl (™)/3,;i„„i^|L„.(j,eo) <Q<5^(l+t)-2[l + log(l+t)]2 (10.99) 

j;zi...lm+n ""+"■ "'+1 ^ * ' 

for all m + n < L 

Wc' still have to consider By the expression in Lemma 10.6 and the induction assump- 

tions, we easily get: 

max ||('=H,;H...iJLoo(s'0) <C,52(l + i)"Ml + log(l + i)]' (10.100) 

for all A; = 0, I. 

So we get (10.91). Then from (10.91), (10.90) and (10.15) we have: 

max ||.^^ ....^fl rf;||^„„(j,.o) <C,5o(l + i)-Ml + log(l + i)] (10.101) 

forall A; = 0, 1. 

Then the proposition follows. □ 

There are some immediate corollaries of this proposition. First by Lemma 10.2, we have: 
Corollary 10.1. a Under the assumptions of Proposition 10.1 we have: 

max ||i?,,...i?i,A,||ioo(s=o) < C((5o[l + log(l + 1)] 

i;ii...ik * 

and 

max ||^''+^^^iH...iJ|i,oo(E'0) < C;^o[l + log(l+t)] 

for all A; = 0, I. 

The second of above implies 

max \\Ri^...Ri^3p\\^^,^H^. <C{l + t) 
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for all /c = 0, Z + 1, if (5o is suitably small (depending on /). 
Next, from the proof of Proposition 10.1 we have: 
Corollary lO.l.b Under the assumptions of Proposition 10.1 we have: 



max \\Ri^...Ri^T^\\j^^,j.>o)<C 



for all A; = 0, I 



and 



max \\Ri ...Ri^il}A\j^ooiY,''o\ < C;(5o(l + i) ^ 

ii...ik V t / 



for all k = 0, I 



Moreover, 



max Win In ipW^^^^'O) < CiSoil+t) ^ 

for all fc = 0, I 
Corollary lO.l.c Under the assumptions of Proposition 10.1 we have: 

max 11^^ .../fl l^lli,oo(E«o) < C;(5o(l 

for all fc = 0,...,/-l 
Corollary lO.l.d Under the assumptions of Proposition 10.1 we have: 



for all fc = 0,...,/-l 



max 11^. '''' < Q<5o(l + i)"' [1 + log(l + 1)] 



Corollary lO.l.e Under the assumptions of Proposition 10.1 we have, if 5o is suitably small (depend- 
ing on I), 

max .../jj -Rjilz,oo(s:o) < Ci5o{l + 1) 

J\ll...lk ^ V t / 

for all = 0, Z 



More precisely, we have: 



max I'^^^a^i, = 1 : for all A; 



max. ir'^'/3™,...iJLoo(s;o) <Q(5o^(l+t)-^[l + log(l+t)]^ 



for all fc = 0, 

((°)/3™ = 0) 



max ir"^7,;^,...^JlLo»(Ef«) < Ci5i{l+t)-'[l + \og{l+t)Y 

for all k — 0, I 
((°)7, = 0) 

Finally, we have: 
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Corollary 10. l.f Under the assumptions of Proposition 10.1, we have: 

max 11^4 ||^„o(s^o) <CKl + i)-Ml + log(l + i)] 

for all k = 0,...,l-l 

and 

..max \\^'^fu,,,,jL^^^io)<Ci{l + t)-'[l + \og{l + t)] 

for all fc = 0,...,Z-l 

10.2.2 Estimates for Ri^...Ri^y^ 
Define: 

and for fc^O: 

Ak = max xIIl2(e?o) 

and: 

/s=0 

Also, we define: 

Wfe^= max ||i?,,...i?,,OValL2(s^o), wg = ^W,« 

fe=0 

Proposition 10.2 Let the hypothesis HO and the estimate (6.192) hold. Let / be a positive 

integer and let the bootstrap assumptions '^[i,], S^.-i] and hold. Then if is suitably small 

(depending on I) we have: 

yk<Ci{yo + {i + t)A[i-i]+W[t]} 

for all k = 0, I. 

Proof. The proof is still by induction. The proposition extends trivially to the case / = 0. Let 
then the proposition hold with / replaced by 1, — 1 and consider the case /. The assumptions of 
Proposition 10.2 coincide with those of Proposition 10.1 with / replaced by Therefore the conclusion 
of Proposition 10.1 holds with / replaced by Therefore, we have the L°"-bounds for /^^.^ .../^^.^ 
where k = 0, — 1 and for ^{{RY^x^) where |s2| < Also, all the corollaries of Proposition 10.1 
hold with I replaced by Z*. As before, we shall use the expression in Lemma 10.4 and we must get a 

estimate for /^.^ .../^.^ where fc = 0, - 1 and for 4{{RY^x^) where |s2| < Z - 1. By (10.18), 
we have: 

ll(/ii)XllL2(E:o) < C(<5o(l + 0"'>V[i] +^[i-i]) + Q(l+i)"'3^[!-i] (10.102) 
for all |s| < Z — 1. Here we have used Lemma 10.3, which yields: 

max \\Ri,...Ri^Xi\\^,,^^o. < C(-i(l + i):i^[i-i] (10.103) 

i.-A-i ...it. y t y 
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forall A; = 0, 1. 

This is because the hypothesis of Lemma 10.3 with / replaced by / — 1 are a fortiori satisfied. 
Also we have: 

||(/flr(^VllL-(S^O) < C,J^[i-2] +Q^o(l + t)-Ml + log(l+t)]W[j_i] +C;<5o[l + log(l + t)]^[j_2] 

(10.104) 

for all s = 0, Z — 2. Here we also used the induction hypothesis for Aj. 

Finally, we have to deal with the case that more than half of the derivatives hit Ri in the expression 
(10.15). Here we must use Lemma 10.6. The first term on the right of this expression is obviously 
bounded in L°°, as well as the second factor in the second term. So first we consider the term , 
for all A; = 0, I — 1. Let us now consider expression (10.72) for an arbitrary triplet z of T^^-type S't „ 
tensorfields and fc = 0, I — 1. We have two cases to consider in regard to the terms in the sum in 
(10.72). 

Case l:|s2| < I* and: Case 2: |si| < Z* — 1 

In Case 1 by (10.95) with U in the role of I, we have: 

||(/^)«^^- (M)«^||^.(j,eo, < ||(/fl)^^^|L.(s;0)||(M)^=||^„(j,eo, (10.105) 

l-l 

ll- ••I'm 

m=0 

In Case 2 wc express [My^ as in (10.80). We estimate the contribution of the first term in (10.80) by 
placing this term in L°° using (10.82): 

||(/«)^^^-(^')/,„^...,„JL.(j,eo) < ||(^K)^^^IL2(j:eO)||(^)/,„^...,„JLoo(j:eO) (10.106) 

l-l 

< C ^ max ||/k.^-/k.^2;|L2(s^o) 

Concerning the contribution of the second term in (10.80), we need a L"^ estimate for this term. By 
the discussion above (10.80), we need an estimate for 

max ll^ij, •.•/fl,^A^j||L2(s'°) 

for all fc = 0,...,Z-2. 

Then by (10.75), we need an estimate for 

.max \\t'R—t-R,|•^^\\L^^T.lO) 

forallfc = 0,...,;-2. 

To get this estimate, we use the definition (10.61). By (10.103) (with I replaced by I — 1), we have 
a estimate for Aj. For a estimate of m', we use (10.104) and (10.102) as well as (10.88) and 
(10.90), then we get: 

max ||/fl,^.../K,^m'|L.(s«o) < C {So{l +t)-^W[i_^ + A^_2]) + Qil + t)-%_2] (10.107) 
for A: = 0, 2. 

Combining this and (10.103) with (10.90), (10.89) (of course with I replaced by Z*), we get: 

max ...Ir ^ii\\^2r^'0) (10.108) 

< CiSo[l + log(l + t)]{6o{l + i)-'W[,_i] + A[i_2]) + C;(l + t)-'[l + log(l + t)]y^i-2] 
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for fc = 0, 2. 
Therefore we have: 

max ..Ir^ N,\\^.,^^o) (10.109) 

...Ik V t / 

< CMl + l0g(l + t)]{5o{l + i)-lW[i_i] + ^[;_2]) + Ci{l + t)-^[l + l0g(l + t)\y^i-2] 

So the contribution of the second term in (10.80) in Case 2 is bounded by 

||(/^)«^^. (^)s,„^....„jL.(s.o) < ||(^ii)^^^Lo.(s..)ll(^^s^„,....„JL.(E-) 

(10.110) 

<CMl+t)-^[l + \og{l+t)] max max 11/^^ .../o 2||^o„(j,.o) • {:^[i_2] + (1 + t)^[(-2] + 
So we conclude that for any triplet z of T^^-type of St^u tensorfields: 



i-i 




(10.111) 



+CMl+t)-^[l+\og{l+t)\ max max .../a,^ 2||io»(E?o) • {3^[i_2i + (1 + t)^[;-2] + 

771^ t* — -L li . . - I'm, 

for all A; = 0, 1. 

From the expression for the triplets of Lemma 10.6 and the bounds (10.81) and (10.108) 

with I ~ 1 replaced by Z, we have: 

ll/H.„,„-/ii.„,,''"V,;n...i.L.(E-) (10.112) 

< C;5o(i + ty\\ + iog(i + i)]{3^[i-i] + (1 + + 

for all m and all n < ' ^ 1- 

We then apply (10.111) to the triplet ^'"Vj;M...im using I? estimate (10.112) as well as L°° bound 
(10.97) with in the role of I. This yields: 

Pw„-^Wi'"V,;^i...^„IIl^(E^O) (10-113) 

< CM\ + t)-\\ + l0g(l + t)]{3^[i_i] + (1 + t)^[;_i] + W[(]} 

for all m and all n < / — 1. 
It then follows that: 

max ||('=)^,;H...iJL.(s:o) (10-114) 

< CM\ + i)-Ml + log(l + t)\{y\i-x\ + (1 + t).4[,_i] + 

for all A; = 0, I. 

More generally, we have: 

.max l|/ii.^^„-/fl.„^/'"^^i;i....i.lL2(j:;o) (10.115) 

< CM\ + i)-Ml + l0g(l + t)\{y\l-X\ + (1 + t).4[,_i] + 

for all TO and all n such that m + n < I. 

Wo turn to consider the expression for the coefficients '•'^■'7j;ii...i^ given in the statement of Lemma 
10.6. Since we already have (10.115), what we need is an estimate for H/ij^^ ---/ij^^ ^'y||i,2(j]»o) for all 
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fc = 0, I — 2. By (10.62), we shall get an estimate for |l/_Rj^ ••••^iiij^illL2(5]«o-,, therefore an estimate 
for W^R^ ■■■t'Ri^ II L2(EtO)- for all fc = 0, 1 — 2. Concerning (10.42), the estimate for derivatives 
of is just the induction hypothesis. While since we have: 

where S2 = {'^i, -m^p}) V = \s2\- So by HO, 

mr^^i < c{i+t)-'j2i\^p+'^<,-inj + i^"+'^c,...i„,j} (10-117) 

9=1 

By (10.40), we can estimate the first term on the right of (10.117) by L°° norm. By virtue of Proposition 
10.1 with / replaced by h, the hypothesis of Lemma 10.3 are satisfied, and of course, the hypothesis 
of Lemma 10.3 with I replaced by Z — 1 axe a fortiori satisfied. Therefore we have: 

.max ||('+^^4...hIL=(e^o) < a-i(l + i)3^[;-i] (10.118) 

for all A: = 0, I — 1. So we can estimate the second term in norm. Combining (10.118), (10.85) 
with induction hypothesis and the conclusion of Proposition 10.1, we have: 

max {w^)b\\L^^'0) < Ciy[i-i] (10.119) 

for all fc = 0, / - 1. (Actually here / - 2 is enough.) Then combining this with (10.104), (10.88) and 
L°° bounds for /^.^ ■■■t'Ri^ (wj)^, which is the same as the conclusion of Proposition 10.1, we obtain: 

.max ||/fl,^.../fl,^w;i|L2(s«o) < a{3^[;-i] +^o(l +t)-'[l + log(l +t)]'[(l +0^[i_2] + 

(10.120) 

for all = 0, I — 1. Then we can easily obtain by (10.62): 

.max ||/i?, .../fl., J^»illi,2(s'0) (10.121) 

< Ci6o[l + log(l + t)]{3^[i_ii + (5o(l + t)-^[l + log(l + t)]'[(l + t)A[i-2] + >V[i_i]]} 

Combining this with (10.114), we obtain that the last two terms on the right of the expression in 
Lemma 10.6 is bounded in by: 

Cido[l + log(l + + (1 + i)^[;-2] + W^i-i]} (10.122) 

Remember we estimate the first term in L°° by (1 +t). Combining (10.122) with (10.107), Corollary 
lO.l.e and (10.90), we have: 

Uji^^..4R,j[\\mi:io) < Ciy^i_^ + CiSo[{i + t)A[i_i]+W[i]] (10.123) 

for all A; = 0,...,Z-1. 

Next, we should consider the estimate for ^{{RY^x^) for |s2| < / — 1. Recall the discussion from 
(10.116) to (10.118), the contribution is bounded by (10.118). Combining this with Corollary lO.l.f 
and (10.85) as well as HO, we obtain: 

W'-^^fk-.-iMiK') < Q3^[;-i] +Q<5o[(l+i)^[i-2] (10.124) 

forall A: = 0, 1. 
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So finally we obtain: 

WRi^-Rhvimi^ioj < a3^[/-i] + a5o[(i + tM[i-i] (10.125) 

for all A; = 0, 

Recall the induction hypothesis: 

\\Ri,...Ri,y'\\mj:io^ < Ci{yo + (1 + iM[i-2] + (10.126) 

for all fc = 0, 1. 

Substituting this in (10.125), the proposition is proved. □ 

As before, we have a lot of Corollaries. First, in conjunction with Lemma 10.3 we have: 
Corollary 10. 2. a Under the assumption of Proposition 10.2 we have: 



max ||i?i,...iii,Ai|L2(s^o) < (7,(1 + i){3^o + (1 + i)^[;-i] (10.127) 



for all A: = 0, I. 
and: 



.max. ||^'+'^4...iJlL^(E:c) < Ci{l + t){yo + (1 +t)^[,_i] + W[,_i]} (10.128) 



for all k = 0, I. 

Next, it is not difficult to obtain from the proof of Proposition 10.2: 
Corollary 10. 2. b Under the assumptions of Proposition 10.2 we have: 



max 



|i?,,...i?i,^^|L2(sjO) < Ci{W[^ + Soil + t)-'[yo + (1 + t)Aii.^]} 
for all k = 0, I. 



for all k = 0, I. 
and: 

ms^JlR^^...lR^^:/,\\L2^j,^^o^<Ci{l + t)-'{W[^+S 

for allfc = 0,...,Z-l. 

Corollary 10. 2. c Under the assumptions of Proposition 10.2 we have: 

max 11/^ .../^ Hl^jiIO) <Ci{l+ t)-'{W^^ + 5o{l + t)-'[yo + (1 + t)^[i-2]]} 

for all fc = 0, 1. 

Corollary 10. 2. d Under the assumption of Proposition 10.2 we have: 

max .../k./^'V|Il2(s:o) 

< a{(5o(i + t)-'[i + iog(i + mil + i)^[,-i] + W[;]] + 3^0 + (1 + t)A[i_2] + yy[i-i]} 

forall A: = 0, 1. 

Corollary 10. 2. e Under the assumptions of Proposition 10.2, the coefficients of the expression for 
^R.^...j^R.^Rj of Lemma 10.6 satisfy: 



max ||('=^^,;i,...iJL2(s»o) < Q<5o(l + i)"'[l + log(l+t)]{3^o + (l+i)-^[,-i] 
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for all k = 1, 



max ||«7,;n...i. < C'Ml + log(l + t)]{yo + (1 + iM[,_2] + W^i-i]} 

for all k = 1, I. 
Finally we have: 

Corollary 10. 2. f Under the assumptions of Proposition 10.2, the coefficients of the expression of 
Ri^...Ri^Rjy^ of Lemma 10.4 satisfy: 



forall A: = 0, ...,i-l. 
and: 



^°iax ||^'V^i,...iJlL^(E:o) < Ci{yo + (1 + iM[i-2] + 

til ■ ■ -^fc 



for all fc 0, 1. 

We shall now estimate the angular derivatives of the functions L\ After this we shall proceed with 
the estimates for the Si^u 1-form k~^C and the 5t,„-tangential vectorfields ^^'^Z. According to the 
equations (6.67) and (6.68): 

U = + (10.129) 

where: 

((y — IWJ 

= -au' + \ (10.130) 

1 — u + t 

Defining: 

= L^^^ (10.131) 

and 

o;^^ = f\Lipi) (10.132) 

As a corollary of Proposition 10.1 we then have, in connection with the first two statements of Corollary 
lO.l.b, the following. 

Corollary lO.l.g Under the assumptions of Proposition 10.1 we have: 



max \\Ri^...R,,z^\\^^^^.o) < C6o{l +tr'[l + log{l + t)] 

for all A; = 0, I. 



max \\Ri^...Ri^L^\\];^oocs^o^ < C 

j;ii...ik ^ ' ' 

for all A; = 0, Moreover, 

max II II ^<»/J,eo^ < C;5o(H-t)"^ 

for all k = l, I. and: 

max ||^^^^.../;«^^9^^||^^(j..o) < CMl + t)-'' 
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forall A; = 0, 1. 

max Win ...t-fi a;j,f IIloc/s'O) < C;5o(l + i)"^ 
ii...ik " ^ ^ t ' 

for all A; = 0, 1. 

Also, as a corollary of Proposition 10.2 we have, in connection with the first statement of Corollary 
10.2.b: 

Corollary 10. 2. g Under the assumptions of Proposition 10.2 we have: 

max 1 1 i?,, . . .i?,, 1 1 ^2 (s^o ) < C; {3^0 + (1 + i 1] + } 

for all fc = 0, I. 
Moreover, 

max WRik-RiML-inl") < Ci{W[i}+So{l + t)-'[yo + (1 + 

for all k = 1, .., I. 
and: 

max Wlji^^ ...4fl,^0i||^2(s«o) < Ci{l + t)-'{W[^ + 5o{l + t)-'[yo + (1 + i)^[i-2]]} 
for all A; = 0, 1. 

max 11/^,^ .../ij,,a;^tlL2(s^o) < Q(l + t)-'{W^_,^ + So{l + t)-'[yo + (1 + t)Ai-2] + W^i-i]]} 

for all fc = 0, 1. 

We turn to the St,u 1-form k~^(. This is given by (3.54): 

k;-^C = ae-4a (10.133) 

We first consider, under the assumptions of Proposition 10.1, L°° estimates on S^" of the angular 
derivatives of k"^C to order I — I. Using Corollary lO.l.b, we readily deduce: 
Corollary lO.l.h Under the assumptions of Proposition 10.1 we have: 

max 11/^ .../fl («-'C)llLoc(j:fO) < Q<5o(l + 1)"' 

for all A; = 0, 1. 

We consider next, under the assumptions of Proposition 10.2, estimates on of the angular 
derivatives of «;~^C up to order I — 1. By Corollary 10. 2. g and (10.133), it is easy to see that 
Corollary 10. 2. h Under the assumptions of Proposition 10.2 we have: 

max 11/^,^ ...l^^^ («-'C)IIl2(eJ0) < Ci{l + t)-'{W[i] + So{l + t)-'[yo + (1 + t)A[i_2]]} 
for all A; = 0, 1. 

We turn to the S't^„-tangential vectorfields ^^'^Z. These are related to the St^u 1-form ^^'Vl by: 

(10.134) 

According to (6.70): 

^""•Vl = -iX - • R^ + ^^jmZ^dx"" + Xi{K-\) (10.135) 

Using the corollaries of Proposition 10.1 we readily deduce: 
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Corollary lO.l.i Under the assumptions of Proposition 10.1 we have: 

max 11/^ .../^ («^VlIL-(e:o) <a^o(l + t)-Ml + log(l + t)] 

forall A; = 0, 1. 
and: 

max ll/o .../^ («*)Z||^o.(j,.o) <Q^o(l + t)-Ml + log(l+t)] 
for all /c = 0, 1. 

Also, using the corollaries of Proposition 10.1 with Z* in the role of I, as well as the corollaries of 
Proposition 10.2 wc can easily deduce: 

Corollary 10. 2. i Under the assumptions of Proposition 10.2 we have: 

< Ci{yo + (1 + + do{l + t)-'[l + l0g(l + t)]W[i] + 

for all fc = 0, I — 1. 
and: 

max 11/^ ./^ («-)Z|L.(seo) 

< Ci{yo + (1 + t)A[i_^ + Soil + t)-'[l + log(l + + 
for all A; = 0, 1. 

10.3 Bounds for the quantities Qi and Pi 

The object of this section is to obtain appropriate bounds for the quantities ^*^ ' *'^Q; and - 
which, through enter the final estimates of Chapter 8 for the 1-forms (*^ - *''a;;. 

10.3.1 Estimates for Qi 

We begin with the St^u 1-form i which is given by (8.100): 

i = P*A- «-M(x - YT^T^) • - (t'^X - Y^It^)^] • ('^"'0 (10.136) 

:= ii +«2 

By (4.39)-(4.40), the first term on the right of above is given by: 

H=P*A = Tj-'i^-Y'^i^XAi-v' + H'mXB,Xc) - Ixb{~v' + H'mXA, Xc)] (10.137) 

-v'^r'f^y'i^A'^cwxBi'^j) - uxA{i^jmxc,XB)] 

It is obvious that, under the assumptions of Proposition 10.1, with I replaced by Z + 1, we have: 

max ll/ij, ...4fl,,ii|Loo(j:'0) < Ci6l{l + t)-^ (10.138) 

for all A; = 0, I. 

Also, it is easy to see that 

max II/k. .../fl.^i2|Loo(s^o) < CiSl{l+t)-^[l + log{l+t)] (10.139) 
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for all k = 0,...J. 

Lemma 10.7 Let HO and (6.192) hold. Let also the bootstrap assumptions Jl^j and 

hold, for some positive integer Then if 60 is suitably small (depending on I) we have: 

max •••/fl.,^llLoo(s^o) < QSlil + i)-*[l + log(l + t)] 

for all fc = 0, /. 

By direct calculation and the corollaries of Proposition 10.2, with / replaced by Z + 1, it is not 
difficult to see that 

Ur,,-Ir,M\l-(K°) ^ C'i^o(l +<5o(l +i)-M3^o + (1 + (10.140) 

for all fc = 0, I. 
Similarly, we have: 

||/H,,-/K,,i2|L2(s;o) < Q5o(l + t)-'^[!] +^o(l + t)-'[l + log(l + t)]{W[;+i] +'^o(l + *)"'j^o} 

(10.141) 

for all fc = 0, I. 

Lemma 10.8 Let HO and (6.192) hold. Let I be a positive integer and let the bootstrap assump- 
tions ^i.+i, and hold. Then we have: 

Ur^^ .../fl.^ i|L2(s;o) < CMl + t)-^A[i} + <5o(l + t)-^[l + log(l + i)]{W[;+i] + <5o(l + t)-^yo} 

(10.142) 

for all A; = 0, I. 

We proceed to estimate, in L^(S(°), the St^u 1-form - given by Proposition 8.4, 

= (/h.^ + itr(«^<)^)...(/«^^ + itr(^*i)/)i (10.143) 

fe=0 

under the assumptions of Lemma 10.8. 

We begin with the first term on the right of (10.143). We have: 

(/«. + itr(«- V)-(/fi., + ^tr(^- V)* (10.144) 

j=i fei<...<fej=i 

We have two cases to consider: 

Case 1: At most Z* angular derivatives fall on one of the factors 

^tr(^'^iV,-,^tr<^'''^V and: 

Case 2: one of these factors receives more than /, angular derivatives. Then all the other factors 
receive at most Z* angular derivatives. 

In Case 1 we just apply Corollary lO.l.d with Z* + 1 in the role of Z, then we know that the second 
term on the right of (10.144) is bounded by: 

Ci{So(l + t)-i[l + log(l + t)]y{6o{l + t)-^A[i_,] 

+(5o(i + t)-'[i + iog(i + t)][W[i_j+^ + Soil + t)-'yo]} 
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In Case 2 the number of angular derivatives falling on i is at most i*. So by Lemma 10.7 and 
Corollary 10.2.d, we have an bound for Case 2: 

Ci{So{l + t)-^[l + log(l + t)]y-' ■ 6o{l + t)-^[l + log(l + t)]- 

{yo + {i + t)A[i.j]+W[i-j+i]} 

Here, we have used the following facts that under the assumptions of Proposition 10.2, we have, by 
Corollary 10.2.d, 

max 11/^, .../^,/«'V|Il^(e^o) < G{3^o + (l+iM[/-i] (10.145) 

Combining the results, we get the bounds for the second term on the right of (10.144): 

Ci{So{l + t)-^[l + log(l + t)]y-^{6oil + ty^An-j] (10.146) 

+6o{i + t)-'[i + iog(i + t)][>V[i_,+i] + 5o(i + t)-'yo]} 

Next we consider the second term in (10.143). First, we define the operator D: 

{ij)d)ABC = \{IPa^bc + IpB^AC - IPc^ab) (10.147) 

where is a symmetric 2-covariant St^u tensorfield. 

So the second term in the expression for - is simply 

(0^^^-^-^^x.-i)-(r'-'''^V-r') 

Also, the third term in the same expression is: 

(-•••^^-)x,_i-(d/v^''^V-r') 

While by a direct calculation, we have: 

d/v'^V • = tr^^Vi (10.148) 

We conclude that 

= itr(^^V«^(^i,-i-^ntrx) + 0<-''-''-'^Xj-i) ■ ir' ■ ^""'^i ■ r') (10-149) 

+('^-"-^)Xj-i-tr(«^.Vi 

To estimate the contribution of the above terms, we need some lemmas, which can be proved straight- 
forward. 

Lemma 10.9 Let h be an arbitrary smooth function on St^u and i? be an arbitrary symmetric 
2-covariant St,u tensorfield. The following commutation formulas hold for any non-negative integer k: 

(^-''=)cfe := /^.^ ...tji^^ Ip\ - Ip\Ri,...Ri,h) 

'fc '^1 

fe-i 

m=0 

and 

= - g tn,^UR,^_X^^-H, ■ /h.,__,.../h./) 

m=0 



222 



The following assumption, which is another version of H2, shall be useful in the proof of the following 
lemmas. 

H2' There is a constant C (independent of s) such that for any 2-covariant symmetric St^u tensor- 
field "d we have, pointwise: 

Lemma 10.10 Let the hypotheses HO, HI, H2', and (6.192) hold. Let also the bootstrap assump- 
tions ^[;] and hold, for some positive integer /. Then if 6q is suitably small (depending on 
I) we have: 

max ll/o .../h (^^VJ|^„(^.o) <Q(5o(l+ log(l+t)] 
for all A; = 0, 1. 

Lemma 10.11 Let the hypotheses HO, HI, H2', and (6.192) hold. Let also the bootstrap assump- 
tions Jl^^j and hold, for some positive integer I. Then if 6q is suitably small (depending 
on Z) we have: 

.max UR^^UR^'''H^\L^K'') < Q{l+t)-'{yo + (1 + 0^,] + W[;+i]} 

for all A; = 0, 

Using these lemmas, it is not difficult to obtain the estimate for the second term in (10.143): 



max II E(/^, + hv^''n)f)...(l + ltr(«^-'=+i)/)("---'=)g,_fe||^.(^.o) (10.150) 

k=0 

< CM^ + + iog(i + t)]{yo + (1 + i)^[;] + 

Actually, since - does not depend on i, we can predict that the above estimates will have the 
same decay rate as in relativistic case. Combining this with (10.145) and (10.142) we obtain: 
Proposition 10.3 Under the assumptions of Lemma 10.14 we have: 

max ||(*^-"')ii||L2(s»o) < CMl + t)-'[l + log(l + t)]{yo + (1 + t)A[q + 

provided that Sq is suitably small (depending on I). 
We turn to the St,u 1-form ^''-"^gi: 



i-i 

^''■■■''^91 = -^.,90 - ^'^-'^^wi +J21r,^ ^''-''-'^yi-k (10.151) 



fe=o 



where ('i - 'j)j/^- is given in Proposition 8.3, and ('i - 'i)w; is 



(i _ _ _ 

fe=0 k=0 



We now introduce bootstrap assumptions in regard to the angular derivatives of the function /x. 
Given a positive integer I let us denote by lyi; the bootstrap assumption that there is a constant C 
independent of s such that for all t G [0, s]: 

: maxpi,...J?i,/x||^^(sf«) < C'^o[l + log(l+t)] 
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Let us also denote by IVIq the bootstrap assumption: 

1^0 : |M-l|<C^o[l + log(l + i)] 
We then denote by the bootstrap assumption 

We also introduce the quantities: 

^0 = IIM - l|L2(x;«0) 

and for fc^O: 

I 

Bk = max ||i?j^...iiii/i||^2(s«o) and : B^q = ^Bk 

ll...lk 

k=0 

Then by the expression (4.25) and (8.29) obtain: 

Lemma 10.12 Let hypothesis HO and the estimate (6.192) hold. Let also the bootstrap assump- 
tions ^l[i,+2]) as well as and hold, for some positive integer I. We then 
have: 

max \\4Rii...Ri^g\\L2(j:^o) 

< CiSo{l + t)-'{W[T+i] + + (1 + t)-'[l + log(l + t)]W[,+2] 

+<5o(l + t)-^[l + log(l + t)][yo + (1 + t)A[q] + Soil + t)-^B[i+^} 

provided that 6o is suitably small (depending on I). The factor [1 + log(l + f)] comes from the product 
of n and a regular term. 

The bootstarp assumption is defined as follows: 

and 

J)f : maxmax\\R^...Ri^TtlJa\\Loo(j:^o) < C6o{l +t)~^ 

ii-.-ii a \ t ) 

We now return to the equation (8.37) for the St,u 1-form go, to estimate the remaining terms. By 
the equation 

i/i = m + /le 

and (8.27), we have: 

max ll/fl .../^ [tvx4if + 2i./x)]L2(s«o) (10.153) 

< Ci{l + t)-'{[l + log{l + t)][W^^^+So{l + t)-\W[i+^ +yo + {l + t)A[i])] 

+5o{l + t)-^B[i+^} 

under the assumptions of Lemma 10.12 except for the assumption due to the cancellation 

between m and /. Also due to this cancellation, the coefficient of A[i] has the decay factor (1 + 

t)-3[l + log(l+t)]. 



224 



Next, we consider the last term in (8.37), which is, by (8.38), 

{4lJ,){lJ,~'^{Lij.)tvx - tra) 

then under the assumptions of Lemma 10.12 except for we have: 

max ll/fl ...Iji [i4^i)ifi-\Lfi)tTx - tra)]||^2(s^o) (10.154) 

< Ci{l + t)-^{[l + log(l + t)][W[?+i] + Soil + i)-'(W[i+2] +yo + {l + t)A[i])] 

+5o(l + t)-'%+i]} 

The calculation of this can be found in Chapter 12. 
Combining the above results, we have: 

Lemma 10.13 Let the hypotheses HO, HI, H2' and the estimate (6.192) hold. Let also the 

bootstrap assumptions |i[;^^_2]: ^J^.+i] ^^'^ -^[i.]' ^[U+i] hold, for some positive integer I. Then if 6o 
is suitably small (depending on /) we have: 

max 11/^ ...^fl 5o||z,2(sf0) < Ci{l + 1)'^- 

{[1 + log(l + t)](W[?+i] + ^o(l + t)-'W[;+2]) + ^oW[T+i] 
+6o{l + t)-'[l + log(l + t)]{yo + (1 + t)Am) + <5o(l + t)-'B[i+i]} 

We turn to the third term in the formula (10.150) for '•^^ "'*'■'()(: 

(-1 

J2 Ir., ^''-''-"hi-k (10.155) 

fe=0 

where the St,u 1-form (" •'j)?/^, j = 1, I is given in the statement of Proposition 8.3: 

^'^-'^^yj = (J?i./i)(^--^-^)a,_i (10.156) 
+{fiRi^ (trx - e) - Rijm + ^^'i^Zn - eRi-ii) ■ 4{Ri,.^ -Rntrx) 

+ i(i?.,trx)/"-"^-^Vi-i 

fori = l,...,l. 

The St,u 1-form ('i-'i-i)aj_i is given by (8.78): 

(^-^-i)a,-_i =4(i?i,_i...i?iJo) + ^^""^-^^?>,-i (10.157) 

where 

/o = Ltrx + |xl' 
which we have dealt with in deriving (10.153), and: 

= ^ 4iRi,_,...Ri,_J'''^-^-^^ZRi._^_,...Ri,tvx) (10.158) 

m=0 

+ E E (^i.„-i«i.,trx)(4i?i,_.>V-.V^'=i<ii,,trx) 

"1=1 fei<...<fe„=i 

for j > 2; 6o = 0. 
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To estimate the sum (10.154) in L'^{'Sl°), we must estimate: 

.max 11/^^ ('^-^^^i/.ll^^.s'O) : j + k = l (10.159) 

To estimate this requires estimating: 

.max 11/^, .../^^,('-'^-)a,_i|L.(s^o) : j + k<l (10.160) 

as weU as: 

.max 11/^ (^--^-)a,_i||ioc(s;o) : j + < (10.161) 

Since we have dealt with the first term on the right in (10.156) in deriving (10.153), we just need to 
estimate: 

.max .../K,/'^-"'-^)6,-i|L.(sfO) : j + k<l (10.162) 

as well as: 

.max ll/fl, .../^,.(*-^-i)6,_i||^^(5,.o) : 3+k<U (10.163) 

Since all these quantities have the same structure as in the relativistic case, they should enjoy the 
same bounds. 

. max ||/«,. (^-'-^)6,_i|L»(s.o) <C;52(^^^^-5[i^lQg(l^^)]2 ^^^^^^^^ 

for j + k < U. 
and 

. max ll/fl^. ./«^.(^-*-^)6,_i|L.(5,eo <C,(5o(l + t)-^[l + log(l + t)]. (10.165) 

{(l + i)^[,]+3;o + W[,]} 

for j + k < I under the assumptions of Proposition 10.1 with + 1 in the role of 
The above estimates together with those for /o yield the following lemma. 

Lemma 10.14 Let the hypotheses HO, HI, H2', and the estimate (6.192) hold. Let also the 

bootstrap assumptions 5i[;^^2]! ^fh+i] ^^i^^ hold, for some positive integer Then provided that 
^0 is suitably small (depending on /), the St^u 1-form ('i - '^-i)aj_i satisfies the following estimates: 

. max 11/^,. ./^ ('-'^■-)a,_i|Loc(j:'0) <a5o(l + t)-^ 

for j + k < U. 

+6o{l + t)-'[l + log(l + t)][yo + (1 + t)A[^]} 

for j + k < I. 

Using Lemma 10.14 and the bootstrap assumption wc readily obtain: 

(10.166) 

< CMl + t)-^[l + \og{l + t)]- 
{W[,+2]+<5o(l + t)-^>V[?+i]+>vg 
+So{l + t)-'[l + log(l + t)][yo + (1 + t)A[i]]} + CMl + t)-^B[i^ 
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for j + k = I. 

We consider next the second term on the right in (10.155). This term has the same structure as in 
the relativistic case, so it will enjoy the same bounds. Of course, we also need the assumption 
We turn to the last term on the right in (10.155). Recall that: 

Then by (8.24) and ly!;;,] we obtain: 

max\\Ri^...RiJ\\L^,j,^o.<Ci6o{l + t)-^ : k<h (10.168) 

ll...Zk ^ * ' 

and also: 

max||i?,,...i?,,/|L.(s^.o) (10.169) 
< C/{WS + '^o(l + i)"'(W[z] + (1 + t)-'S[i]) + (1 + t)-'[l + log(l + i)]>vg} 
for k<l. 

So with the assumption X[(i+i).]' have: 

ll^fl*,+.-"^fl.,+,((^'.t'^X)(4i?i,_i...Jin/))|L=(E:o) (10.170) 

< Cidoil + t)-^{yo + (1 + t)A^^ + Wii] 

Q 

\l] 



+[1 + log(l + i)][W[]] + (1 + t)-'[l + log(l + t)]wg + ^o(l + t)-^B[i]]} 



for j + k = I. 

Combining the results we have the following lemma: 

Lemma 10.15 Let the hypotheses HO, HI, H2', and the estimate (6.192) hold. Let also the 

bootstrap assumptions ^[^^^2]) ^[i-V ^"^"^ ^[u+i] hold, for some positive integer I. 

Then provided that is suitably small (depending on I), we have: 

i-i 

max||^/^,.../^._^^/----),,_fc|L.(^eo^ 
fc=o 

<a5o(l + t)-H[l + log(l + t)] X (W[i+2]+5o(l + i)"'W[?+i] 

+W[]] + (1 + t)-\l + log(l + t)]Wg) + 

+yo + {i + t)A^i] + {i + t)-%i^) 

To estimate the St^u 1-form ' •*(?(, given by (10.150), it remains for us to consider the St^u 1-form 
- defined by (10.151). In our present case, - has the same structure as in the relativistic 
case, so it will enjoy the same bounds: 

Lemmal0.16 Let hypotheses HO and (6.192) hold. Let also the bootstrap asssumptions !0[;^_|_2], 

^^^^;^], and hold, for some positive integer I. Then, provided that is 

suitably small (depending on I), we have: 

max||('^-'')M;,|L2(s»o) < CMl+t)-^- 

{y^ + (1 + t)A^i^ + W[,+i] + [1 + iog(i + t)]wfi^ 

+ (1 + t)-^[l + log(l + t)]2(wg + 5o(l + 0"'%])} 
Combining Lemma 10.13, Lemma 10.15 and Lemma 10.16, we have the following proposition. 
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Proposition 10.4 Let the hypotheses HO, HI, H2' and (6.192) hold. Let also the bootstrap 

assumptions ji[j^_|_2])^'[;,+i] and as well as and hold, for some positive integer 

I. Then if do is suitably small (depending on I) we have: 

max|l(*-^')5;|L.(j,.o)<Q(l + t)-3- 

11.. .11 ^ * ' 

{[1 + iog(i + mw"^ + <5o(yV[^+i] + W[i+2])] 

+So{yo + (1 + t)A[i] + (1 + t)-'B[i+^)} 
Let us now consider the additional terms 

2/x^X-^^"-''^Xi+M/'"""'/i; (10.171) 

it also has the same structure as in the relativistic case, so as in the original book, we have: 

Lemma 10.17 Let HO and (6.192) hold. Let also the bootstrap assumptions ^^,] and 

X[(;+i),] hold for some positive integer I. Then we have: 

max||/i/'''""^/i,||^2(s:o) 

< CiSoii + t)-^[i + iog(i + t)f{yo + (1 + 1)^[/] + >V[i+i]} 

provided that Sq is suitably small (depending on I). 

Finally the first term in (10.170) can be estimated directly: 

max||/x^X-*'"-"'^xHL=(E!0) (10.172) 

< CMl + t)-^[l + log(l + i)]'{:^o + (1 + t)A[ii + ^[i]} 

Proposition 10.4 together with Lemma 10.17 and (10.170) gives us an appropriate bound for 
||'*^ ' *'^5;||l2(j]«o). To get the estimate for ^"■■■"^Qi(t), it remains for us to bound the quantities 

||/*^"'*'^/;||j;,2(£;«o) and ||'"'""^^;|L2(E('')- From (10.168) we have: 

max||/*""''Vi|lL2(E^o) 

(10.173) 

< CKl + i)"'{W[T+i] + <^o(l + t)-'[W[i+i] + {l + t)-%i+^] + (1 + i)-i[l + log(l + i)]W[?+,]} 

The non-negative function ('i - 'O^; is given by (8.392), which has the same form as in the relativistic 
case. So we have: 

max||(*i-'')^(||i2(s'0) < a^o(l+t)"^[l + log(l+t)]- (10.174) 

{>V[T+i] + (1 + t)-\l + log(l + t)](W[?+i] + 5o{l + i)-'W[/+2]) 
+(1 + t)-i[l + log(l + t)]{yo + (1 + t)Ai^) + 5o(l + *)"'%+!]} 

Now we can write down the estimate for ^'^ ■ ''^Q;: 

Proposition 10.5 Let the hypotheses HO, HI, H2' and the estimate (6.192) hold. Let also the 

bootstrap assumptions ^[;^+2]j S'^.+i] and as well as and hold, for some 

positive integer I. Then we have: 

{[1 + log(l + t)][W[?+i] + <5o(W[T+i] + 

+5o{yo + (1 + t)A^] + (1 + t)"'6[i+i])} 
provided that 5q is suitably small (depending on /). 
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10.3.2 Estimates for Pi 

We now consider the principal term in the defining expression (8.403) for - namely, the term: 

C{1 + i)-^{^^^-"''pff (i) + (1 + i)-V^(--^')p£)(i)}/2-(t) 
Here, the quantities '''^'"''^ P[°J , ^'^'"''^ Pi^J are defined by (8.348) and (8.349). Recall the definition: 

(^-^')PKt) = (1 +i)'ll VKi)IU^([o,eo]xS=) (10.175) 

56 esti 

By (8.333) and HO we have: 



Here we need a more precise estimate for '"^ fiWL^csl") 



(-■■-)p,<c^||i?/^^-''VdlL^(E-) = c^||i?,i?,,...it;,j-|L.(^eo) (10.176) 



3 

Here, we should recall the definition of / in chapter 



We can use the definition of the acoustical metric and (8.24) to write the above as follows: 

1 dH 

f = -2m- -a-^K—Lh:= -2m- fie (10.178) 

where we have used the fact that: 

a = rj, df — tpidi = B = L + aK~^T 



We can express: 
where: 

and 
where 



m = m^(TV'a) (10.179) 
n ^dH ■ IdH , 

e = e2(XV'a) (10.181) 
Then 

RjRi,...RiJ = -2m^{RjRi,...Ri,T7p^) - fie'l{RjRi,...Ri,Li,^) + ^''-''^^m+i (10.183) 
Here, ^'I ' ^'-'^nz+i is the lower order term: 

(*-«)n;+i = - ^ {{Ry^ii){{Ry-e) (10.184) 

|si|>l 

-2 ^ {{RY^mmRrT^a) 

\s^\>l 

^ fi{{Rret)iiRy^Lij^) 

kil>i 
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By E in Chapter 6 

\m^-^i\<Cdo{l+t)-\ |m^| < C(5o(l+t)-^ (10.185) 

and also 

|e° I ~ \e\ (10.186) 

Prom (10.182)-(10.184) we have: 

< i\i\ + CSo{l+t)-')Y,\\RjRii-RhTMLHi:lo) (10.187) 

a 

a 

where the first C is a constant which is independent of I. Under the assumptions of Proposition 10.5 
we readily deduce: 

max.||(*-*'^)n;+i|L2(j:'0) (10.188) 

< CMl + i)"'{W[]j + [1 + log(l + t)]Wg + + (1 + i)"'S[i+i]} 

To get a good bound for the right hand side of (10.186), we need the following lemma, which can be 
proved in a similar way as Lemma 8.2. 

Lemma 10.18 Let Y be an arbitrary Sf^^-tangential vectorfield on the spacetime domain W*^^. 
We have: 

[r,r] = (^^e 



where '^'0 is an 5t_„-tangential vectorfield, associated to Y, and defined by the condition that for any 

5((^)e,F) = (^)7r(r,ny) 



vector V € TW*^: 



In terms of the {L, T, Xi, X2) frame, 

We can express, in rectangular coordinates: 

[T, Ri] = {T{RiY - RiT^jdj (10.189) 



Since T = nf, we have: 



Using (10.8) we have: 



Projecting to St,u- 



RiT^ = {RiK)P + KRif^ 



RiP = {RiK)f' + Kf. ■ fix^ (10.190) 



n{Rif^dj) = K^. (10.191) 
On the other hand, from (10.21), (10.23), 
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hence: 

T{Riy = CimiT"" - (TAi)TJ' - XiT{f^) (10.192) 

According to (3.192): 

T{f^) = 4 (10.193) 
Here qt is an St^u-tangential vectorfield given by: 

QT = {qT)b ■ (10.194) 

where 

(5t)6 = (10.195) 

Substituting (10.193) in (10.192) we obtain: 

TiR^ydj = KVi - {T\i)f - XiQT (10.196) 
where Vi is defined by (10.47). Projecting to Sty. 

U{T{Riydj) = Kllvi - XiQT (10.197) 

So we obtain: 

[T, R,] = kHwj - \,qT - (10.198) 
Defining the vectorfields v'^ as in (10.50), equation (10.52) holds, hence: 

mi = Wi-{l-u + t)~'^Ri (10.199) 
Therefore by (10.43) and (10.14), we obtain: 

[T,Ri] = -K^ -XiQT 

Thus we have proved the following lemma. 
Lemma 10.19 We have: 

[T,Ri] = ^'^*^@ = -K~^ -XiQT 

Under the assumptions of Proposition 10.1 with Z* + l in the role of I augmented by assumption 
we have, by (10.194) and (10.195) 

max ll/ij. .../ij, OrlLoorseo) < Ci5o{l + t)-^[l + \og{l + t)] (10.200) 

for k <h. 

and also by the estimate for which is Corollary 10. 2. d 

max 11^^, J^'V|Il2(e:o) (10.201) 



j;ii...ik -K -J. V t 

<Ci{yo + ii + t)A[i]+w^i+,^} 



for k = 0, /. 
we have: 



max 11/^ .../^ gT|L2(sjo) (10.202) 

< Ci{{l + t)-'B[i+^ + Soil + t)-'[l + l0g(l + t)][yo + (1 + i)^[;_i] + W[(]]} 
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By (10.101) and (10.41)-(10.42), Proposition 10.1, with U + lin the role of I we have: 

max Ur,-..IrJ'A\loo^j:io) < CMl + t)-'[l + log{l + t)] (10.203) 



for k < U. 

and by (10.120) and (10.123) with Z + 1 in the role of /: 



max ll/fl .../hJ ll^.(s^.o) (10.204) 



.;ii...ifc 

<Q{3^o + (l + i)^[j]+W[(+i]} 



for A; < Z. 

The above estimates together with Corollary 10.1. a with h in the role of I and Corollary 10. 2. a 
yield the following lemma. 

Lemma 10.20 Under the assumptions of Proposition 10.1 with + 1 in the role of I and 
we have: 

max ||/« (^■)e||i„.(sfO) <C^;'5o(l + t)-Ml + log(l + i)]' 

for k < U. 
and: 

max ||/K,^.../fl,/^')e|L.(j,eo) 
< Ci[l + log(l + t)]{yo + (1 + t)A[i^ + Soil + t)-'B[;+i] + 

for fc < Z. 

Provided that Sq is suitably small (depending on I). 
Consider now the commutator 

TRi,...Ri, - Ri,...Ri,T = (10.205) 

By Lemma 10.19, 

(ii...iO^T ^ RAi^-ii-i)A[_i + ^^H^eRi,_,...Ri, (10.206) 
Applying Proposition 8.2 to this: 

(n...iO^T ^ _^^/«n-Jeij. (10.207) 

fe=o 

So we have: 

Ril+iRif-RiiTlpa = TRii^j^Ri^...Rij^tjja (10.208) 

/ 

fe=0 

We shall now use the following lemma, which is proved in a similar way as Lemma 8.5 

Lemma 10.21 For any S't,„-tangential vectorfield X and any function </> and positive integer / we 
have: 

[X,Ri,...Ri,]<f> = -j2 E ^"'^■■■'''^^YRi,^"'r::''^<R.^^ 

3 = 1 ki<...<ki = l 
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where (*'=i - *'=j )y is the S'(,„-tangential vectorfield: 

kj ki 

Consider then an arbitrary term of the sum on the righ in (10.207), corresponding to some k € 
{0,...,l}. Setting 

X = (^H-k+i)e, (1)^ R^,_,...Ri,^Pa (10.209) 
we write this term in the form, using Lemma 10.21, 

Ri,^,...Ri,_,^,X^ = X ■ 4{Ri,^,...Ri,_,^J) + J2 {(-rY'X ■ 4{Rr<P (10.210) 

|si|>0 

By Lemma 10.20, the first term on the right in (10.209) is bounded in i^(Ej°) by: 

CiSo{l + t)-^[l + log(l + t)]2W[,+i] (10.211) 

A term in the sum in (10.209) is the product of an angular derivative of X of order |si| with an angular 

derivative of ■i/'a of order |s2| + ^ ^ ^ + 1, and we have |si | + |.S2| = k. Thus the sum in (10.209) contains 
angular derivatives of X of order at most k < I and angular derivatives of of order at most I (for, 

|si|>l)- 

We have the following two cases. 

Case l:|si| < and: Case 2:|si| > U + 1 

In Case 1 we use the first part of Lemma 10.20 to place the first factor in L°°, obtaining an L'^ 
bound by: 

CMl + 1)-^ [1 + log(l + i)]'W[,] (10.212) 
In Case 2 we have |s2| < A; — Z* — 1, hence: 

|s2| +l-k + l<l-U<h + l 

and the bootstrap assumption ^[i.+i] allows us to place the second factor in L°° . Using also the second 
part of Lemma 10.20 in placing the first factor in L^, we obtain an L? bound by: 

Ci{l + t)-^[l + log(l + t)]{yo + (1 + t)A^i] + <5o(l + t)-'%+ii + W[(+ii} (10.213) 

Combining the above results (10.210)-(10.212) we conclude that: 

|ll^ii,,+,...i?,,_.+.''''-'=+^^ei?i,_,...i?i,VaL2(s;o) (10.214) 

fe=0 

< CMl + i)-'[l + log(l + t)\{yo + (1 + t)A^i] + <5o(l + t)-'B[;+i] 

+[l + log(l + 0]W[(+i]} 

for A; = 0, I. 

A commutation relation similar to (10.207) with (^'^^ in the role of ^^'^Q holds for L in the role 
of T, that is: 

Ril+iRir--RiiLtpa — LR^^^R^...Ri^1pci (10.215) 

I 

-Y,RH+.-Ri^-uJ''''-''^'^ZRi,_,...Ri,i>^ 

/c=0 
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Using Corollary lO.l.i with + 1 in the role of I and Corollary 10. 2. i with Z + 1 in the role of I, in 
place of the estimates of Lemma 10.20, we deduce that: 

I 

||M$^i?i,+,...i?i,_,+,^''*'-'=+i'^i?i,_,...J?nV«IL2(s^o) (10.216) 

k=0 

< Ci6o{l + t)-^[l + l0g(l + t)]{yo + (1 + t)A[i] + [1 + l0g(l + f)]W[;+i]} 

for A; = 0, I. 

Now we have, from Chapter 5, the following facts that for any variation tp we have: 



\\^{Li; + z/^)|L.(s«o) < c(i + ty'^/sM 

while: 

WnuRjR,^ ...i?,,Va|lL2(s^o) < C(l + t)-'[l + log(l + i)]W[i+i] (10.218) 

Once we have the estimates for the commutator, we shall be able to bound the first term on the right 
in (10.186) by: 



{\i\+CSo{l + t)-')^Y.^o^^i^ir-RM (10.219) 
and the second term on the right in (10.186) by: 



C(l + t)-'[l + log(l + i)]i/M^£:( [i?,-J?i,...J?i, Va] + C(l + + log(l + i)]W[j+i] (10.220) 

y a 

plus a bound for the commutator. Actually, we have the following proposition. 
Proposition 10.6 Under the assumptions of Proposition 10.5, we have: 

<; p{0) _|_ (ii-.-ii) pW 

where: 
and: 

(n.-OpW = C5oil + t)-\lj2^o[RjRi,...RM 



+C{1 + t)-^[l + l0g(l + t)]l/M^f( [i?,iii,...J?i, Va] 

y j,a 

+C{1 + t)-^[l + log(l + t)]W[,+i] + CMi + t)-^{w^] + [1 + log(l + t)]W['^ 
+(1 + 1)-' [[1 + iog(i + t)]{yo + (1 + t)A[i]) + 
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Chapter 11 



Control of the Spartial Derivatives 
of the First Derivatives of the x^. 
Assumptions and Estimates in 
Regard to /i 

11.1 Estimates for f' 

11.1.1 Basic Lemmas 

The first part of the present chapter is concerned with the derivation of estimates for the spartial 
derivatives of the Tx^ = T", of which at least one is a T-derivative. By spartial derivatives we mean 
the derivatives with respect to T and the rotation fields Rj : j = 1, 2, 3. Combining with the estimates 
of Chapter 10 we then obtain estimates for all spartial derivatives of the first derivatives of the 
with respect to all five commutation fields. The derivation of the estimates of this chapter is based on 
bootstrap assumptions in regard to /i, in addition to the bootstrap assumptions of Chapter 10 in regard 
to X- The estimates are then used to obtain estimates for the spartial derivatives of the deformation 
tensors of the commutation fields. 

Wo begin by defining certain norms. In the following ^ is an arbitrary St^u tcnsorficld defined on 
S(°. We first define L°° and norms which consider only angular derivatives. Given a non-negative 
integer I we define: 

ll^llcx.,[z],E^o = max max -/^^^^[^^(e'O) (H-l) 

I 

U\\2,[l],^l" = E.^iax ||/ii.„.../ii.^^L2(s^^0) (11.2) 

We then define L°° and norms which take into considration all spartial derivatives. 
Given a pair of non-negative integers k, I with k<l,we define: 

ll^lloo,[fc,;].s;o = m^xJ{UmooAl-m],i:lo (11.3) 

k 

ll^ll2,M,i::° = E \UTn\2,[i-m],i:lo (11-4) 

TO=0 
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Also, we shall denote: 

IICIIoo,{;},e;° = IICII<x),[z,i],E,'°i ll^ll2,{;},Ej'° = IICIl2,[;,i],E,^<' (11-5) 
According to the above definitions ||C||(x),[fc,;],EtO maximum of the quantities: 

max 11^^,^ .../fl (/t)"^ ||Lo.(sfO) (11.6) 

over 

{(m,n) : < n < I - m,0 < m < k} (11.7) 

It is similar for |lCll2,[fe,;],s,^t. ■ 

Also, ||C||oo,{i},E|° is the maximum of the quantities (11.6) over 

{(m, n) : m,n>0,m + n<l} (11-8) 

It is the same for ||^||2,{i},E'o • 

We now introduce some bootstrap assumptions. In the following, C is a constant independent of 

s, and t € [0, s]. 

Em,n : max ||i?i„...Ei,(r)'"V«||L=>o(E^o) < C5o(l + 0"' 

a;ii...i„ ^ * ' 

and: 

Eo,o : llV'o - /io||loo(s»o), max ||V'i||L=o(E^o) < C(5o(1 + t)"^ 

We denote by E{;} the conjunction of assumptions Em,n corresponding to (11.8). The constant C 
depends on I only. Note that Eo,„ coincide with ji„ and E|;} contain ^ [;] . 

Given non-negative integers m, n not both 0, we denote by Wm,n the quantity: 

Wm,n= max ||i?i„...i?i,(T)™V«IL2(j::o) (11.9) 

We also denote by Wo.o the quantity: 

Wo,o = max{||V'o - /io||i,2(s^«o),max||V'i|L2(s«o)} (11.10) 

We then denote by W{i} the sum of the quantities Wm,n corresponding to (11.8). Note that Wo,n 
coincide with Wn, and VV{;} dominate Wfi]. Moreover, we have: 

max{||V'o - ^o||2,{;},E,'<'>max||V'i||2,{;},E^o} < W{iy (H-H) 

The following lemma, which can be proved by a direct calculation, extends Lemma 10.1 to all 
spartial derivatives. 

Lemmall.l Let G be a smooth function of the {ipa '■ a = 0, 1, 2, 3) defined in a neighborhood 
of (/iQ, 0,0,0), and let Gq be the constant: 

Go = G(/io, 0,0,0) 

Suppose that the bootstrap assumption E^;^} holds for some positive integer I. Then, if So is suitably 
small (depending on I), we have: 

l|G~Go||2,{i},s;o <C^Ww 
where G is a constant which is independent of I. 
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We continue with a product lemma for the norms (11.3) and (11-4), which shall be applied repeat- 
edly in the sequel. 
Lemma 11.2 

a. Let ^1, ...,^N be arbitrary St,u tensorfields, defined on T,l° and let us denote by 

an arbitrary tensor product with contractions. Let also k,l be non-negative integers, k < I. We then 
have: 

N 

Ul--4N\\2,[k,l],^l° < ^'Xl^n IIOIIoo,[fe,i.],EtO)ll^j||2,[fe,i],S|<' 

b. Let ^i,...,^jv be as above, and another arbitrary St,u tensorfield defined on Let k,l be 
positive integers, k < I. We then have: 

||6-^iv • ^Il2,[/s-i,;-i],s;° 

N 

^ '^l\\'^\\oo,[k-l,l,-l],T.l° Uj\\oo,[k-l,l,],J:l'')Ui\\2,[k-l,l-l],i:l" 

N 

+a(nil^i|loo,[fe-l,U],E:o)ll^ll2,[fc-l,;-l],E:o 

Proof. It is a direct calculation. □ 

Part a shall be applied to St^u tensorfields ^i,...,^jv of order at most 1, and part b shall be applied 
when the ^i,...,^jv are of order at most 1, but the St,u tensorfield •& is of order 2. 

As in Chapter 10 a primary role was played by the estimates, given by Propositions 10.1 and 10.2, 
for the angular derivatives of the rectangular components T' , or cquivalently of the functions j/% a 
primary role shall be played in the present chapter by the estimates for the spartial derivatives of the 
T" of which at least one is a T-derivative. Prom (10.193) we have: 

rf ' = qr ■ (11.12) 

where 

dT = {qT)b ■ (11.13) 

and 

{qT)b = -in (11.14) 

The higher order T-derivatives of the T* shall be expressed recursively through the following lemma. 
Lemma 11.3 For any non-negative integer m we have: 

m— 1 

n=0 

Here the PT,m ai'e the functions and the qT,m are S't, „-tangential vectorfields determined by the recur- 
sion relations: 

PT,m = TpT,m-l + fi^ ' ^T,™-! 
QT,m = trlT^m-l + qTPT,m-l 
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and the initial conditions: 



Pt,o = 0, qrfi = qr 

Also, the rj. ^ are 5t,„-tangential vectorfields determined by the recursion relations: 



4m-i for ne {l,...,m-2} 



m-1 _ m-2 
'T,m ~ 'T,m-1 



and the initial condition: 



r% = 



The proof is a direct calculation. □ 

Let us now investigate the recursions of the above lemma. First we have the recursion satisfied by: 



Here we considering columns 



PT,r, 
_QT,r> 



X 



where (p is a function and X is a 5t,„-tangential vectorfield. We define the operator A acting on such 
columns by: 



where, natually. 



and B is the multiplication operator: 



B 



I = 




>■ 






X 







(11.15) 



>■ 




'0 4k 




>■ 




'in ■ X 


X 




qr 




X 




qrcj) _ 



In terms of the operator A the recursion in question takes the form, simply: 



PT,m 


= A 


PT,m-l 


qT,m 




_Q.T,m-l_ 



and the solution satisfying the initial condition 



PTfi 




■ 0" 


_Qt,o_ 




qT_ 



is: 



PT,m 


= A™ 


"0" 


_QT,m_ 




qT_ 



(11.16) 



(11.17) 



(11.18) 



(11.19) 
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We turn to the 2-dimensional recursion satisfied by the S'j^u-tangential vectorfields rj.^. The first 
recursion is 

4,m = U4,m-1 + «9T,m-l (11-20) 

by the initial condition 

4o = (11-21) 



we obtain: 



m— 1 

^(/r)^(K9T,m-i-,) (11-22) 
i=o 



Next, we consider the third recursion relation. This is: 
It follows that: 

= 4,1 = ^QT (11-24) 
Finally, we consider the second recursion relation, which takes the form (setting k = m — n): 

for /c = 2, TO — 1. 

Given any positive integer k let us denote by Mk the set of positive integers: 

TVfe = {to > k} (11.26) 

On Mk we define the function Xk with values in the space X of S't,„-tangential vectorfields by: 

Xk{m)=rl^;J (11.27) 

Let Lfe be the linear map taking Af-valued functions defined on A4-i into x-valued functions defined 
on A4 by: 

{'Lkf){m) = U{f{m-l)) ■ VmeTVfe (11.28) 

Then (11.25) takes the form: 

Xk{m) - Xk{m - 1) = (Lfea;fe_i)(TO) : Vm e J\fk+i,k > 2 (11.29) 

Setting: 

Vk = Lfca;fc-i (11.30) 

then we can write (11.29) as: 

Xkim) - Xk{m - 1) = yk{m) : \/m € J\fk+i,k > 2 (11.31) 
Let us sum (11.31) over m e {A; + 1, ■■■,]}■ We obtain: 

3 

^ {xk{m)-Xk{m-l))=Xk{j)-Xk{k) 

m=k-\-l 
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I.e. 

m 

Xk{m)=Xk{k)+ Vkij) : \lm&Mk,k>2 (11.32) 

3=k+l 

Now, from (11.27) with m = k, 

Xk{k) = Ck = r^T,k (11-33) 
is given by (11.22), while from (11.30) and (11.28) the sum on the right is: 

mm m 

E y'^0')= E {^kXk-{){3)= E t-T{xk-i{3-l)) (11-34) 

j=fe+l j=k+l j=k+l 

Let us define a linear operator M^^ acting on A*- valued functions / defined on .A4 by: 

m— 1 

(Mfe/)(m)= E(^t/)(j) (11-35) 

j=k 

In terms of the operator and the constants Cfe, (11.32) becomes the following recursion in k for the 
X- valued functions Xk- 

Xk=Ck+ MkXk-i : k>2 (11.36) 

Here we consider Ck as contant functions defined on j\4. Now, by (11.27) and (11.24) for fc = 1 we 
have: 

xi{m) = r^?-^ = kqt : Vm e M (11.37) 

hence, by (11.33) for k = 1, 

Xi = ci (11.38) 

Thus (11.36) holds also for /c = 1 if we set xq = 0: 

Xk=Ck+ MkXk-i : fc > 1 (11.39) 
xo = 

To this recursion Proposition 8.2 applies, yielding: 

fc-i 

a;fe = E Mk...Mk-i+iCk-i (11.40) 

i=0 

Now by (11.35), 

(Mfcc)(m) = (m - k)lTC ■ Vm G (11-41) 

Let us define, for each non-negative integer I, the function Ni on the set of non-negative integers, with 
the value in the same set, recursively by: 

No{n) = 1 : for all non-negative integers n (11.42) 

n 

Ni{n) = E Ni-i{m) 

m=l 
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for all non-negative integers n and all positive integers 
In particular, we have: 



A^;(0) =0 : for all positive integers I 



(11.43) 



In fact, it is readily seen that: 



n...(n -\- 1 — 1) 

Ni{n) = : for all non-negative integers n and all positive integers I (11.44) 

We can then show, by induction on j (step by step), that for all non- negative integers j we have: 

{Mk-i+j...Mk-i+iCk-i){m) = Nj{m -k + i- j){t,T.yck-i (11.45) 

Setting j = i in the above we obtain: 

(Mfc...Mfe_,+iCfe_i)(m) = Ni{m - k){Uyck-i : Vm e TV^ (11.46) 

Substituting in (11.40) then yields: 

fc-i 



Xk 



(m) = ^Ni{m-k){lTTck-i ■ 'imeNk,'^k > 1 



(11.47) 



i=0 



We summarize the above results in the following lemma. 
Lemma 11.4 Let A be the operator 

A = + B acting on columns 



X 



where ^ is a function and X a S't,„-tangential vectorfield, B being the multiplication operator: 



B 



■ M 
qr 



Then functions PT,m and 5t,„-tangential vectorfields qT,m are given by: 



PT,m 


= A™ 


Pt 


_Q.T,m 







Moreover, the S't,„-tangential vectorfields rj.^_i, n e {0, ...,m — 1}, are given by: 

m — 1 — n m— 1— n 



'T,m 



1=0 



where Ni{n) are the non- negative integers: 



Ni{n) = 1 : if i = 
"-(^ + ^-^^ :if i>l 



The St^u 1-form (gT)b can be directly estimated, however to estimate the St^u-tangential vectorfield 
qr, which enters all the above formulas, we must estimate the T-derivatives of Now, 



-1 (T) 



(11.48) 
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Thus estimating (/t)™'*'^^ ^ reduces to estimating (/j^)"*^^^^. Now from (3.27) we have: 

= ^K^" = -2a"^/tx + (11.49) 



Let us define: 



and: 



yl=X--. — (11.50) 



We then have: 



where A is the function: 



^■^V' = -2a;-^Kx' + 2k|^ (11.51) 
(^)^ = (^)/ + A(l-u + i)-i^ (11.52) 

\ = -2{a-^K) (11.53) 

We shall be able to estimate in a more direct manner the T-derivatives of '^^^f' . From these 
estimates for the T-derivatives of ^"^V' shall use the auxiliary symmetric 2-covariant St^u tensorfields 
defined below. Their definition requires the polynomials Pm(a'), which we shall presently define. 
For each non-negative integer m we define: 

p^ix) = 1 : for m = (11.54) 
= (m + a;)...(l + a;) : for m>l 



We can see inductively, that 

m-l , s 



n=0 

We define, for any non-negative integer m: 

(™=^V = (/t)"^^V - Ap™(A)(l - + <)-™-V (11-56) 

Note that: 

(0;^)^ = (^)/ (11.57) 

From (11.53), we define: 

A' = A-F2 (11.58) 
Lemma 11.5 Let / be a positive integer and m a non-negative integer, m < I. Suppose that: 

max 11^"'' Vlloo,[i-il,s;o < CMl + t)-'[l + log(l + t)] 

and: 

I|a'il,m,e:o <a^o[i+iog(i+i)] 

Then if Sq is suitably small (depending on /) we have: 

^max^ ||('^^Vlloo,[;-.],E- < ^H^^V'IL.M.e- + CMl + t)-^[l + log(l + 1)] 
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Proof. We apply (/t)'' to (11.52), for k e {0, ...,m}. A direct calculation implies: 

i'^'T)f = [Uf^'^H' (11-59) 

ki-\-k3=k,k3>l 
ki-\-k2—k,k2>l 

+ E fc^(i - « + tr''-''-\{T)''^^)xpk,-iW^ 
+ E ^(i--+r'=-^((T)'=^A)('=-^^^)^ 

ki+k2+k3=k,k2 ,k3>l 

We apply /_Ri^ ■■■^Ri^ to (11.59) with n G {0, I — k}. The first term on the right is bounded by: 

\\{U)''^^^f'\\oo,[i-k],i:? (11-60) 
We decompose the first sum on the right according to: 

A = -2 + A' (11.61) 

Setting: 

fc' = fcs - 1 (11.62) 

the contribution of the term —2 is: 

k-l 



2E (fcr^(i-^+*)''"'ll^''^Vlloo,[.-fe],E:o (11.63) 



_ fc! 
Tk' 

k'=0 

While the term A' is bounded by: 

G5o[l + log(l+t)] J2 (^7^1)1(1 -« + *)''"'ll^''^Vlloo,[/-fc],E;o (11.64) 
The last sum is bounded by: 

C/<5o[l + log(l + i)] (11.65) 

k — 2 k — 2 — k J I 

fc! 



E E (.■ + i)!(fc. + i)! (i-"+^)^'"''"^"^ii^^'"Viioo,,-,..:o 



X 

k'=0 j=0 



where we have set: 

fc2 = l+i (11-66) 

Nest, we consider the second sum, which is: 

E TTTTv (1 - ^ + ty-'HTy+'X')^ (11.67) 

j=0 ^ >■ 
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By the first assumption, 

\\{{Ty+'X')0\U[i-k],j:lo < C||(T)^+iA'|L,[,_,],^«o (11.68) 

for fc > 1, provided that Sq is suitably small (depending on I). Then by the second assumption we 
know that the second sum is bounded by: 

CiSo{l+t)-^[l + log{l + t)] (11.69) 

Finally, we have to deal with the third sum. We express: 

Xpk'iX) = -2pk'{~2) + qk>+i{X') (11.70) 

where qk'+i{X') is a polynomial of degree fc' + 1 in A' with vanishing constant term. By the second 
assumption of the lemma, the constant term is bounded by: 

Q(5o(l+i)-2[l+log(l+i)] (11.71) 

while the contribution of the polynomial qk'+i{X') is bounded by: 

k-2 fe'+l 
k'=0 j=l 

A simple calculation implies that this is bounded by: 

Q(52(l + t)-2[l + log(l + t)]2 (11.73) 

provided that Sq is suitably small. 

Combining the results (11.60), (11.63), (11.64), (11.65), (11.69), (11.71) and (11.73), we conclude 
that 



k— 1 

+Q{l + t)-'[l + \0g{l + t)] E ll^''^Vllcx>,[/-.],E- 

k'=0 

+Ci6o{l + t)-^[l + log{l + t)] 

Since: 

E 11^' '^Vllcx>,[;-fe],E:o < E 11^' '^ViIoo,[;-i-.'],e:o < E II^'''^ViIoo,[/-.'],e:o (n.rs) 

k'=0 k'=0 fe'=0 

(11.74) reduce to: 

Xk < Ck + a^'^^ Xk' : for k = 0,...,m (11.76) 
fe'=o 

where 

xk = ||^'''^Vllco,[;-fe],s,^o (11.77) 
a = Q(l+i)-i[l+log(l+f)] 
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It follows by direct calculation that 

fc-i 

Xk < Ck + a^{l + a)^^^^''' Ck' :for k = 0,...,m (11.78) 

fe'=0 

hence: 

m— 1 

max Xk< max Cfc{l + a (1 + a)™"^"'''} = (1 + a)™ max Ck (11.79) 

0<fe<m 0<fe<m 0<fe<m 
fc'=0 

Substituting (11.77) and recalling that (1 + t)"^[l + log(l + t)] <1 we obtain: 

^max^||('=^^Vlloo,[;-fci,E;o < cKII^'^V'IIocm.e;" + Q5o(i + 1)-^! + Ml + 1)]} 

□ 

Lemma 11.6 Let I be a positive integer and m a non-negative integer, m < I. Suppose that: 
max||(«^)^||^_[;_,j_j,eo < CMl+t)-'[l + log{l+t)] 
I|A'IL,ku],e:o <C;^o[l + log(l + i)] 

and: 

II^^V'llco,[™-l.U-l],S- < ClSoa + t)-'[l + l0g(l + t)] 

Then, if do is suitably small (depending on I) we have: 



^f''''^^f\\2,[i-k],i:l° ^ C';ll^'^V'll2,[m,i],Ejo 

fc=0 

+Q(1 + t)-Hl|A'||2,M,E:o + ^o[l + log(l + t)] max ||(^-VII2,[;-2],e:o} 



Proof. We shall use (11.59). The proof is quite similar to that of Lemma 11.5. Like in Chapter 10, 
when we estimate a product in L^, we put the lower order derivative term in L°°, and the other term 
in □ 

We use Lemmas 11.5 and 11.6 to derive L°° and estimates for the T-derivatives of ^"^^f in terms 
of estimates for the T-derivatives of ^'^^f'. 

Lemma 11.7 Under the assumptions of Lemma 11.5 we have: 

+ 2(1 - + i)- Vllcc„[l],E- < C^HI*^V'llco.[O.Z],E- 

+cMi + t)-^[i + \og{i + t)] 

II/t^^V - 2(1 - « + t)-'^||oo.[/-l].E- < Ci\\^^''f\\ooAlA^? 

+C(5o(l + i)"Ml+log(l + 0] 

and: 

,m^^ll(^T)'=^^Vllcx>,[;-fe],E- < a||^^V'lloo,M,E- 
+Cido{l + t)-^[l + log{l + t)] 
Proof. We consider formula (11.56) with m replaced by A; e {0, ...,m}: 

(/t)'^^V = ^"'^V + Apfe(A)(l -u + ty'^-'d (11.80) 
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We express Af)fe(A) as in (11.70) and we bring the contribution of the constant term —2ph{—2) on the 
left. We obtain: 

+ 2(1 - M + i)- V = ^°'^V + -u + (11-81) 

/t^^V -2{1-u + = (i^^V + '?2(A')(1 - H + t)-'^ 

{Irf^^^f = ('^^^V + %+i(A')(l -u + 1)-"-'^ 

for /c > 2 

We first take the || ||oo,[i],Et°"'^orm of each side of the first of (11.81). Since: 

lkl(A')^|loo,[i],E:o < t?l|A'||oo,[/],E:o (11.82) 

+Cn|A'IL,[(-i],E:omax||(«^)/|U_[;_i]_j,.o < C^^otl + log(l + i)] 

(provided that do is suitably small), the first statement of the lemma results by substituting the 
estimate for ||^'^''^Vllc»,w,s'° of Lemma 11.5 with m = 0. The next two cases in (11.81) can be dealt 
in a similar way, then the lemma is proved. □ 

Lemma 11.8 Let the assumptions of Lemma 11.6 hold. Let us define: 

T[o,i] = II^^V + 2(l-« + t)-Vll2,H,E:o 
7Ii,;] = ||^^V + 2(l-n + t)-Vll2,[;],E:o 
+||/t^^V - 2(1 - w + i)-'^||2,[;-i],E:<' 



and for m > 2: 



Tf™,;] = ||(^V + 2(l-« + t)-Vll2,W.E:« 

+ ||/t^^V - 2(1 - « + f)-2^||2,[;_i],s:o 

m 

+EiI(^t)'^''ViI2,[;-.],e:o 

fe=2 



We then have: 



T[m,l] < C'HI^^V'll2,[m,!],E^o 

+Ci{l + i)-Hl|A'||2,[,n,;],E:o + 5o[l + log(l + t)] max ||^^^Vll2,[i-i],E:o 

Proof. Again, the proof is similar to those of Lemma 11.7 and Lemma 11.6. □ 

In establishing the primary propositions of the present chapter, which concern estimates for the 
spartial derivatives of the of which at least one is a T-derivative, we shall have to estimate, for 
given St,u 1-forms ^, the commutators: 

^''■■■'-^CmA^] = Ir,^ ...Ir,, {UriP^ - Ur,^ ...Ir,, {.tTTi (11.83) 

Lemma 11.9 The commutators ^'^■■■'"^Cto,„[^] are given by: 

n-1 
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where CyTi,o[^] ^^re given by: 

m — 1 
i=0 

Here ^^Vi is defined by (9.161) and (9.162). 

Proof. The proof is a direct calculation which relies on Proposition 8.2. □ 

We must now obtain estimates for ^^Vi- terms of the operator Ip defined by (10.147), we can 

express: 

^"Vl = ^"H/l),•^^ '^\f,\ = i>'"'f (11-84) 

We shall need the following analogue of Lemma 10.9, which can be also proved straightforwardly. 

Lemma 11.10 Let be an arbitrary s}Tnmetric 2-covariant St^u tensorfield. The following com- 
mutation formula holds for any non-negative integer m: 

m— 1 

{uri>^ - hur^ = - E (^t)'(^^Vi • (4t)"-'-'^) 

We proceed to: 

Lemma 11.11 Let I be a positive integer and m a non-negative integer m < I — 1. Let also 
hypothesis H2' hold. Suppose that: 

IIA'lloo.M.s- <Q<5o[l + log(l + t)] 

II^^V'llco,[„M],S- < + t)-l[l + log(l + t)] 

max ||(^'Vlloo,[i-i],E:o < CM\ + t)-\l + log(l + t)] 

and, if i > 2, 

max||(^'VilL,[;-2],E,'o < CMl + t)-^[l + \og{l + t)] 

Then, if 5q is suitably small (depending on /) we have: 

II^^Villcx>,Ki-i],E|o < Q<5o(l + t)-'[l + log(l + t)] 
Proof. To prove the lemma, we just need to estimate 

||(/^)'=(^Villoojz-i-fc],s-o (11-85) 

To do this, we proceed inductively on k. Since under the assumptions of the present lemma. Lemma 
11.7 holds. Substituting the bound for 

yields: 

II (^V + 2(1 - w + i)"Vllcx>,m,E:o < CMl + t)-^[l + log(l + 1)] (11.86) 

ll/r^^V - 2(1 - « + i)-'^IL,[;-i],E:o < CMl + t)-\l + log(l + 1)] 

max ||(/r)'=(^)/|L_f;_,j_se„ <C;^o(l+t)-Ml + log(l + i)] 
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We can write 

= ipe'^f + 2(1 - « + i)- V) (11.87) 

Then by Lemma 10.9 and a direct calculation, we obtain the conclusion when k = Q. 
Next, we apply Lemma 11.9 to obtain: 

{Uf^^\f,\ = ipiUf^'^H + d'k (11-88) 

Estimate for fc = 1 is also straightforward, wc just use Lemma 11.9 and obtain an estimate for d'^. 
Then we assume, for k e {2, m}, 

||(/^)'='(^Villoo,[^-i-fc'],s- < a^o(l + i)-'[l + log(l + t)] (11.89) 
hold for all fc' < /c - 1. 

To estimate the case k' = k, we again use Lemma 11.9, and then use the induction hypothesis to 
estimate d'f,. Then the lemma follows. □ 

To proceed with estimates for '"^Vi' ^® shall need the following lemma. This lemma shall also 
be used in the sequel. 

Lemma 11.12 Let k,lhe positive integers k < I and let: 

l|A'|loo,[fe-l,i.-l],E:o < Ci5o[l + log(l + t)] 
max ll^^'^Vllooa/.-H.E.'o < CMl + t)-'[l + log(l + 1)] 
ll^'^V'lloo,[fc-i,i.-i],E,»o < Q5oa + t)-'[l + log(l + t)] 
Then provided that is suitably small (depending on I), we have, for any St,u tensorfield ^: 

11^ ■ ^Il2,[/s-l,;-l],s;°> lie • ^~^\\2,[k-l,l-l],-El° 
< CKIIell2,[fc-l,;-l],E;'' + llellcx),[fe-l,U-l],E:o(max||^^*Vll2,[!-2],E;'' + T[k-2,l-2])} 

where the T[kfi are the quantities defined in the statement of Lemma 11.8 (the term T[k-2,i-2] is present 
only for k > 2). 

Proo/. Under the assumptions of the present lemma, the conclusions of Lemma 11.7 hold with 
(fc — 1, ^* — 1) in the role of (m, I). Then substituting in these the bound for 

II^^V'll<x),[fe-l,U-l],s;° 

yields: 

l|(^V + 2(i-w+t)-Vllcx>,[u-i],E:° < 

ll^r^^V - 2(1 - « + t)-'^||oo,[;.-2],E:o < 
^ max J|(/^)^(^)#|L,[,._,_,j,^eo < 

We shall estimate: 

ll(/T)^-'(e-^)||2,[;-,],E:° 

The case j = 1 is easy: 

ll^^ll24^-ll,E- <a{||e||2ai-i],E- + lieiloo,[u-i].E-max||^«-Vll2,[i-2l,E-} (11.92) 



Ci^o(l+t)"Ml + log(l+*)] (11.90) 
Ci6o{l+t)-^[l + log{l+t)] 

C,^o(l + t)-'[l + log(l + t)] 

: forj = l,...,fc (11.91) 
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For j > 2 we express: 

{Uy-\^-$)=^j-i-^ (11.93) 

+ (j - mlry-^O ■ (^^V + 2(1 - n + 
^ (j-lKj-2) ^^^^^,_3^^ • (/t^^V - 2(1 - « + t)-^^) 

Here: 

= {UY-'£.-'^{j - i)(i - M + (11-94) 

+{3-w-m-u+tr^{iTy-^i 

Only the first two terms in (11.93) and (11.94) are present for j = 2. Also, the sum in (11.93) 
is present only for j > 4. What we should do next is just a direct calculation. The estimate for 
11^ ■ ^~'^ll2,[fe-i,i-i],i;'o follows in a similar manner. □ 
We proceed with estimates for ^^Vi- 

Lemma 11.13 Let I be a positive integer and m a non- negative integer m < I — 1. Let also 
hypothesis H2' hold. Suppose that: 

l|A'IL,KM,s»c <a5o[l + log(l + t)] 
max||(^*Vlloo,[u-i],Ejo < CMl+t)-\l+\og{l+t)] 

ll'^V'lloo,[,r.,U],E- < + t)-^[^ + l0g(l + t)] 

and (if > 2): 

m|«||(«^Villoo,[U-2],E:o < C,^o(l + i)-'[l + log(l + i)] 
Then if 5q is suitably small (depending on /) we have: 

II^^Vlll2,[m,J-l],Et'' 

<Ci{l + t)-^{T^rra] + 5o{l + t)"Ml + log(l + *)]• 
(max|P'Vll2,[i-2],s,'" + (l + 0max||(-"'Vill2j/-2],s,^t.)} 

Proof . The proof is quite similar to that of Lemma 11.11. The only difference is that here we must 
use Lemma 11.12 to connect the estimates of ^"^Vi ^^"^ '^'^\fi)h' '-' 

We now apply Lemma 11.11 and 11.13 to obtain estimates for the commutators ^'^■■■'"^Cm,„[^], 
defined by (11.83). 

Lemma 11.14 Let k,l be positive integers, k <l. Let also hypothesis H2' hold. Suppose that: 

l|A'lloo,[fe-l,/],S^o <C,<5o[l + log(l + t)] 

max||(«-Vllcx>,[;-i],E:o < CMl + t)-^[l + \og(l + t)] 
II^^V'IIcx>,[.-i,;],e:o < CMl + t)-'[l + log(l + 1)] 

and: 

max||(^*Villoo,[i-ii,Ejo < C,5o(l + t)-'[l+log(l + t)] 
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Then for any St^u l-form ^ we have: 

ma^ max W^'^-'-^CmAmLoo^j^lo) < ^^0(1 + log(l + i)]||^IL,[fe,;_i],s:o 

m<kyn<l—mii...in \ t / u j j' t 

provided that So is suitably small (depending on I). 

Proof. The assumptions of the present lemma include those of Lemma 11.11 with fc — 1 in the role 
of TO. Therefore the conclusion of Lemma 11.11 holds with to replaced by A; — 1, that is, we have: 

ll^'^Vllloc.,[*:-l,i-l],S^O <G<5o(l+t)-2[l+log(l+t)] (11.95) 

Then we just use the expressions given by Lemma 11.9. After a direct calculation, the lemma follows. 
□ 

Lemma 11.15 Let k,l be positive integers, k <l. Let also hypothesis H2' hold. Suppose that: 

l|A'|loo,[fc-l,U],E:o <Ci^o[l + log(l + i)] 

mp ||(^*Vlloo,[/.-i],s,^o < Q<5o(l + t)-'[l + log(l + 1)] 

II^^V'lloo,[fe-l,i,],E- < CMl + t)-'[l + l0g(l + t)] 

and: 

max |P-ViIIoo,[u-i],e:o < + + Ml + t)] 

Then for any St,u l-form ^ we have: 



max max 



l(il---jn) 



Cm,nK] II L2(E,'°) 



m<k,n<l — mii..An" ' '"^■'"'^ ) 

< CMl + t)-^[l + l0g(l + i)]||^||2,[fc,;_i],E,»o 

+C;(l + i)-'||^|loo,[M.],s-{'7[fc-i,;] + (l + t)niax||(«*Vil!2,[/-i],s,^o 
+5oil + t)-'[l + log(l + t)] max H^'^* Vll2,[;-2],s;« } 

provided that 5o is suitably small (depending on I). 

Proof. The assumptions of the present lemma include those of Lemma 11.11 with {k — in 
the role of (to, I). Therefore we have: 

II^^Villoo,[fe-i,;.-i],E:o < CMl + t)-^[l + log(l + 1)] (11.96) 

Also, the assumptions of the present lemma include those of Lemma 11.13 with — 1 in role of to. 
Therefore we have: 

II^^Vlll2,[fc-l,/-l],E:o (11.97) 

< CM^ + t)-'{T[k-i,i] + Soil + t)-'[l + log(l + i)]- 
(max||(^*Vll2,[;-2],E:o+(l + t)nip||(^*Vill2,[i-2],E:o)} 

Then, as proving Lemma 11.14, we just use the expressions given by Lemma 11.9 to do a direct 
calculation. Then the lemma follows. □ 

11.1.2 Estimates for f 

Given non- negative integers m,n,we denote by ^ the bootstrap assumption that there is a constant 
C independent of s such that for all t G [0, s]: 

E^,„ : max ||ii,„...ii,,(T)'"QVa|lLoo(s^o) <CTo(l+t)-' 
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Wc then denote by E^jj the conjunction of the assumptions „ corresponding to the triangle (11.8). 

The constant C then depends on I only and shall be denoted by C;. Note that the assumptions E^^^ 

coincide with the assumptions and E^^j contain jij^j. 

Given non-negative intagers m,l, m < I, we denote by Mj^^;] the bootstrap assumption that there 
is a constant C; independent of s such that for all t G [0, s]: 

^[m,l] ■■ IIM - lllooJm.iJ.E^o < ^H'^ + log(l + t)] 

This is equivalent, modulo E{;}, to the assumption that there is a constant C; independent of s such 
that for all t e [0, s]: 

ll« - M\oo,[m,i],i:lo < CiSo[l + log(l + 1)] (11.98) 

Proposition 11.1 Let hypotheses HO, HI, H2' and the estimate (6.192) hold. Let also the 
bootstrap assumptions E{;_|_i}, E^^j, and hold for some non-negative integer I. Moreover, let the 
bootstrap assumption M[„ hold for some non-negative integer m < I. Then if So is suitably small 

(depending on /) we have: 

max||(r)'=+if*||^_[,_,]_j,eo < Q<5o(l + 0"Ml + log(l + t)] 

for all fc = 0, m. 

Proof. The assumptions of the present proposition include those of Proposition 10.1 with Z -|- 1 in 
the role of I. Therefore by the corollaries of Proposition 10.1, we have, with Z -|- 1 in the role of I: 

Ul - /^ollooji+u.E^o < Q(5o(l + ty' (11.99) 

IIV-flLji+u.E- <cM^ + tr' (11.100) 
ll^lloo,[m],s;o <t^(^o(i + t)-' (11.101) 

and: 

ll'^i,flloo,[;],E;o < CiSo{l 

Wl\\oo,11],K° - '^'^o(^ 
ll'^lloo.H.E^o < CMl 

Moreover, from the definition: 
we readily obtain: 

ll'^f lloo,[(],s-« < CiSail 

\\^Tf\\oo,ll],K° - ^i^O^^ 

By the assumption M[o,;+i], we have: 

II(3t)6|L,[;],e:o <a5o(l + t)-Ml + log(l + t)] (11.107) 
(provided that is suitably small depending on /). This together with Corollary lO.l.d implies: 

\\qT\\^,ll],Slo<CMl+t)-'[l + \og{l+t)] (11.108) 

In view of (11.12), the statement of the proposition for /c = follows. 



+ t)-' 



(11.102) 
(11.103) 
(11.104) 



(11.105) 
(11.106) 
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We proceed by induction on k for fixed m and I. Let k € {1, ...,m} and let: 
max||(T)^'+if'||^_[;_fe,j,j,eo < CMl + t)-'[l + logil + t)] 

hold for all k' = 0,...,k-l. 

By this induction hypothesis and E{;_|_i} we can easily obtain: 



for all k' e {l,...,fc}. 

This together with (11.100) implies: 



Since 



f'lloo,[fc,/+l],St 



(11.109) 



(11.110) 



(11.111) 



these are analogous to tjjf with T'^j, ^V'i) in the role of ■^j, respectively. We thus obtain: 



Similarly, by the relation: 



I'^LT lloo,[fe,;],E^o < Cldo{l +t)"^ 

\\^f\\oo,[k,i],i:lo<CMl+t)-' 
U = -af' - ipi 



and E{/_|_i}, we have: 



max ||(T)'= +iLiL,[;_fc,],s:o < CM^ + ty'l^ + log(l + t)] 



for all fc' = 0,....fc-l. 
Then we have: 



ll(r)'=VL|L,[m-fc'],E- <a<5o(i + t)-^ 



for all k' = 0,...,fc. 

which, together with (11.99), yields: 



and then: 



Also we have: 



Then we have: 



\\'il'L\\oo,[k,i],i:lo<CMl + t)-^ 



,[fe,i+l],EjO < Ci^o(l + t) ^ 



ll'^"'Clloo,[M],s;« <Cf5o(i + 0"' 



(11.112) 
(11.113) 
(11.114) 

(11.115) 
(11.116) 

(11.117) 

(11.118) 

(11.119) 

(11.120) 
(11.121) 

(11.122) 
(11.123) 
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Therefore 

ll4llcx>,[fc,i],E:° < CMl + + log(l + 1)] (11.124) 

m\oo,[k,i],K° < CM-^ + + log(l + 1)] (11.125) 

By E{;+i} and M[fe_;+i] we obtain: 

II(9t)6!Ico,[m],s- <Cf5o(l + t)-'[l + log(l + t)] (11.126) 

To complete the inductive step we need a similar estimate for qr- This estimate would follow from 
Lemma 11.7 if we can show that: 

II^^V'lloo,[fe-i,/-i],s- <C/<5o(l + t)-i[l + log(l + t)] (11.127) 

Because the assumptions of Lemma 11.7, which are those of Lemma 11.5, hold by virtue of Corollary 
lO.l.d and M[fe^i+i]. From the definition (11.51) and the estimate (11.124) we see that (11.127) would 
in turn follow if we can show that: 

llx'lloo,[fe-i,i-i],s,'o < C/<5o(l + t)-^ (11.128) 

A stronger estimate is in fact provided by the following lemma: 

Lemma 11.16 Let the assumptions of Proposition 11.1 hold. Let also the inductive hypothesis 
(11.109) hold, for some k G {l,...,m}. Then, provided that So is suitably small (depending on I), the 
following estimate holds: 

llx'lloo,[fe,;],E:o < CMl + t)-^[l + log(l + t)] 

Proof. As remarked above, under the present assiimptions Proposition 10.1 and all its corollaries hold 
with Z + 1 in the role of /. From the definition (11.50) and Corollary lO.l.d we obtain: 

llx'llcx>,[i],E:o < Ci5o{l + t)-^[l + log(l + 1)] (11.129) 

We proceed, by induction on k', to show that: 

\\iUfx'\Uli-k'],s? < Q^o(l + 0"'[l + log(l + 0] (11-130) 

for all k' e {1,...,A;}. 

which, together with (11.129), yields the conclusion of the lemma. In fact we shall show that 
(11.109) together with the estimate: 

llx'IL,[fe-i,;],E;o < CMl + t)-^[l + log(l + 1)] (11.131) 

implies 

ll(/T)'x'lloo,[;-fc],E:o < Q<5o(l + t)-'[l + fog(l + t)] (11.132) 
Prom the definition (11.50) we have: 

M = trx-j^,-j^^, (11.133) 

Now, is given by the formula (3.125)-(3.126). Substituting in (11.133) this formula, and also 
substituting for ^'^^f in terms of x' from (11.51)-(11.52), we obtain a formula for j^tX'- We apply 
(/t)'^~^ to this formula and then take the || ||oo,[;-fe],Ej° norm. The contribution of any given term 
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on the right-hand side, will then be bounded by the 1| \\co,[k-i,l-i],i:'° norm of that term. Now from 
(11.51), (11.131) together with (11.124) and M^k.i+i] imply 

II^^V'ILjfe-i.^l.E- < CMl + t)-'[l + log(l + t)]' (11.134) 
By Lemma 11.7 with fc — 1 in the role of m we then obtain: 

||(^V + 2(1 - u + t)-Vlloo,[;],E:o < CiSoil + t)-'[l + log(l + 1)] (11.135) 
II/t^^V - 2(1 - « + i)-Vllcx>,[/-i],E:o < CiSoil + t)-'[l + log(l + 1)] 
^^m^^_^\\{Uf^^^f\\^,li-k'],i:lo < CiSoil + t)-'[l + log{l + t)] 

These estimates, together with Corollary lO.l.d, imply that for any St^u tensorfield £, we have: 

U ■ ^\\oo,[k-i,l-i],J:l°M ■ r'llcx>,[fc-i,;-i],E:o < C;||^IU,[fe_i,;_i],j::o (11-136) 

provided that Sq is suitably small (depending on I). 

This together with the estimates from (11.99) to (11.125) as well as Lemma 11.14 implies (11.132). 
So the lemma follows. □ 

We now resume the proof of Proposition 11.1. Now we have the estimate: 

hT\\^,[k,i],^lo <CM^ + tr'[l + log{l + t)] (11.137) 
Using this and Mj^, we deduce, from the first statement of Lemma 11.4, the estimates: 

\\PT,j\L,[k-j,i-j],i:lo < Ci5'o{l + tr^[l + log(l + 1)]' (11.138) 

for all j e {0, k} 
for all j e {0, 

We write the second statement of Lemma 11.4 in the form: 

r^,k= E E {U)'-'—''{^qT,j') (11.140) 

i=0 j'=0 

Here n € {0,...,k — 1}. Taking the || ||oo,[(-ft+n],Et° norm of this we obtain, using (11.139) and 

M[fe,i+1]! 

lk?,J|oo,[i-fe],E^o (11.141) 

k—l—n k—l—n—i 

< E E \\'^<iT,3'\\oo,[k-l-n-j',l-l-j'],i:l° 

i=0 i'=0 

<cMi + t)-'[i + iogii + t)]'' 

for all n e {0, ...,k- 1}. 

Now according to Lemma 11.3: 

fe-i 

^rp)k+ifi = p^^^fi + q^^^ .4x' + J2 rT,k ■ 4{Trf' (11.142) 

n=0 
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We take the || Hooji-fei.Ej" norm of this. From the above estimates, we have: 

max \\PT,kf\\^,ii.k],K'^ < Ci5l{l + t)-^[l + log(l + t)f (11.143) 

mp \\qT,k ■ 4ar'|L,[;_fe],s;o < ^^0(1 + + log(l + t)] (11.144) 

fe-i 

max II ^ r^^, • KTm\^,[i-k],i:l^ < + + log(l + t)f (11.145) 

These imply: 

max||(T)'=+if'|U,[;_fe]^j,eo <Q5o(l + t)-Ml + log(l + t)] (11-146) 

This completes the proof of Proposition 11.1. □ 

The foregoing proposition has the following corollaries. 

Corollary 11.1. a Under the assumptions of Proposition 11.1 the coefficients of the expression for 
{Tf+^f \ k = 0, ...,m, of Lemma 11.3 satisfy: 

\\PT,k\Ul^-k,i-kli:lo < Ci^o(l + t)-'[l + log(l + t)r 

for all A; € {0, m} 

kTML,[m-k,i-ki^io < cMi + t)-'[i + l0g(l + t)] 

for all k G {0, m} 
and: 

\KJoo,[l-k+n],i:lo < CMI + t)-'[l + l0g(l + t)]^ 

for all k e {0, ...,m}, n e {0, 1}. 
Also, 

max ||(T)*=+iii^,[;_,],j,eo < QSoil + t)-'[l + log(l + 1)] 

for all k = 0, m. 

Corollary ll.l.b Under the assumptions of Proposition 11.1 the following estimates hold: 

ll^f lloo,[m+i,m],i::<' < CiSo{l+t)-^ 
Ul - ho\\^,[m+i,i+i],i:lo < CiSo{l+t)-^ 

\moo,[m+l,l+l],i:lo<CMl+t)-' 

and: 

Ikrf lloo,[m,/],E,'» < ClSo{l + t)-^ 
W^LtWoo.lm+ld + Vi^T,"" < C;(5o(l + i)"^ 

II^IIoo,m,e:° <Cf5o(i + t)-' 

and: 

lll^llco.M.E- <t^;^o(i + 0"' 
ll«"'Clloo,M,E- <Ci<5o(l + i)-' 
ll«^lloo,Ki],E- < CM^ + + log(l + t)] 

IICIIoo,k;],e:o < ^^;^o(i + t)-^[i + log(l + 1)] 



255 



The next corollary is obtained from Lemma 11.16 by substituting Proposition 11.1 itself in place of 
the inductive hypothesis (11.109), and then substituting the result in Lemma 11.7 and Lemma 11.11. 
Corollary ll.l.c Under the assumptions of Proposition 11.1 we have: 

llx'lloo,M,sJ« < CMl + t)-^[l + log{l + t)] 

Moreover, we have: 

l|(^V + 2(1 - + i)- VIIoo,h,e:o < cMi + t)-'[i + iog(i + 1)] 

II/t^^V - 2(1 - zi + i)-'^||oo.[i-i],E»o < CMI + t)-'[l + log(l + t)] 
max ||(/T)'=^^Vlloo,[;-fcl,E- < CM^ + t)-'[l +log{l +t)] 

Also: 

l|A|loo,[,n,i],E,^o < CM^ + + l0g(l + t)\ 

and: 

ll^'^Villoo,K/-i],s- < Q(5o(l + i)-2[l + log(l + 
11.1.3 Estimates for 

We proceed with the 1? estimates. Given non-negative integers rn, n, we denote by „ the quantity: 

W^,„= max ||i?i„...i?i,(r)™QVaL2(sf«) (11-147) 

We then denote by the sum of the quantities „ corresponding to the triangle (11.8). Note 

that the quantities W^„ coincide with the quantities W^, and dominate VVj^. Moreover, we 
have: 

max ||i^a||2,w,E:o < (1 + (11.148) 
Given non-negative integers m, I, m < I we denote: 

Blm,l] = IIM - l|l2,[m,;],E,^» (11.149) 

Note that B[Q^q coincide with B^q. Since /x = are, it follows from Lemma 11.1 that under the bootstrap 
assumptions E{;,} and M[to we have: 

li«-l|l2,M,E:o <C;{^M + [l + log(l + i)]W{,}} (11.150) 

Proposition 11.2 Let the hypotheses HO, HI, H2' and the estimate (6.192) hold. Let also the 
bootstrap assumptions E{;^^i}, E^^^ j, and X[;,]7 hold for some non-negative integer I. Moreover, let 
the bootstrap assumption hold for some non-negative integer to < I (where by definition 

^[m.i,+i] coincides with M^^^.,.!}. = M[;^_|_i_;^_|_i] for m > Z*-|-l). Then if So is suitably small (depending 
on I) we have: 

m 

$^max||(T)'=+ir||2,[;-fc],E:o 

fc=0 

<Ci{l + tr^{B[^j+i] + Soil + log(l + t)][yo + (1 + t)^[/-i]] 
+[1 + log(l + t)][W{i+,} + Soil + t)-^[l + log(l + i)]'W^lij]} 
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Proof. The assumptions of the present proposition coincide with those of Proposition 11.1 with (m, /*) 
in the role of {m, I). Therefore under the present assumptions Proposition 11.1 and its corollaries hold 
with (rn,,U) in the role of {m,l). Moreover, the present assumptions include those of Proposition 10.1 
with + 1 in the role of I, as well as those of Proposition 10.2 with Z + 1 in the role of I. Therefore 
under the present assumptions Proposition 10.1 and its all corollaries follow with + 1 in the role of 
I, and Proposition 10.2 and its all corollaries follow with Z + 1 in the role of I. In particular, we have 
(Corollaries 10. 2. b and 10. 2. g with I replaced by Z + 1): 

IIV'L - hohs+W ^ ^d^lW] + So{^ + tr'[yo + (1 + (11.151) 

\\^f\\2,[i+i],^l« < + Soil + t)-'[yo + (1 + t)A[i]]} (11.152) 

II^II2,[;+i],e:o < Ci{Wii+,]+ Soil + t)-'[yo + {l + t)A[^]} (11.153) 

and: 

MkniK" =^ ^'(1 + + ^^0(1 + tr'lyo + (1 + t)Aii^i] + W^]} (11.154) 

II'^lII2,w.e- <Ci{i + t)-^{>V[;+i] + 5o(i + tr'iy, + (1 + t)A/-i]]} (11-155) 

MkuiK" ^ Cl{l+t)-'{W^l+^^ + Soil + t)-'[yo + {l+t)A[i.,]]} (11.156) 
Moreover, we readily obtain: 

ll^f ll2,H,s- <Ci{l + t)-HW[i+i] + <5o(l + t)-'[yo + (1 + t)A[i^i]]} (11.157) 

W^Tfhin^? <Ci{W[i+^+6oil + t)-'[yo + {l + t)A[i_,^]} (11.158) 

Let us define: 

k 

Uu,i = mf>^ll(^^)''+'^il2,[;-fe'],E:o (11-159) 

fc'=0 

By the definition (11.14), 

ll('/T)faii2,w,E:« < c(i + f)-i«- i||2,[;+i],e:o (n-ieo) 

This together with (10.145) as well as the L°° estimates (11.126) and Corollary lO.l.d, in turn yields: 

hT\\2,[i],^'o < Ci{l + tr'{\\n~ l||2,[,+i].E-« (11-161) 

+do[i + iog(i + t)][yo + (1 + t)^[j_i] + w^]} 

From this and Corollary 10. 2. a, 

i^o,;<a(l + t)-Hll«-l|l2,[m],s.'o (11-162) 
+5o[l + log(l + t)][yo + (1 + i)^[i-i] + W^]} 

We shall prove the proposition by deriving a recursive, in k, inequality, for the quantities Uk,i, for 
fixed I. Wc first establish L'^ estimates for the T-derivatives of up to the fcth order of the ijj and ut 
components, in terms of Uk-i,i- As we did in proving Proposition 11.1, we make use of the following 
expressions: 

{Tfi;^ = f\Tf^, + ^ ^_.^, {{Ty+'n{{Tf-'-^i>i) (11.163) 

k' — 1 

[Tf'^I^L = {Tf^o + L\Tf^, + Y + 1 _ {{Ty+'U){{Tf-'-^i;,) (11.164) 

k' — 1 

iUfi' = {h'){Tf'i^i + J2 ( ■ ^ 1 _ ^M Ty+'x'){Tf-'-^^i (11.165) 
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We now take the || ||2,[/+i-fe'],E'° norm of the above. This together with (11.151)-(11.158), Proposition 
10.2 as well as its corollaries and Proposition 11.1 implies: 



ll^f ll2,[M+i],s:« < C({W{;+i} +.5o(l + +3^0 + (1 + 



and: 



(11.166) 



ll'^Tf ll2,M,i::° ^ CiiW^i+iy + 6o{l + t)-^[Uk-i,i-i + 3^0 + (1 + (11-167) 

ll'^z,tll2,[M],s:° (11.168) 
< Ci{l + t)-Hwg} + ^o(l + t)-^mk-i,i-i] + 3^0 + (1 + t)A^-i]] + 

ll<^fll2,M,i::° ^ C-'d + i)"'{W{m} + -^0(1 + t)-^mk-i,i-i] + 3^0 + (1 + i)^[i-i]]} (11-169) 

Also: 

IIV'L - ho\\2,[k,i+i],,:lo < Ci{W{i+,} + 6o{l + t)-^[Uk-i,i + yo + {l + t)A[i]]} (11-170) 

W^LhikA^lo < Ci{l + t)-'{W^i+i} + 6o{l + t)-^[Uk-i,i-i + 3^0 + (1 + (11-171) 

and finally; 

ll^^ll2,[M+i],i::'' ^ Ci{W{i+,} + <5o(l + t)-^\\K - l||2,[fe-i,,+i],E:o (11-172) 

+6o{l+t)-'[yo + {l + t)Ai^]} 

as well as 

IMIl2,M,i::° ^ ^'(1 + + ^o(l + t)-^K - l||2,[fc-i,;],E:o (11-173) 

+,5o(l + t)-^[l + log(l + t)]Uk-2.i-i 
+Soil + t)-^[yo + {l + t)A[i_^]} 

(11.173) together with Lemma 11. 2. a implies that: 

UhikAK" ^ + +^o(l + i)-'||/t- l||2,[fc-i,;],E:o (11-174) 

+So{l + t)-^[l + l0g(l + t)]Uk-2,l-l 

+So{l + t)-'[yo + {l + t)A^_i]]} 

Similarly, (11.169) implies: 

\\'^~\\\2,[k,i],^lo <Ci{l + tr'{do{l + t)-'Uk-i,i-i (11.175) 

+So{i + t)-'[yo + (1 + t)^[i-i]] + 

So we have: 

II4I|2,m,e:o < + t)-'{6o{l + tr^[l + log(l + t)fU[k-2,i-i] (11-176) 

+5o(l+t)"i't-l||2,[M],S-« 

+5o{l + t)-'[l + log(l + t)][yo + (1 + <)^[i-i]] + [1 + log(l + t)]W{z+i}} 

IICIl2,[M],i::'' < Q(l + t)-'{6oil + t)-i [1 + log(l + t)]Uk-i,i-i (11.177) 

+<5o(l+t)"'||'t-l|l2,[M.s'« 
+So{l + t)-'[l + log(l + t)][yo + (1 + t)A^i-i]] + [1 + log(l + i)]W{;+i}} 
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From the definition, we have: 

\\{QT)b\\2,[kA^lo < Ci{l + ty'Wi^ - ILjm+U.e:" (11-178) 

To derive a recursive inequahty for the quantities Uik,i] , we need to derive a similar estimate for qx 
in terms of This requires an appropriate estimate for the quantity T[k-ij-i] defined in the 

statement of Lemma 11.8. Now, the assumptions of Lemma 11.8, which are those of Lemma 11.6, all 
follow under the assumptions of the present proposition, by Corollary lO.l.d, with U in the role of I, 
assumption Mj^ ;^], and Corollary ll.l.c with Z* in the role of /. Lemma 11.8 gives a bound for the 

quantity T[k,i] in terms of ||^^V'll2,[fc,i],s,'<' > ll'^'ll2,[fc,;],E,'° and maxj ||^^*Vll2,[/-i],E,''' • From (11.51) we 
obtain, using the estimate (11.176) and Corollary ll.l.c with in the role of I, 

II^^V'll2,[fe,;],E:o < C[l + log(l + t)]||x'||2,[fe,,],E:o (11.179) 

+ Q(1 + t)-'[l + l0g(l + i)]{^o(l + t)-^[l + l0g(l + t)]Uk-2,l-l 

+6o{l + t)-^[\\K- l||2,[M,s:° +yo + {l + i)^[i-i]] + W{i+i}} 
Also, by Lemma 11.1 and Lemma 11. 2. a, 

l|A'||2,[M],i::'' ^ CiiW'^ - Mk[k,i],^° + [1 + log(l + i)]>V«} (11-180) 
Also, by (10.145) we have: 

mp ||^''*Vll2,[i-i],E:o < Ci{yo + (1 + t)A[i-i] + (11.181) 

Substituting in the conclusion of Lemma 11.8 the estimates (11.179)-(11.181) yields the following 
bound: 

7[fe,z] < Q{[l + \og{l+mx'h,ik,i],Ko (11.182) 

+5o(l + t)-^[l + l0g(l + t)]^Uk-2,l-l 

+(1 + t)-'\\K- ih,ik,i],K° + ^o(i + *)"'[i + iog(i + ^)H^o + (1 + 

+(l + t)-i[l + log(l+i)]W{i+i}} 

So now we need an estimate for ||x'll2,[fc,;],E''<' > which can be proved similarly as Lemma 11.16: 

Lemma 11.17 Let the assumptions of Proposition 11.2 hold. Then, provided that do is suitably 
small (depending on I), the following estimate holds, for each k G {0, m}: 

llx'll2,[fc,i],E:o < + t)-'{6o{l + i)-'[l + log(l + i)]W[fc-2,i-i] (11.183) 

+(1 + i)"' ll« - l|l2,[fe-i,;+i],E:o + [yo + (1 + t)A[i]] 

+ (1 + 1)-' [1 + log(l + i)]Wg}} 

We now resume the proof of Proposition 11.2. Substituting the result of Lemma 11.17, yields the 
following estimate for T[k,i] '■ 

Tik,i] <Ci{l+t)-^{5^{l+t)-^[l + \og{l+t)fUk-2,i-i (11.184) 
+ - l|l2,[fc,i+i],E=o + [1 + log(l + t)][yo + (1 + t)A^^] 
+ [1 + log(l + t)] + (1 + t)-^[l + log(l + t)] W^'i}]} 

Consider now Lemma 11.12 with (fc+1, / + 1) in the role of (A:, I). Since (/ + 1), < i* + l, the assumptions 
hold if: 

l|A'lloo,[fe,;.],E5o < CMl + log(l + 1)] (11.185) 
max II^^^Vllooji.i.E^o < CMl + t)-^[l + log(l + 1)] 

ll^''V'lloo,[fe,U],E- < CMl + tr\l + l0g(l + t)] 
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These will follow from the assumptions of Proposition 11.2. So we have: 

11^ ■ ^ll2,[M.s:° ' 11^ ■ $~^\\2,[k,i],^i° 

+ 7[k-i,i-i])} 

Substituting from (10.145) and the bound (11.184) this becomes: 

11? • 02,lk,l],Slo^U ■ r^\\2,[k,l],Slo < 11^112, [fc.;],S'0 

+Ci||Clloo,[fc,i.],Sj'o- 
■{Soil + t)-^[l + l0g(l + t)]^Uk-3,l-2 
+ (1 + t)-' \\k - l\\2,[k-l,l],Slo + [yo + (1 + t)A[i_i]] 

+Wiiy + (1 + i)-2[l + log(l + i)]'wg_ij} 
Applying this to ^ = {qT)b, we obtain, by (11.178) and (11.107), 

ll9T||2,[fc,i],E:o < Cl{l + t)-^{dlil + t)-^Uk-U-l + ||k - l||2jfe,i + l],Sj" 

+,5o[i + iog(i + t)][y^ + (1 + t)^[,_i]] 
+(So[i + iog(i + t)][yV{i} + (1 + t)-^[i + iog(i + t)]2wf?_,j]} 



(11.186) 



(11.187) 



(11.188) 



Remark: Here actually we have better bound about Uk-i,i-i than the relativistic case. But we keep 
it like this. 

Consider now the first two recursion relations of Lemma 11.3, replacing m by j € {0, k}. Taking 
the II \\2,[k-j,i-j],^l'> norm we obtain: 



\\PT,j\\2,lk-jd-j],i:l'> < \\PT,j-i\\2,lk+i-j,l+i-j],i:l° 
+Ci{\\M\^,[k-j,i,],^l«hTj-i\\2,[k-j,i-j],i:l<' 
+ \\M\2,ik-j,i-j],i:l°hT,j-i\\oo,lk-j,h-j],i:l° 



(11.189) 



\\9T,]\\2,[k-jJ-j],^l» ^ \\lT,]-l\\2,[k+l-j,l + l-j],Sl'> 

+ C^l{\\QT\\oo,lk-j,l,],Sl°\\PT.3-l\\2,lk-],l-]]X° 
+ hT\\2,[k-j,l-j],j:lo \\PT,j-l\\oo,[k-j,U-j],^l''} 

Setting, for fixed {k, I) and with j S {0, fc}, 

Xj = \\PT,:i\\2,[k-j,l-j],i:l° 
Vj = hT,j\\2,ik-j,i-j],j:l'> 

and: 



(11.190) 



(11.191) 



(11.192) 



a = xo =0 

b= lkT||2,[fc,;],s,^° =yo 

c= ll^'«ll2,[M],s:'' 

(11.189)-(11.190) imply by assumptions M[fc^;^_|_i] and E{;^_|_i} and Corollary 11.1. a with Z* in the role 
of L 



Xj < Xj^i + e{yj-i + c) 
Vj < Vj-i + ^{xj-i + eb) 



(11.193) 
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where: 



e = CiSo{l+t)-^[l + log{l+t)] 
The inequahties (11.193) can be written in the form: 



where 



It follows that: 



E 



< (I + E) 



yj-i 



+ a 



"0 


e 




ec 


e 





a = 





< (I + E)^ 



+ (^(I + E)> 

i=0 



Now, if e is suitably small we have: 



and (11.197) implies: 



lEl < Ce 



Xj < xo + Cj€{xo + j/o) + Cj{€c + e^b) 
Vj <yo + Cje{xo + yo) + Cj{ec + e^6) 

In view of (11.191) and (11.192), substituting for b the bounds (11.188), and noting that 

c<C(l + i)"i«-l||2,[M+i],s:o 

yields the estimates: 

\\PT,j\\2,[k-j,l-j],T,l° 

< CiSoil + t)-^[l + log(l + t)]{So{l + t)-%k-u-i] 

- i|l2,[M+i],s:'' + -^oli + iog(i + t)][yo + (1 + t)^[,_i]] 

+5o[l + log(l + t)][W{i} + (1 + i)-2[l + log(l + i)]'wg_i}]} 

for all j e {0, 

ll9Tj||2,[fe-j,;-j],StO 
<Q(l + t)-H'5o(l + 0"'^fc-i,;-i] 

- 1||2,[m+i],e:o + + log(l + tWo + (1 + i)^[j-i]] 
+^o[l + log(l + t)][W{i} + (1 + i)-2[l + log(l + i)]'>V^lij]} 



for all j e {0, 



261 



Next, we consider the formula (11.140). Taking the || ||2,[;-/s+n],Et norm we obtain, using (11.200), 

lk?,fcll2,[i-fe+„],s:o (11-201) 

k—l—n k—n—l—i 

< \\'^<}T,j'\\2,[k-l-n-j',l-l-n],i:l° 
i=0 j'=0 

- relO^^'^l-n} ll'^'?^j'll2,[fe-l-j',/-l-i'],E:° 

< C,(l + i)-l[l + log(l + t)]{So{l + t)-'U[k-2,l-2] 

+11'^ - Mk[k-i,i],i:i" +So[^ + iog(i + myo + (1 + i)A;-2]] 

+5o[l + log(l + t)][W{(_i} + (1 + t)-^[l + log(l + t)]'wg_2j]} 

for aline {0, ...,fc-l}. 

Finally, we take the || ||2,[i-fej,Ej<' norm of (11.142). We then obtain on the left: 

ll(^)''^^^'ll2,[(-fe),S^<' = i^k,i -l^k-1,1 

By (11.199) and (11.200) with j = k and Proposition 10.2 together with Proposition 10.1 and Corollary 
11.1. a with in the role of I: 

mp||pT,fcTi2,[;-fe],E:o (11-202) 

< CMl + i)-'[l + log(l + t)]{do{l + t)-^U[k-i,i-i] 
+ h - l|l2,[fe,i+i],E:o + ^o[l + log(l + + (1 + t)^[;-i]] 

+So[l + log(l + t)][W^iy + (1 + t)-2[l + log(l + i)]'Wg_i}]} 



max ||gT,fe - 4a;'||2,[/-fc],s,''' (11.203) 

< Ci{l + t)-^{So{l + t)-%k-i,i-i] 
+ - l|l2,[fe,;+i],E:o + <5o[l + log(l + t)][yo + (1 + i)^[;-i]] 
+^o[l + log(l + t)][W{i} + (1 + i)-'[l + log(l + i)]'wg_i}]} 

By (11.201) with n = and Proposition 10.2 (A- > 1) together with Proposition 10.1 with + 1 in the 
role of I and Corollary 11.1. a with in the role of I: 

\\r%-^T%^,[i-k].^lo (11.204) 

< Cl{l + tf[l + l0g(l + t)] - {(52(1 + t)-^Uk-2,l-2 + \\k - l||2.[fe-l,,],E,^o 

+Jo[l + log(l + t)] [3^0 + (1 + t)A^i-i]\ 
+5o[l + log(l + t)][W{i} + (1 + t)-^[l + log(l + t)fw'^^_^^} 
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Also by (11.201) together with Proposition 11.1 and Corollary 11.1. a with U in the role of I: 



k-l 



ma^\\J2rl,-4{Trf%^ 



max max ||''T,fclloo,[;,-fe+n],Sj°^fe-2,;-i 

fc-i 

+ (Ell^T.Jl2j(-fe],E-)^ max_ ||(Trr||oo,[z,+i-n],E-} 



< CMl + t)-2[l + log(l + t)]"Wfc-2„ 



l-l 



+CMI + t)-^[l + log(l + t)Y{\\n- l||2,[fc_i,z_i],s'c 
+<5o[l + log(l + t)][yo + (1 + t)A^i-2]] 
+(5o[l + log(l + t)][W{,_i} + (1 + t)-'[l + log(l + t)]'wg_2}]} 
Combining (11.204) and (11.205) we obtain: 

max||Er?,,.4(T)"f^||2,[,_fe],s- 
<G(l + i)-'[l + log(l+t)]- 

{(5o[l + l0g(l + t)]Uk-2.l-l + ||k - l|l2,[fc-l,Z],S^" 

+(5o[l + log(l + t)][ya + (1 + t)^[z_i]] 
+(5o[l + log(l + t)][W{i} + (1 + t)-2[l + log(l + t)]'wj?_ij]} 
In view of (11.202), (11.203) and (11.206), we arrive at the following recursive inequality: 



where: 



(11.207) implies: 
which yields: 



Uk,i - Uk-i,i < Ci6o{l + t)-^[l + log(l + t)]^Uk-i,i-i + bk,i 

= + - l|l2,[M + l],S,^° 

+So[l + log(l + t)][yo + (1 + t)A[i_^ 

+Wo} + (1 + t)-^[i + iog(i + t)fyvfi_,y]} 

Uk,i < (1 + CMl + t)-^[l + log(l + t)Y)Uk-i,i + bk,i 



(11.205) 



(11.206) 



(11.207) 
(11.208) 



(11.209) 
(11.210) 



+ 5^(1 + CMl + t)-^[l + log(l + t)]^)''-^bj,i 

Since bj^^i are non-decreasing in k, this in turn implies: 

Uk.i < Ci{Uoj + bkj} 

Substituting finally in (11.211) the estimate (11.162) and the definition (11.208) we obtain: 

Z^M<^^Kl+i)"'{||'*-l|l2.[M + l],S,'" 

+(5o[l + log(l+t)]m, + (l+t)^[;-i] 

+ (1 + tr'[i + iog(i + 



(11.211) 
(11.212) 
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Since we have: 

ll« - l|l2,[fc,;+i],E:o < Ci{B[k,i+i] + [1 + log(l + t)]W{i+i}} (11.213) 

The proposition follows. □ 

As before, we have a lot of corollaries. 

Corollary 11. 2. a Under the assumptions of Proposition 11.2 the coefficients of the expression for 
(T)'=+iT% A; = 0, m, of Lemma 11.3 satisfy: 

\\PT,k\\2,[m-k,l-k],-El° 

< Q<5o(l + + log(l + 

+So[l + log(l + + (1 + 

+ [1 + log(l + mWii+iy + 6o{l + t)-^[l + log(l + i)]'>Vg_ij]} 

for all k e {0, ...,m}. 

hT,k\\2,[Tn-k,l-k],i:l° 

<Q(l + i)-H^K/+i] 
+(5o[l + log(l + t)]{yo + (1 + t)Aii.i]) 

+ [1 + log(l + + (5o(l + i)-'[l + log(l + t)]'wj?_ij]} 

for all k e {0, m} 
and: 

lkT,fell2,[/-fe+n],S'0 

<a(i+t)-Mi + iog(i+t)]- 

+ ^o[l + log(l + t)]{yo + (1 + t)A[i-2]) 
+[1 + log(l + mw^iy + 5o{l + t)-^[l + log(l + 

for all k e {0, ...,m}, n e {0, ...,A;- 1}. 

Also, 

m 

^max|l(r)'=+iL^||2,[,_,],s;o 

< a(l + i)-H6[r„,i+l] + *0[1 + l0g(l + t)][yo + (1 + 

+[1 + log(l + mW[i+iy + 6o{l + t)-^[l + log(l + 
Corollary 11. 2. b Under the assumptions of Proposition 11.2 the following estimates hold: 

llV'fll 



+^o(l + t)-'[{l + t)-'B[m,i+i] + 3^0 + (1 + t)A[i] + Soil + ty^Wf^.]} 



Hl - ^0|l2.[m+l./+ll.S^" < Cl{W{l+i} + 



+So{l + t)-^[{l + t)-^B[m,i+i] + 3^0 + (1 + t)Aii] + 6o{l + t)-^yvf^.]} 



+So{l + + t)-'B[m,i+i] + 3^0 + (1 + t)A[^ + Soil + tr^wfi.]} 



{i}\ 
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and: 



6o{l + + t)-'B^rn-i,i] + 3^0 + (1 + t)A[i-i] + Soil + t)-^Wfi_,y]} 

\\^Lt\\2,[m,i],i:lo < + 
<5o(l + t)-'[{l + + 3^0 + (1 + t)A{i-i] + 

+6o{l + t)-'[{l + t)-'B[,n-i,i] +yo + {l + + Soil + i)-'wg_,j]} 

Soil + + i)"'B[r„-i,i] + 3^0 + (1 + t)A[i-i] + Soil + 0"'>vg-i}]} 

¥hlm.llSlo<Clil+t)-'{W^i+^} + 

Soil + ty'iil + t)-'B[m-i,i] + 3^0 + (1 + t)A[i-i] +Soil + t)-'>v{^_ij]} 

Also, we have: 

III^II2,k/],e:o < Ciii + + Soil + 

+^o(l + + t)~'S[m-i,i] + 3^0 + (1 + 

ll'^"'Cll2,[™,/],E- < Clil + t)-'{W{i+^y + Soil + 
+5o(l + 1)-^ [(1 + t)-'B[r„-i,;] + 3^0 + (1 + 

\m2,[m,l],i:lo < Clil + t)-'{[l + l0g(l + + ^o(l + 

+Soil + t)-^[B[m,i] + [1 + log(l + i)](3^o + (1 + t)A[i-i])]} 

IICII2,k/],e:o <Ciii + t)-'{[i + iog(i + t)][W{,+i} + Soil + tr^wfi^] 

+Jo(l + i)-M^K/] + [1 + log(l + t)](yo + (1 + 

The next Corollary is obtained from Lemma 11.17 by substituting Proposition 11.2. 
Corollary 11. 2. c Under the assumptions of Proposition 11.2 we have: 

IIx'I|2,[™,/],e:o < Clil + t)-\il + t)-%m-l,l+l] + 3^0 + (1 + t)A[l] 
+W{i+,y + (1 + t)-'[l + log(l + 

Moreover by (11.184) we have: 

r[m,i] < Clil + t)-'{B[„u+i] + [1 + iog(i + t)][yo + (1 + t)A[i] 

+ >V|, + 1} + (1 + t)-'[l + l0g(l + t)]Wfiy]} 



and obviously, 

||(^V + 2(1 - « + i)-Vll2,K/],E:o < ClTlm,l] 

Also from the estimate for Q and (11.187), 

I|A||2,[™,;],e:o < Ci{l + t)-\B^m,i+i] + + log(l + t)]{yo + (1 + t)A^i-i]) 
+[1 + log(l + + ^o(l + t)-^[l + log(l + t)]wl^]} 

and by Lemma 11.13 and Lemma 10.11, 

II^^Vlll2,[r„,i-l],E,^o < a(l + [1 + l0g(l + f)][yo + (1 + 

+ (1 + t)-Ml + log(l + *)]Wgj]} 

We now revisit Lemma 11.12. Under the assumptions of Proposition 11.2 the following bounds 
hold: 

l|A'|loo,[m,U],E:o < CMl + log(l + 1)] (11.214) 
max||(«*Vlloo,[M,s:° ^ a5o(l + t)-'[l+log(l + t)] 

II^^V'llcoj™,i.],s:o < CM^ + + log(l + t)] 

These bounds imply the assumptions of Lemma 11.12 with (m, I) in the role of {k — l,l — 1). Then we 
obtain: 

IIC-^ll2,M,E^«,IIC-r'll2,M,E^o (11-215) 

< C'Kll^ll2,[m,i],E^° + IICIIoo,[m,i.-l],E,'<'(max||^^'Vll2,[Z-l],S^0 + T^m- 1] )} 

So by Corollary lO.l.d and Corollary 11. 2. c, we obtain: 

Corollary 11. 2. d Under the assumptions of Proposition 11.2, we have: 

11^ ■ $\\2,[m,l],T.l'> > \\i ■ ^~l2,[m,i],Sjo 
< C'KII€ll2,[m,i],E^o 

+ II^IIoo,K;.-1],e:« mi} + (1 + *)-'[l + l0g(l + t)]W{li} 
+ (1 + t)-^B^m-u] + 3^0 + (1 + i)^[i-l]]} 

11.2 Bounds for Quantities Q',^i and P'^i 

The object of this section is to obtain appropriate bounds for the quantities "*'-'(5J„ ; and (*i - *')p^ 
which through ''^ ' ^'^i?^ enter the final estimates for the functions ^*^ ' "^a;^ 

11.2.1 Bounds for Q'^^ 

The quantities '*^ "''^<3to i(0 defined by (9.266). We first estimate the last term: 

ll^^"-^'^5;.,,(<)IU^([o,.„]xS^) (11.216) 

^^'■■■^'■'ffm.i are defined in terms of - by (9.252) and (9.253). ^'^-''^Sf^,; are in turn defined in 

Proposition 9.1 and Proposition 9.2. The first term in the expression for ' ; is: 

Ri,...Ri,{Trg' 



266 



where g' is defined by (9.63). Note that for m = Z = we have: 

5o,o = 9' (11-217) 

while according to (9.252), 

5o,o = Po,o - ^ a^o (11.218) 

where ^ is defined by (9.70). Defining: 

y ■■= 5o,o (11-219) 

Our object in the following is to estimate: 

ll5'll2,[m,!],E^o 

Recalling from Chapter 8 that: 

a;o = /u4trx + ^! 

we can write: 

= .9' - e • (/i^trx + 4/) (11.220) 
Substituting the expression (9.63) for g' in (11.220): 

y = -i ■ 4f - 2Af(4M) • (« - 4e) (11.221) 

+ ^^^(^/i)/o - ^(Mtrx + 2m + 2ne)nf[ 

+ n{n\ + h'2) 

where 

1 fl J-f A riT-f 

f is defined by a formula similar to (9.38) but with 

i)' = v' + Q.K^{^h)- ^tnX (11.223) 

in the role of v' , that is: 

f = n-^{v' +Tf + ^'^hf) (11.224) 

By (9.35) we know that there is no acoustical principle term in ng. n'j^ is just n'^. While h'2 is defined 
by: 



712 is defined by: 



%'2 = ^2 - L{^{^)')Il^h - L{fia-'T')/^^l;i (11.225) 



n2 = na - i^i^Y^h + a'^Uf ' a~^{L^iW) - 4trx (11.226) 



By (9.68), h2 does not contain principle acoustical terms. 
Now v' is defined by (9.34): 



v' = v- n{Th)/^ii (11.227) 



267 



We thus have: 



V is given by (9.18)-(9.24): 



Defining: 



v' = V — n{Th)^n + nK^{4h) ■ 4tTx (11.228) 

v = vi+V2 + V3 (11.229) 



= n-^vi (11.230) 

V3 = f2"^U3 



and: 



V = Vl + V2 + V3 (11.231) 

Then according to (9.33), vi, V2 and 1)3 do not contain the principle acoustical part, and we have: 

v' = flv (11.232) 

Our first object is to estimate: 

II*II2,k;],e:o (11-233) 

Here we just state the results: 

Lemma 11.18 Under the assumptions of Proposition 11.2 augmented by the assumptions E{;^_|_2}, 
and M[^_|_i we have the estimate: 

\\'^\\2,[m,l],Sl'> 

< Ci{l + t)-\[l + log(l + i)](W{/+2} + + Wgf ) 

+<5o(l + t)-^[B[m+l,l+l] + [1 + l0g(l + + (1 + t)A[t])]} 

as well as L°° estimate: 

\\v\U[m.i,lK» < CM! + t)-^[l + log(l + t)] 

where we denote by E^*^ the bootstrap assumption that there is a constant C independent of s such 
that for alH e [0, s]: 

EW : max ||i?i„...i?i, (T)™(Q) VaL~(v^o <C5o(l+i)-' 

We then denote by E^^^ the conjunction of E^^ corresponding to (11.8). The constant C then 
depends on I only. Here we also have introduced the quantities W^*^: 

W^%= max ||i?i„...i?i,(T)-(Q)Va|L2(sjo) (11.234) 

We then denote by the sum of corresponding to (11.8). Moreover, we have: 

max||(L)2v.«||2_^,j^s.o < (1 + t)-'(>V[y +>V[ij) (11.235) 
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We now consider f, defined by (11.224). Setting: 

f = n-^f (11.236) 

(11.224) becomes, in view of (11.232): 

f = v + Tf+{TlogQ + ^'^'^S)f (11.237) 

By (9.37) we have: 

f = - Y,{-iLAKLiPi) + f^Mi ■ d^i} (11.238) 

i 

Here we must use Lemma 11.12 with {k, I) replaced by (m + 2, Z + 2) to estimate the second term on 
the right of (11.237): 



ll'^ll2,[m+l,i+l],Ej'<' (11.239) 
<a(5o(l + i)-^{W{;+2}+Wg+l} 
+<5o(l + t)-2[B[„+i,,+i] + [1 + log(l + t)]{yo + (1 + t)A[i])]} 



Also, we have: 

\\r\U[m+i.i,+ilK" ^ ^'^o(l + ty' (11.240) 
Then combining with Lemma 11.18, we obtain: 

ll^ll2,M,s- (11-241) 
<Q{1 + t)-2{[l + log(l + t)](>V{,+2} + W^'i+i} + Wfif) 

+ do{l + i)-MS[m+l,/+l] + [1 + l0g(l + + (1 + t)A[i])]} 

as well as 

\\r\\2,imM,i:lo < CMl + t)-'[l + log(l + 1)] (11.242) 
By the above results and a direct calculation, we get an estimate: 

II'^oII2,[™,;],e:° (11-243) 

< Ci{l + t)-\[l + log(l + i)](W{;+2} + Wg+ij + Wgf ) 

+So{l + ^)-MB[„^+l,^+l] + [1 + log(l + t)]{yo + (1 + t)A[i])]} 

We proceed to estimate h'l and n'2, given by (9.52) and (11.225). The estimate for fi[ is straight- 
forward. We use Lemma 11.12 to obtain: 

II'^'iII2,k;],e:° < CMl + t)-'{w^l+2} + Soil + t)-'- (11.244) 

[(1 + t)-^B[„_i,;+i] + 3^0 + (1 + t)A{i] + (1 + t)-^[l + log(l + t)]Wf^^,y]} 
and also, obviously, 

II%||2,k;.],s- <Cidlil + t)-^ (11.245) 

While the case for h'2 is a bit more complicate, because we have the term 4iT* in the expression 
(9.55) for n2- We must give an estimate for this at first. Recall (9.66) and (9.67), we consider: 

U' = 0' + a" Vtrx ■h' + {l-u + t)-^a-^^x' (11.246) 
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The last term in the above comes from the term Ip x*. We can write: 

U' = hi- + &2 • Jp'^x' (11.247) 

where by (9.66), 

hx = d/v|^ - ar^i + oT'^x ■ [M) (11.248) 

and 

62 = |^-a-^x' (11.249) 

To estimate 

we need the following two lemmas: 

Lemma 11.19 Under the assumptions of Proposition 11.2, for an arbitrary St,u tensorfield ^ we 
have: 

+ IICIIoo,[m,U-l],E? [(1 + tr%m-l,l] + 3^0 + (1 + t)A^l-l] 

Lemma 11.20 Under the assumptions of Proposition 11.2, for an arbitrary St^u tensorfield ^ we have: 

+m\oo,[k,i.-i],K<' + + 3^0 + (1 + t)Ayi] 

+Wo+i} + (1 + i)-2[l + log(l + t)]^Wgj]} 

By Proposition 10.1/11.1, 10.2/11.2 as well as their corollaries, the proof of these two lemmas is almost 
a direct calculation. 

By these two lemmas and (11.247)-(11.249), we obtain: 

Lemma 11.21 Under the assumptions of Proposition 11.2 augmented by the assumptions E{;^_|_2}> 
we have: 

\\U%,ymA,Ko<Ci{l + t)-^- 

{W{i+2} + (1 + t)-^ [1 + l0g(l + t)] 

+ (1 + t)-%rn-l,l+l] + 3^0 + (1 + t)A[i^} 

and: 

l|C^ioo.[™.;.].E- < CMl + t)-^[l + log(l + 1)] 

Next we consider the function 71.2 given by (11.226). In this equation the function is given by 
(9.55)-(9.57). Substituting in (11.226) we obtain the following expression for n2'- 

n2 = -^(4)'[trx^/i + 2x • ^'/i + 2i • fih] (11.250) 

+a-\irxT'H^ + 2x • T'^V* + 2i • T^V'i] 
+4(^(^)0 • iLh + 24{a-^f') ■ 4{LtPi) 

+a-^{L'4)i)ix^ ■ 4trx 
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By Lemma 11.21 and (11.250). wc obtain the following estimates for 722: 

ll«2||2,[„u],s:o < Ci{l + t)-'{W^i+2}+n'fi + ,y (11.251) 
+^0(1 + i)"'[(l + t)-'B[m-l,l+l] + 3^0 + (1 + t)A[i]]} 

and: 

\\n2\\oo,[m,i,],K° ^ + (11-252) 

We turn to the function n'2 given in terms of 712 by (11.225). We just use Corollary ll.l.b and 
Corollary 11. 2. b as well as a direct calculation to obtain: 

ll«2ll2,[™,/],S^o <Ci{l + tymi + l0g(l + t)](W{;+2} + W^^+^j) (11.253) 

+So{l + t)-'[B[m,i] + [1 + log(l + + (1 + t)A[^)]} 

and: 

ll'^2lloo,KU],E- <CKl + i)"'[l + log(l + i)] (11.254) 

We now turn to the remaining terms in the expression (11.221) for g'. We first consider the functions 
/q and /{, given by (9.48) and (9.59) respectively: 

/^ = + c^-'T\Ui) (11.256) 

Obviously, by the expression: 

LTh = 2{Tfh + a-\TLh + a'^A ■ ih 

we have: 

ll/olloo,KU],E, < CMl + t)-^ (11.257) 

and: 

II/oII2,m,e:o < a{W{,+2} + (l+t)-^[l + log(l + f)]W{^+,j (11.258) 
+,5o(l +t)-2[B[„,,+i] + 5o{yo + (1 + i)^[;-i])]} 
Using Proposition 11.2 we deduce: 

ll/(ll2,[,„,/],E»o (11.259) 
< Ci{l + t)-^{W{i+2} + + t)-^[l + log(l + i)]2wgj 
+5o(l + i)"'[(l + t)-%m-u+i] + 3^0 + (1 + t)A^i]]} 

and also: 

ll/llL.Ki.l.E^o < Ci5o(l + i)-' (11.260) 

With the help of (11.257)-(11.260) we can estimate, in || ||2,[m,i],E(0 norm, the third and fourth 

terms on the right in (11.221) in a straightforward manner. Concerning the second term, we just use 
the estimates for e and i which we can obtain by using Proposition 11.1 and 11.2: 

l|e|l2,[™+i,z+i],s:o <Ci{l + i)-Mwf?+i} (11.261) 

+5o(l + t)-\l + t)-^B^rn,i+i] +yo + {l+ t)A^i] + 

l|e|loo,KU],E:c <^^f5o(l + t)-2 (11.262) 
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and: 



IKII2,k;],e:o (11-263) 



< Ci{l + t)-^{W[i+2} + Soil + t)-^[l + log(l + 

+^o(l + i)-M(l + + 3^0 + (1 + t)Am]} 

INL.KUl.E^o <a<5o(l + i)"' (11-264) 

Finally, we have: 

the first term on the right in (11.221). Here ^ is given by (9.70): 

e = -4m + ( A(4)' - ^^""'«)^/^ + T'di'i - a-^K{L^i)^x' (11.265) 
2a^ p 2 ah 



and / is the function defiend by (8.27): 



So we obtain: 



i = -~r^ (11.266) 



(11.267) 



\2,[m,l],T.l° 

<Ci{l + t)-HW{J+2} + (1 + i)"Ml + log(l + t)]Wg+ij + (5o(l + i)"'e[r„,J+i]} 
and also: 

IM/IL,K!.],e:o < CMl + 1)-2 (11.268) 
Next, using Corollary ll.l.b with U in the role of I and Corollary 11.2.b we deduce: 

IICIIoo.KUl.E^c < Ci{l + t)-^[l + log(l + 1)] (11.269) 

and: 

IICI|2,k;],e:o <Ci{l + t)-\[l + log(l + t)](W{Hi} + '^o^l + f)-^^^'^l}) (11-270) 

+ <5o(l + i)-'(3^o + (1 + t)A^i-i])} 
To get the final estimate, we need Corollary 11. 2. d to see that: 

ll^^'ll2,K;],E:'' <a(l + *)-'- (11-271) 

{[1 + l0g(l + t)](W{;+i} + 5o(l + t)-'[l + l0g(l + i)]'Wgj) 

+ 5o[i + iog(i + t)]{yo + (1 + t)^[i-i])} 

and also: 

lie-r'lloo,Kz.],E- <C^f5o(l+t)"^[l + log(l+t)] (11.272) 

Then the first term on the right of (11.221) can be estimated by applying (11.267), (11.268), (11.271) 
and (11.272). 

Combining finally the above results with the earlier results (11.243), (11. 244), (11. 245), (11.251), 
(11.252) and also (11.257)-(11.260), yields, through (11.221), the following proposition. 
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Proposition 11.3 Let the hypotheses HO, HI, H2' and the estimate (6.192) hold. Let also 
the bootstrap assumptions E|j^_|_2}, E^j^_|_^j, E^^^j and hold for some non-negative integer I. 

Moreover, let the bootstrap assumption M[„_|_i hold for some non-negative integer m < I. Then 
if So is suitably small (depending on I) we have: 

\\9h[m.ilK° ("-273) 

<Q{i + + iog(i + t)](W{,+2} + w^'i+i} + yvf^f) 

+So{l + + [1 + log(l + t)]{yo + (1 + t)A[i])]} 

We proceed to estimate in L'^i^T) the functions '''•••'"''5'„,„, defined by (9.252)-(9.253), for n = 
l — m. Note that I have different meanings here and Chapter 9. We shall now re-express the functions 
(»i- -»n)^/^ „ in terms of the function g' , which has been estimated by Proposition 11.3. Let us define 
the functions: 

m— 1 

^''■■■'"^w'^,n = E Ri.-Ri^{T)''Ax'^-k-ifi - mA('--")a;'„_i,„ (11.274) 

fc=0 
n-l 

{il-in)y.ll _ D. D. (-Ri„_fe) ^(il.-.in-fc-l)™' (11 075) 

^m.7t / ^ -"-»n"-"-»n-fc+i •''m.n-fe-l ^^±±..4(u; 

fe=0 

/c=0 

According to (9.123), (9.131) and (9.134), (9.137), the functions '^'^-'^^w'^^^, ^"^ ■ ""^Wm^n do not 
contain terms of the top order I + 2. Prom Proposition 9.1 and 9.2 we then have: 



n-l 

(ii. 

k=0 



A(^^-^")x'„_i,„ - E (11.276) 



m,n 

fe=0 fe=0 

We now substitute for g' in terms of g' from (11.220). Consider first the case m = 0. We have: 

Ri^...RiJ = Ri^...RiJ' + ^ ■ ^'^-'-^xn + ('^•••'")u„ (11.277) 

where 

= c • E iiRrt^)4{Rrtvx + E {'^rY'^ ■ iiRr^o (11.278) 

Then comparing with (9.252) we obtain: 

^'"■■'"^50,n = Ri^-RiJ' + ^''-'"^Un + (11.279) 
n-l 

k=0 

Also, a similar calculation yields: 

^''■■■'-^'m,„ = R^„...R,ATr9' (11.280) 

m— 1 n— 1 

+ E i?i„...i?i.(T)'=y:„_,,o + E R^r.-Ri.-kJ''-'"-''^y'm,n-k 
fc=0 fe=0 
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where 



where 



("•••^'')«;,_i,„ = Ri^...Ri,{Tr-\'o^o + (11-281) 

= Ri„...Ri,ul_^^^ (11.282) 



TO - 1 / _ 1 \ I 

"""-^'O = ^ fc!(r-~i-fc)! ^^ ■ ^((^)V)(T)'"-^-'=^M) (11.283) 
fe=i ^ ' 

+((/t)'o • 4{Tr-'-'^o,o} 

u'o^o = C ■ xo + ilA) ■ xo (11.284) 

= /i4{Ttvx' - 4^11) + iTiJ,)4tvx' - + 4{Tf + /') (ii.285) 



Then by the earlier results in this chapter, we finally get: 

proposition 11.4 Under the assumptions of Proposition 11.3, augmented by the assumptions 
and M[„^(;+i),+i] we have: 



max 

ii...ii_„ 



|(»l---»!-m) A' 



9'm,i-J\m^l0) < (11-286) 



Ci{i + tymi + iog(i + t)](W{Z4-2} + w{?+i} + wfif) 

+5o[{l + t)-^S[„+i,z+i] + :Vo + (1 + t)A[i]]} 

When wc arc deriving this proposition, we must use the following lemma: 

Lemma 11.22 Let Ai,...,An and B be linear operators acting on some space X. We then have: 

ra-l 

[j4„...^1, B] = ^ ] An---An—m+l[An—m:-B]An—m—l---Al 

TO=0 

Proof. We just applying induction on m, and then use Proposition 8.2. □ 

Now we can give an estimate for '^^'-'"^'■^"^^Q'^ defined by (9.266). Here we just need to estimate 

the third and the fourth term on the right of (9.266). This is straightforward. So we obtain: 

Proposition 11.5 Under the assumptions of Proposition 11.3, augmented by the assumptions 
and M[„_(;+i)^+i], we have: 

max Q'm,l-mit) 

{«l---il-m) 

< Q(l + t)-'{[l + log(l + t)](W{,+2} + W^^+i} + Wf^f ) 
+6o[{l + t)-'B[m+i,i+i] + 3^0 + (1 + t)A[q]} 
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11.2.2 Bounds for P^, 

We now consider the principal term in the defining expression (9.269) for the quantity ^'^■■■'^'> B'^^, 
namely, the term: 

c{i + 1)-' f p;i%dt) + (1 + t)-'/'^''---'"''p;i]Umfi;n%t) 

Here, the quantities ^'^'"'^^ P^°l,a, Pm]l, a are defined by (9.225) and (9.226), 

in terms of ^'^-'"^ P^°l and ''^ -'''^P^^l, whose sum bounds the quantity '-'^-'"'^ PL,n itself defined 
by (9.223): 

^''■■■'"^PL.nit) = (l + i)ll*"-"^i^„,„WIU^([o,.o]xS^) (11-287) 
We shall derive a bound for ''"''f'm.nC*)) with n = I — m. Since 

?/ Tj p /rp\m fl 

Jm,n — ^in—^iiK-'- ) J 

By (8.333) we have: 

^''■■■''-''P'm,l-m < Cf''"''-^ L,l-J\L^iKO) = C\\R^,_^...R^ATrf'\\L^^'0) (11.288) 

Recall (9.62): 

/' = /^ + mV{ 

with 



First, we consider the contribution from /g. Since: 

Th = TV'o - ^ i^^T^l}i 

i 

LTh = LTil^o - Y^LipiTiPi - ^iLTil^i 

i i 

As in Chapter 10, defining 



then we have: 
We decompose: 



IdH i IdH , 

m = m^{Til)a) (11.290) 
fo = fo,p + fo,N (11-291) 



where f^ p is the principal part of /q: 

/o p = m^ia-^KLTtlja, + 2T^tj}ac) (11.292) 



and the lower order part: 

„ = - 

2 dh 



/o,iv = -J^E^V'iT^' (11-293) 
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then we obtain: 

Ri,_^...Ri, [T^fly = 2m^Ri,_^...Ri, (T)™+Va (11.294) 
+a-^Km^Ri,_^...Ri,{TrLT^^ + 

where (^i -^i-m)^^/^ of order Z + 1, is given by: 

= 2R,,_^...R,AY. _£__((T)'=m5i)((T)'"-^+2v>J} (11.295) 

+2^((i?)«^m^)((i?)^Hr)"+^V'a) 

+i?,,_...i?,{^^j^^^^((T)'=(a-i«m^))((r)™-'=LTV^„)} 
+ ^ ((i?)«^ {a-^^m^mRY^ {TriTi^a) 

+ -R»!-m---Ril (^)"'/o,Af 

From (11.294), taking into account (10.184), we have: 

\\Ri,_^...Ri,{Tra^.^^^^o) < {\i\ + CSo{l + t)-')Y,\\Ri,-^---Rn{Tr^^MLHi:lo) (11-296) 

a 

+C^||Mi?i,_...i?H(T)'"LrV'«|L.(sec^ + ||(''---™)n;„,;_„||^.(j,eo) 

Here, the first constant C does not depend on £. Moreover, using the estimate for A in Corollary 
11. 2. c, we readily deduce: 

max f''-''-^n'^,i.J\L^^,:io) (11.297) 

< CMl + i)-HW{z+i} + [1 + log(l + 

+{l + t)-'[B[^,^+6o{yo + {l + t)A[m)]} 

Consider next the contribution of the term ;U^/{ in /' to R^_^...Ri^ (T)"^ f . Also, we only consider 
the principal part. Since: 

i 



we have: 



2 

m'/I = £^(4)'(A^o - X - E • ^V'i) (11-298) 



If we define: 



mO = ^(-^)', '?^^ = -^(;J)V. + "-^^^ (11-299) 



276 



We have the decomposition: 
The principal part of /( as follows: 
and /{ is the lower order term: 



f[=f[,p + f[,N (11-300) 
flp = m«4^Va (11.301) 

/{,iv = -^(^)'E^V'i-4Vi (11-302) 



We then obtain: 

i?i,_...i?,,(r)'"(MVO = ti^m"Ri,_^...IU,{Tr^^^ + ('-''-^n'4,,_„ (11.303) 
where (^^■■■'^i-^)n'' , ^ is of order / + 1: 

llb^b lib 



(^^•••^'-)n;;,,_^ = R,,_...R,dYl .u^ ,., m'^{f^'rhn){{Tr-%M (11-304) 

fc^i Kil^m - K)i 

+ E((ii)«HM'm«))((ii)«^(T)™^Va) 

817^0 

+i?,,_...i?,,(r)-(/xV{,Ar) 

In view of (10.303) we have: 

||i?i,_...i?,,(r)'"(MVOIlL^(E:o) (11-305) 

a 

where C is independent of £. 

The lower order term '-'^ can be estimated straightforwardly, by using Proposition 

11.1 and Proposition 11.2, as well as their corollaries. 



max 

ii...il-„ 



|(^-^'-'")n';,,;_„|L.(s.o) <Q(l + t)-'[l + log(l + i)]- (11-306) 



{[1 + log(l + t)](Wo+i} + 6oil + t)-^[l + log(l + t)]'W{li}) 

+So{l + t)-'[B[m,l] + [1 + l0g(l + t)]{yo + (1 + t)A[l-l])]} 

We now return to (11.296). Our object is to express 

Ri,_^...Ri,{T)"'+^i>^ and Ri,_^...Ri,{T)^LTi>^ 

as 

TRi,_^...Ri,{Tr+'i,^ and Lii,,_...i?,,(T)-+Va 

respectively, plus lower order terms. Then by (10.217), we can bound the first two terms on the right 
in (10.296) by: 



+ CSo{l + t)-') Y.£o[Ri,.^...RiAT)^+'^c.] (11.307) 



+c(i + i)-i [1 + iog(i + t)]'/^jYl [^.-n. -^^1 {Tr+'^a] 

+C(l + t)-i[l + log(l + i)]W|(+i} 
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up to a bound for the lower order terms of a form similar to (11.297). 
In view of (10.204) and (10.206): 



TRi^...Ri^ - R,^...Ri,T (11.308) 

n-l 



k=0 

we have: 



Ri,_^...Ri, (T)'"+>„ = TRi,_^...Ri, (T)™+>„ (11.309) 

l — m— 1 
fe=0 

To estimate in i^(Sj°) the sum on the right, we observe that it is given by: 

l—m—\ 

i^Ry'^'^''-"'-''^Q-4{RyHTr^^iiJa (11.310) 

fc=0 |si| + |s2|=fe 

Here, in the inner sum, we are considering all ordered partitions {si, S2} of the set {l—m—k+1, l—m} 
into two ordered subsets si, S2- Also, 

s'2 = S2[j{l,...,l-m-k-l} 

To estimate in L'^{T,l°) a term in the inner sum in (11.310), we use Lemma 10.20. So we obtain that 
(11.310) is bounded by: 

Q,5o(l + t)-2{[l + log(l+t)]2W{(+i}+max||(«')e||2,[,_i],s^o} (11.311) 

<CMl + t)-^[l + log{l + t)]- 
{[1 + log(l + i)]W|;+i} + <5o(l + t)-'B^o,i] + 3^0 + (1 + t)A^i-i]} 
Then it follows through (11.309) that: 

J2 WRn-^-RniTr^^Mmulo) (11.312) 

a 

< E ||ri?i,_...i?i,(r)'"+ValL2(s^o) 

a 

+Ci5o{l + t)-^[l + log{l + t)]- 
{[1 + log(l + t)]W{i+iy + 6o{l + i)"'S[o,i] +yo + {l + t)A[i-^} 

Similarly, we have: 

n-l 

LRi^.-.Ril — Ri^...Ri^L = Rin----Rin-k + l^^'^''~'°^ ^-^in-k-l ■■■^ii (11.313) 

fe=0 

It follows that, taking n = I — m, 

Ri,_^...RiMTr^^i^a = Li?i,_...i?n(r)'"+Va (11.314) 

l—m—l 
k=0 



278 



By Lemma 11.22 we have: 



[(T)™,L] = -J2 (T)'=A(T)™-'=-i 



fe=0 



hence: 



m— 1 



5^i?,,_...i?,,(T)'=A(T)'"-Va 



fc=0 



Now, /z times the sum on the right in (11.314) is bounded in L^(Ej'') by: 



l—m—l 



C[l + l0g(l+t)] J2 ll'''^'-'"-'=^^-4^ii,-„-.-i-iin(Tr+Va||2,[fc],E:o 



k=0 



Using Corollary lO.l.i and Corollary 10. 2. i wc obtain that this is bounded by: 

CMl + t)-^[l + log(l + t)]{[l + log(l + 

+3^o + (l + iM[i-il} 
Also, n times the sum on the right in (11.316) is bounded in L^(E(°) by: 

m— 1 

C[l + log(l + t)] J2 l|A • d{Tr-'M2,[k,i-m+k],i:lo 



k=0 



(11.315) 



(11.316) 



(11.317) 

(11.318) 

(11.319) 
(11.320) 



Using Corollary ll.l.c and Corollary 11. 2. c we obtain that the above is bounded by: 

Q^o(l +*)-'[! + log(l+t)]- 

{[1 + l0g(l + mW{i+,y + <5o(l + t)-'[l + l0g(l + t)]Wfi_,y) 

+(1 + t)-i[B[„_i,i] +6o[l + log(l + t)]{yo + (1 + t)A[i-2])]} 
In view of the estimates (11.318) and (11.320), it follows through (11.314), (11.319) that: 

J2 ||Mi?i,_„-J?nm"iTVa|L.(s^o) (11.321) 

< ^ ||/.Li?,,_...i?i,(r)-+Va|L2(s,'0) 

a 

+Q<5o(l + t)-^[l + log(l + t)]- 

{[1 + log(l + t)]W{,+i} + Soil + i)-'[l + log(l + i)]'wg_i} 

+(1 + t)-'B[m-i,i] + 3^0 + (1 + t)A[i_^} 

In view of (11.307), inequalities (11.312), (11.321), together with the estimate (11.297) imply through 
(11.296) that: 



||-Rii_„--Rii(r)™/o||i,2(s;o 



(11.322) 



+C{1 + t)-'[l + l0g(l + t)]V2 [iJ,,_...ii,^(T)'"+lVa] 

Y a 

+C{1 + t)-'[l + log(l + t)]Wii+i} + CiSoa + ty'{[^ + log(l + t)]Wfi^ 

+ (1 + <)"M^[m,J] + [1 + l0g(l + + (1 + t)A[i_^)]} 
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We finally turn to (11.305). Our object here is to express Rif_^...Rii{T)"^^ipa: as 
'^{Rii-^---Rii{T)"^'ipa) plus lower order terms. Since: 



we have: 



(11.323) 



«n E ^!(£rfc)T«^-)'(r^))""(^T)'"-'=(^^V«)A.} 

E ((^«)'' (r'))^''(^fl)'' (/T)'"(^'V'a)AB} 

|si| + |s2|=(-m,si^0 



Applying formula (11.83) to the St,u 1-form 4'4'a we obtain: 



(11.324) 



= ^'(i?i,_...iii,(T)™Va) + 



(il...il-m). 



Hence the first term on the right in (11.323) is given by: 

t j.-l\ABi 



= 4i(i?i,_...i?H(T)™V«) + {$-')^''{^''-''-^Cm,l-m[M 



Cm,l-m[Ma])AB 



(11.325) 



Taking into account of the fact that: 



and using Corollary 10. 2. d, Corollary ll.l.c, Corollary 11. 2. c and Corollary 11. 2. d, we deduce that fj, 

(11.326) 



times the first sum on the right in (11.323) is bounded in L^(S(°) by: 

a2 



Cl[l + l0g(l + t)]{(l + t)-'[l + l0g(l + t)]\\0 Va|l2,[™-l,;-l],E:o 
+5o(l + i)-'C7I™,i] + (1 +t)-'||^''^Vll2,[i-l],E:o} 

<Ci{l + t)-^[l + log{l + t)]- 
{[1 + log(l + i)]W{i+i} + Soil + i)-'[l + log(l + t)]'wg_i} 

+^0(1 + t)-'[B[m-l,l] + [1 + l0g(l + + (1 + t)^[i-l])]} 

Similarly, taking into account of the fact that: 

and using Corollary lO.l.d, Corollary 10. 2. d and Corollary 11. 2. d, we deduce that /j. times the second 
sum on the right in (11.323) is bounded in L'^{T,l°) by: 

Ci[l + log(l + t)]{do{l + t)-'[l + log(l + t)]|10Va||2,[„M-i],s- (11-327) 

+So{l + t)-^ max II '"^^ Vll2ji-i],s,'« } 

< cMi + ty'ii + iog(i + t)]{[i + iog(i + t)]Wii+i} + <5o(i + ty^[i + iog(i + t)fwfi_,^ 

+6o{l + t)-^[l + log(l + t)]fi[„_i,i] + 3^0 + (1 + t)A[i-i]} 
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Finally, to estimate in times the second term on the right in (11.325), we use the expression 

in Lemma 11.9 as well as Lemma 10.10, Lemma 10.11, Corollary ll.l.c and Corollary 11. 2. c, we have: 

max max ||(*i-'")cfe,„[4V'a]||L2(s,^o) 

<Cl{l + t)-'{So{l + ty^il + log(l + i)]MV'a|l2,[„M-l],S-0 
+ II^V'a|loo,[m,U],E^« [^{1+1} + (1 + + log(l + 

+ (1 + t)-^B[rn-l,l+l] + 3^0 + (1 + t)Ali]]} 



So we get the bound: 

Ci6o{l + t)-^[l + log{l + t)]- 
{[1 + log(l + + (1 + t)-'[l + log(l + 

+(1 + t)-^Bim-i,i+i] +yo + {l + t)Aii]} 
In view of (11.326)-(11.328), it follows through (11.323), (11.325) that: 

^||Mi?i,_...i?n(r)™4iValL2(j:eo) 

a 

<^||M(i?i,_...i?i,(T)™V'a)ll 

a 

+Ci{l+t)-''[l + \og{l+t)]- 
{[1 + log(l + i)](W{i+i} + 6o{l + ty^[l + log(l + t)]wfi^) 
+6o[{l + t)-'B[^j+^ + 3^0 + (1 + t)A[i]]} 

Moreover, by HI the first term on the right in (11.329) is bounded by: 

a 

<c(i + t)-i^||M4(i?,i?i,_...i?i,(r)'"v«)IL2(j:eo) 



(11.328) 



(11.329) 



(11.330) 



< c{i + t)-^[i + iog(i + i)]'/' (r)"Vo] 



The bounds (11.329)-(11.330) together with (11.306) imply through (11.303) that: 

||i?.,_...i?.,(T)"(/z2/{)IL.(s,'«) 

< c(i + t)-'[i + iog(i + 1)]'/^ jY,si[RjRi,-^---Rn{Tr^c.] 

+Q(l+t)-2[l + log(l+t)]- 
{[1 + log(l + i)](W{i+i} + (5o(l + + log(l + t)fwf^^) 
+do{l + i)-MB[™,i+i] + [1 + log(l + + (1 + t)A^^)]} 

The bounds (11.322) and (11.331) yield finally the following proposition: 
Proposition 11.6 Under the assumptions of Proposition 11.5 we have: 



P' < 

m,l—m 



p'(0) , p'(i) 



(11.331) 



md—m 



md—m 
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where: 

V a 

and: 



+C(1 +log(l /^f([i?,.i?i,_...i?i^(T)™Va] 

+ + t)-^[l + l0g(l + t)] + Ci{l+ t)-^[l + l0g(l + t)]^)W^i + ^y 

+CM1 + + l0g(l + t)]Wf^^ + (1 + O-M'Slm.f + l] 

+[i + iog{i + t)]{yo + {i + t)A[i])]} 
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Chapter 12 



Recovery of the Acoustical 
Assumptions. 

Estimates for Up to the Next to the 
Top Order Angular Derivatives 
of X Spatial Derivatives of /i 

In the first part of the present chapter we shall show that assumptions E{i} and E^^j on W^^^ , together 
with certain primitive assumptions on the initial conditions on Sg° , imply pointwise estimates for k, 
the fmictions Xj. y'j.yi, as well as sharp upper and lower bounds for r. Moreover, we shall show that 
the same assumptions imply hypothesis HO on W^^ . 

In the second part of the present chapter we shall show that the assumptions E{i+2}:^{i^ij and 
E^^^ , on W/jj , together with appropriate assumptions on the initial conditions on Sq° , imply the acousti- 
cal assumptions , as well as HI, H2 and H2'. Moreover, we shall show that under some appropriate 
assumptions on the initial conditions, the acoustical assumptions 'M.[m,i+i]j for m = + 1, also 

follow. 

Finally, in the third part of this chapter we shall derive estimates for the quantities A^] and 
B[m+ij+i]j for m = 0,....l, under the assumptions E{;^_|_2}j E^^^p on W^^, together with 
appropriate assumptions on the initial conditions on Eq". 

12.1 Estimates for Aj, y^, yi and r. Establishing the Hypothesis 
HO 

Proposition 12.1 Let assumptions E|i} and E^g-^ hold on W^^. Then provided that 5o is suitably 
small, for all t e [0, s] we have: 

||«-l|L.o(s;o) <C,5o[l + log(l + i)] 

where the constant C is independent of s. 
Proof. Recall from Chapter 3, we have: 

= r?"^m + fee' (12.1) 
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where: 



and 



T] ah 



||/iL«.(s;o)<C(5o(l + r' 
l'?"'-l|Loo(j:jo)<CTo(l+t)-' 
if'l < 1, |L*| < C 



Assumption E^q} implies: 
and: 

From Chapter 6, we have: 
So impUes: 

l|2''(iV'OllL=>o(E-)<C<5o(l + t)-2 

Also from E^ij and E^g^ we have: 

r/i|lLoo(E-) < CSo{l+t)-\ ||M|L=»(s-) < CTo(l+t)- 

It then follows that: 



on 



a-^\m\ < C6o{l + t)-\ \e'\ < CSo{l+ty 
Writing: 



12.2) 

12.3) 

12.4) 
12.5) 
12.6) 

12.7) 

12.8) 
12.9) 



L{K-l)=e'{K-l) + a-'^m + e' (12.10) 
and noting that for any function /: 

m < \Lf\ 

we obtain from (12.9): 

L|k- 1| < CTo(l + i)"^l'«- 1| +C'^o(l+i)"^ (12.11) 
Integrating this along the integral curves of L and recalling that on Eq, 

K= 1 

the proposition follows. □ 
Recall from Chapter 6: 

Xi=g{Ri,f) (12.12) 



Lemma 12.1 Let assumptions E{i},E{o} i^old on W^^. Moreover, let hypothesis HO hold on W, 



so 



for some sq € (0, s]. Then, provided that is suitably small, we have, for all t € [0, sq]: 

max llAill^oofs'o-i ^ CSo[l + log(l + 1)] 

i \ t J 

Proof. The result follows in the exactly the same way which we used to derive (6.143). Note that to 
derive an estimate for k~^i^, wc must appeal to the hypothesis HO. □ 

Since the result of Proposition 12.1 coincides with (6.97), so we conclude that under the assumptions 
of Proposition 12.1, the lower bounds (6.128) and (6.129) holds: 

r > 1 - M + i - C(5ow[l + log(l + i)] (12.13) 
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and 

r>C-\l + t) (12.14) 

if i5o is suitably small. 

Recall from Chapter 6 the projection operator E: 

S} = 6i - r-'^x'x^ (12.15) 

and the fact that 

|Sf|2 = r-2^(A,)^ (12.16) 

i 

Then Lemma 12.1 together with (12.14) implies: 

|Sf| < CSo{l + t)-^[l + log{l + t)] (12.17) 



in W^°. 



Recall also from Chapter 6: 



^=?i (12.18) 



r dx^ 
and the fact that: 

0<l + g{N,f) < C7(5^(l + t)-2[i + iog(i + t)]2 (12.19) 
Moreover, recall from Chapter 6 that 

j/' = Sf +(l+.g(7V,f))iV 
Following the argument in Chapter 6 ((6.169)-(6.177)) we deduce: 

\r-l-t + u\< CSou[l + log(l + 1)] (12.20) 

^ ' <CSoil + t)-^[l+log{l+t)] (12.21) 



r 1 — u + t 
and: 

\y'\ < CSo{l + t)-^[l + log(l + 1)] (12.22) 

max\\y'\\^oo(j:'o. < CSo{l + t)-^[l + log{l + t)] (12.23) 

Note that we have only used the assumptions in Proposition 12.1 and Lemma 12.1 (valid for t G [0, sq]) 
to get these results. 

Now we begin the argument which leads to our establishing hypothesis HO. 

Proposition 12.2 Consider a surface St,u for which the following hold: 

inf r > 0, sup |y'| < 1 

Then for every Sf^u l-form ^ we hcivei 

\e < (1 - sup lyfr'nni r)-' j^i^iRi))' 

Proof. Since Ri = URi, we have: 

{RiT = ^tiRi)' = ^t^ikbx'' (12.24) 
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hence: 

3 3 

Y,{RiTiR^y = n^e.fcbx'^nseiidx' (12.25) 



i=l 



where we have used the fact that: 

3 



^ikb^ild — ^kl^bd — ^kd^bl (12.26) 



It follows that: 

3 3 



Y.^m)f = iY.{RinRir)Uc = {vHbd - xV)(ng^„)(ns^e) (12.27) 

i=l i=l 

Since ^ is an St^u 1-form, we have: 
We thus obtain: 

3 

= {rHbd - x'x'')^bU = r\\(,\^ - m)f) (12.28) 

i=l 

Recall (6.174): 

y'=f + N (12.29) 
In view of this and the fact that ^(T) = 0, we have: 

m = i{y') = y"'^a (12.30) 

liGncci 

1^(^)1 = m)\ < wm (12.31) 

and: 

|e|'-(e(^))'>(l-sup|yf)|e|' (12.32) 

St,u 

Substituting in (12.28) yields: 

> (inf r)2(l-sup|t/f )|^p (12.33) 

The proposition follows. □ 

Corollary 12. 2. a Suppose that there are positive constants ei and e2 < 1 such that: 



inf r > ei(l + i), sup < 1 - £2 



Then HO holds on In fact, for any differentiable function / on St^u, we have, pointwise on Sj°: 

<c(i+r'E(^'/)' 
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where 



c = — 

Proof. This follows by applying Proposition 12.2 to the St^u l-form ^ = 4/. □ 
Since 

1 

supM = eo < - 

fixing any 

1 

^^<2 

then (12.13) implies 

infr>ei(l + i) (12.34) 
for all t G [0, So], provided that 5q is suitably small. Also, fixing any £2 < 1, (12.22) implies 

sup|y'|2 < l-e2 (12.35) 

for all t G [0, So], provided that ^o is suitably small. 

Here wc have used Lemma 12.1, which is based on HO to derive (12.34)-(12.35). We sliall show 
that HO actually holds on [0, s]. Let so be the maximal value of so e [0,s] such that HO holds on 
W-^°. We show that in fact sq = s. For, suppose that so < s. Since (12.17) (12.19) and (12.22) hold 
on , hence also (12.34) and (12.35) hold for all t <E [0, so], in particular ai t = sq. However, (12.34) 
and (12.35) are strict inequalities, by continuity they will hold on some small interval [so, s*) C [so, s]. 
This contradicts the maximality of so- So HO holds on T4^*^. From Lemma 12.1 with so = s, we get 
the following proposition: 

Proposition 12.3 Let E.[i},E^Qp hold on W^^. Then if 5o is suitably small, HO holds on W^^. 
Moreover, we have, on W^^: 

l+t-u- C5ou[l + log(l + t)\<r<l + t + min{0, -u + C5ou[l + log(l + t)]} 

\y'\<C6o{l+t)-^[l + \og{l + t)] 



and, for all t € [0, s], 



<CTo[l + log(l + t)] 
max||Ai||j;,oofs«ox < CTo[l + log(l + i)] 

max||?/i^„o(J:«o^ < C5o{l + t)-^[l + \og{l + t)] 

i ^ t f 



12.2 The Coercivity Hypothesis HI, H2 and H2'. Estimates 
for x' 

We start this section with a proposition analogous to Proposition 12.2. 
Proposition 12.4 Consider a surface 5t,„ for which the following hold: 

inf r > 0, sup \y'\ < 1 

St.u 
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Then for every symmetric 2-covariant St^u tensorfield § we have: 

I^P < (1 - sup |2/f )-^(inf r)-4 ^ {m^,Ro)f 

pointwise on St,u 
Proof. We have: 

3 3 

Y,{muRj)r = {Y,iRinRir){T.^Rj)''iRj)>ab^ca (12.36) 

i,j i=l j=l 

We substitute (12.25) in the first two factors on the right. Since x'' = rN^ = r{y'^-f^), and T^HI = 0, 
we have: 

x''U'i = ry"'Ul (12.37) 

(12.25) becomes: 

3 

Y^iRiTiRiT = r\5M - y"'y"')ntu'^d (12-38) 

Substituting (12.38) in (12.36) we get: 

3 

J2 Rj)^ = ASac - y'W){SM - y"'y"')^ab^cd = - 2| v^l' + W, y')f) (12.39) 

where 

{iy'^)b = y"'^ab (12.40) 

Consider the expression: 

m'-2\^y,^' + {^{y',y')r 

At a given point, by a suitable rotation of the rectangular coordinates we can arrange that y'^ = y'^ = 0. 
Then this expression becomes: 

(1 - {y")Yi^llf + i^22f + (^33)' + 2(1 - {y")')ii^l2f + {^13?) + 2(1^23)' 

> (1 - {y'^ffii^nf + i^22f + {^ssf + 2(^?i2)' + 2(^13)' + 2(^23)') = (1 - \yVfW\'' 



We conclude that: 
So (12.39) implies: 



- 2| v^i' + w, y')r > (1 - \yrrm' (12.41) 



Y.im^,R,)r>r^l-\yTm' (12.42) 

The proposition follows. □ 

We now return to the propagation equation for x in Chapter 3: 

LxAB = exAB + XaXbc - oIab (12.43) 
by direct calculation (see Chapter 4): 

"AB=«'l4l + "Ifi (12-44) 
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where 

a'^Il = -l^lp'h{X^,Xn) (12.45) 



and is given by (4.25) and (4.26). 
Taking into account of the fact that 



2 dh 

= 2X (12.46) 

X =x- 



1-u + t 

we obtain the following propagation equation for x'' 

Lx'ab = ex'AB + ir'f'x'ADX'BC + 3"?^ - ^'ab (12.47) 
Lemmal2.2 Let assumptions E{2}, E^^j, E^g'j , hold on W^^, and let the initial data satisfy: 

llx'ILoc(s^o) < C5o 

Moreover, let HI hold on for some sq € (0,s]. Then, provided 6o is suitably small, we have, for 
all t e [0,So]: 

IIx'IIloo(e:o) < C6o{l + i)-'[l + log(l + 1)] 

Proof. From the assumptions and the expression for e, we deduce: 

||e|L^(s^o)<C,5o(l + t)-2 (12.48) 

and from the hypotheses HO and HI and the expression for a^^, we deduce: 

lla'llLoo(E^o) < C6o{l + 1)-^ (12.49) 

Here we have used the fact that the magnitude of the symmetric 2-covariant St,u tensorfield i/) is 
bounded by C5o{l +t)~'^ In fact, since 

= Xi(XsVi) 



we have 



= (5-i)^^(XB^i)(x,,v^,)(r')'''' -^'^'(^s^«)(^^^^)(.r')'''' 

i i 

Also, we have used the fact that by HI, 

\l/)^h\ < C(l + t)-^ max \lRjh\ : on W/J' 

hence since ^R.^h = ^Rih, we have, by HO, 

Hr^M < C(l + 1)-^ max \RjRih\ : on W^^ 
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Thus, 

\lfh\ < C(l + mBx\RiRjh\ : on 

Therefore, by E|2}: 

ll^'/i|Loo(E«o) < C5o{l + 1)-^ : for all t e [0, sq] 
We can write the equation (12.47) in the form: 



IlX' = x'-x' + ex' + - a' (12-50) 

1 — u + t 

where 

{x'-X')AB = x'ACX'BD{r'f'' 

Let now -i?, i?', be a pair of symmetric 2-covariant St^u tcnsorfields. Their pointwise inner product, 
with respect to the induced acoustical metric ^, is given by: 

{d, d') = irY^'ir^f'^AB^CD (12.51) 

Since 

Mr')^'' = -2x^'' 

we have: 

L{§, §') = Hl^, + (^, II^') - 4tr(^ • X • I?') (12.52) 
Taking in particular •&' = '& we obtain: 

= ^) = II^) - 2tr(i? . X • ^?) (12.53) 



Writing 



we have: 



X -1 II X 
1 — u + t 



and (12.53) can be written as: 



= (a?, Il^) - - 2tr(^ • X' • ^) (12.54) 

Now, the following inequality holds: 

|tr(t9.x'-t?)|<|x'PI' (12.55) 

To see this, we can work in an orthonormal frame on St,u relative to ^ which is a frame of eigenvectors 
of x'. Let Ai, A2 be the eigenvalues of x') then at a given point, 

tri'd ■x'-^) = Xii^uf + (Ai + A2)(i?i2)' + A2(^22)' 
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Since 

= + 2(l?i2)' + {^22? 

It follows that: 

|tr(t?-x'-t?)| <max{|Ai|,|A2|}|i?|^ 

In view of the fact that: 



max{|Ai|,|A2|}< v'(AiF + (A2)2 = |x'| 

Then (12.55) follows. 

Taking into account (12.55) as well as the fact that: 

we deduce from (12.54) the inequality: 

L{{1 -u + tfm <{l-u + tfi2\x'\ m + (12.56) 
We apply this to the case i? = In view of the fact that: 



Ix' • X'l = V(Ai)4 + (A2)4 < (Ai)2 + (A2)2 = Ixf 
we obtain, substituting for /^x' from (12.50), 

i((l -u + tf\x'\) <{l-u + tf{{3\x'\ + |e|)|x'| + \b\) (12.57) 

where 



a' 



1-u + t 
Let V{t) be the property: 

nt) ■■ iix'iIloc(s^o) < Co5o(i+t')"'[i+iog(i+*')] 

for all t' G[0,t]. 

Choosing Co suitably large, we have, by the assumption on the initial data, 

IIx'IIl»(e-) <C^o'5o (12.58) 

It follows by continuity that V{t) is true for sufficiently small positive t. Let to be the least upper 
bound of the set of values of i e [0, sq] for which V{t) holds. Then by continuity V{to) is true. Hence, 
in W*°, we have, in view of (12.48): 

3|x'l + |e| < (3Co + C)So{l + i)"^[l + log(l + 1)] (12.59) 

in W^°. 

Substituting in (12.57) and taking into account the estimates (12.48) and (12.49) we obtain: 

L{{1 -u + tf\x'\) < (3Co + C)<5o(l + t)-^[l + log(l + i)]((l -u + tf\x'\) + C^o(l + t)-' (12.60) 
Setting along an integral curve of L: 

x{t) = {l-u + tf\x'\ (12.61) 
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then (12.60) takes the form: 

(It 

-^<f^ + 9 (12.62) 

where 

/(i) = (3Co + C)(5o(l+t)-'[l+log(l + i)], 9{t)=Cdoil+t)-' (12.63) 
Integrating from t = yields: 

ft , 

x{t)<eioSH')di' {x{Q)+ e-^o f(i")di" g{t')dt'} (12.64) 
Jo 

Since 

^(0) < IIx'IIl=o(e^o), (12.65) 

while 

x{t)>\{l+tfW\, (12.66) 

taking into account the facts that: 

/ f{t')dt'< / f{t')dt' <2{3Co + C)6q, / g{t')dt' = CSolog{l + 1) (12.67) 
Jo Jo Jo 

(12.64) yields the bound: 

l{l + tr\^'\<e'(^^''+^)^<'{\\x'^L^^^'^o^+CSologil + t)} (12.68) 

So we get on . 

||X'IL»(S-) <4e2('^"+^''nilx'IL==(E-)+C5olog(l+t)}(l + t)-2 (12.69) 
This holds for all t £ [0,to]- Let us now fix Co large enough so that: 

Co<5o > SlIx'ILoofs^o), Co>SC (12.70) 

Then provided 6o satisfies: 
(12.69) implies: 

||x'ILoc(s;o) < Co6o{l + t)-^[l + log(l + 1)] (12.72) 

for all t G [0,to]. 

It follows by continuity that V{t) is true for some t > to. So we must have to = sq, and the lemma 
follows. □ 

Next, we investigate HI. Consider /ij.^ for an arbitrary St,u 1-form ^. We have, in rectangular 
coordinates: 

{lnA)a = {l^RA)a + ern(0ROr, (^fl.Oa = (i«i)'"(^Oma (12.73) 

where we have used that for any St^u vectorfield X: 
Hence, we have: 

i i 

i 
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Consider the first term on the right of (12.74). We have: 

J2 = J2(S~'r'i^RMlpRA)b = (5-')"'(E(^')"(^')")(^0ma(^>0n6 (12.75) 

i i i 

Substituting from (12.38) and noting that: 
we obtain: 

E = r'ir'r'iS^a - y'V')(^0ca(^0d6 (12.76) 

i 

Consider the symmetric 2-covariant St^u tensorfield 

^cd = {g-'r'iiPOcaiiPOdb (12.77) 
Let /Lti, /Li2, /Lt3, be the eigenvalues of relative to g. Since d is positive semi-definite, we have: 

ft >0:i = 1,2,3 (12.78) 

It follows that: 

max/Xj < y^ft = tri? (12.79) 

i 

where 

tri? = {g-^y^cd = Scd^cd (12.80) 

Then (12.79) implies: 

y'^y'^cd < \y'\hT^ (12.81) 

We then have: 

{g-'r\Sc^ - y''y"'){lPOcamdb = {Scd - y''y"')^cd > (i - lyf )tr^ (12.82) 

Thus, since 

tri? = {g-'yir'r'imcaimdb = \ipe (i2-83) 

(12.76) implies: 

Y,\lPu,e>r\l-\yT)mf (12.84) 

i 

Consider next the third term on the right of (12.74). We should first obtain a suitable expression 
for IpRi. Recall from (6.45) and (6.56), we have: 

g{lPx^R^, Xb) = X\eumX^ + Xi{v~'xAB - ^ab) (12.85) 

Let us denote: 

{v,)ab = X^eamX-^ (12.86) 
The rectangular components of Vi are given by: 

{yi)im = n';nZtu'm' (12.87) 

Let us also denote: 

n = \,{ri-\-f) (12.88) 
Then by (12.85) the rectangualr components of IpRi arc given by; 

(^i?i)f =<nfe,;,„ + (r,)f (12.89) 
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Using (12.89) we obtain, in view of (12.26): 

Y,{iPRi)a{JpRi)'i = n™,n;j,n«'n^'(^„,6,^„.„. - Sa'n'St'm') (12.90) 

i 

i i 

i 

Substituting this in the third term on the right in (12.74) yields: 

Y,{g-'r''uuipRi)ami)b = 5a'6'(5-')"''n:'ntiei^ - \e (12.91) 

i 

i i 

where Vi is the St,u 1-form: 

{Vi)b = U'^eib>n'^n' (12.92) 

Using (12.26) and (12.92) we obtain: 

E l^'l' = J2(9~^y'"^a^b^i'^'m'eib'n'U'^n' (12.93) 

i i 

= {9~^T^^a {^a'h'Sm'n' — ^a' n' h' m')£,7n' £,n' 

= 6a'A9-'T'"aiiii\i\^-\£,\^ 



Since 
we have: 

Hence (12.93) reduces to 
while 



(--l^a6jja'jjfa' ^ _ f'f^' (12.94) 

da.b'ig-^fKnt =2 (12.95) 

EN' = 1^1' 



2Y,{9-'T\n-0a{vi)b > -2Y,\ri-^\\vi\ > -2|^| /eS./eS 

i i V i y i 

So from (12.91) we have: 

j2{g-'r'^mUipRi)ami)b = E i^^i' + 2E(^^ ■o■v^+J2\n■ e (12.96) 

i i i i 

>Ei^ir-2Ei^^-^ii^^i 



I.e. 



^i-g-'r'uumirmi)'^ > \ea - 2,/e(^) (12.97) 

i V * 
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Finally, we consider the second term on the right of (12.74): 

i i 

From (12.24), (12.26) and (12.89) we have: 

i i 

i 

i 

Consider the first term on the right of (12.99). We have: 

By (12.29) and the fact that 56'cn^'f"= = 0, we have: 

Sb'Jl^bN" = gb'dlW" 

Hence, we obtain: 

UW' =rIL'^b{9b'cy'n 
Introducing the /St^u-tangential vectorfield: 

f' = U-y' 

then (12.100) takes the form: 
Similarly, we have: 

In the above, we have used the fact that gab = Sab- 
In view of (12.102), (12.103), (12.99) reduces to: 

i i 

Hence, from (12.98), the second term on the right of (12.74) is given by: 

i 

where 
and 

Now we have: 

\Cn'Cn'\ < m\ < mm\f'\ 

Since for any 2-covariant St,u tensorfield M we have: 

i(trM)2 < \Mf 
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we have: 

Mii)m-f)\<V2m\i\\f\ (12.109) 

Finally, 



\Y.^i-{n- 01 < E i^^ii^^ii^i ^ i^iwE /E i^^i' (12-110) 

Z Z y ^ 1/ Z 

Using (12.26) we obtain: 

E l^'l' = Y.^9~^T''N^N^^ikm'eUn'{ll>0m'a{IP0n'b (12.111) 

i i 

= {g-^T''N^N\5kl6m'n' - Skn'Slm'){lPOm'a{lPOn'b 

< {g-'r'mn'aimwb = 

Combining (12.108), (12.109) and (12.111) we conclude that the second term on the right of (12.74) is 
bounded by: 



2r{(l + V2)|/| + (12-112) 



Combining (12.84), (12.97) and (12.112) results in the following proposition: 
Proposition 12.5 Consider a surface St,u for which the following hold: 



suply'l < 1 



Then for every St^u 1-form ^ we have: 



^ iinA? > ^'(1 - lyfm? + (1 - 2 - 2r{(i + V2)\f\ + lY,\nmm\ 

i V * V ' 



(12.113) 



pointwise on St^u- 

Corollary 12. 5. a Suppose that: 



snp\y'\<C5o, sup /V Ir^P < C5o 
^? ^? V i 

for some fixed positive constant C. Then if 6o is suitably small, for any St,u 1-form ^, differentiable 
on St,u, we have, pointwise on S(°: 

Ei^«.^i'^^^'i^^i' + i^i'} 

i 

If also: 

inf r > eAl + t) 



then HI holds on T,l°. In fact, we have: 



(1 + t)-'\e + < c(i + 1)-' Yl 
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where 



Proof . From the assumptions, we can choose 6q smah enough such that 



and 



then the corollary follows. □ 

Let us now return to Lemma 12.2 and let sq be the maximal value of sq G [0,s] such that HI 
holds on W/°. We shall show that in fact sq = s. Suppose that sq < s. By Proposition 12.3, all the 
assumptions of Corollary 12. 5. a except the one about Ti hold on W^^. So if we can prove that the 
assumption about holds on W^^, then HI holds on W^* . To do this, we use a continuity argument. 
From (12.88), HO, ^{i} and Proposition 12.3, we have: 

maxsuplTi- AiTj-^xl < C5l(l + t)-^[l +\og{l + t)\ (12.114) 

for all t e [0,s]. 

Thus, if for some t G [0, s], x' satisfies on T,l° the estimate: 

llx'ILoo(s;o) <(7o(l+0"' (12.115) 
for some fixed positive constant Co, then we have: 

max||ri||ioo(s-o) < CSo{l + t)-^{l + log{l + t)] (12.116) 

i \ t / 

so the assumptions about Ti holds as well. On the other hand, taking sq = So in Lemma 12.2, yields 
the estimate: 

IIx'ILoc(j:^o) < Cdo{l + i)"'[l + log(l + 1)] (12.117) 
for all t e [0, So]- If is suitably small this implies that: 

llx'Lo.(seo)<iCo(l+t)-l 

a,t t = sq. 

Therefore by continuity (12.115) holds in a suitably small interval [so,s*] C [so,s]. So all the as- 
sumptions of Corollary 12. 5. a hold for t G [0, s*], hence HI holds on W^^ , contradicting the maximality 
of So- We conclude that HI holds on W^^. So from Lemma 12.2 with sq = s, we have: 

Proposition 12.6 Let assumptions E{2}> ^^i}' ^{o}' ^old on W^^, and let the initial data satisfy: 

llx'llz,=»(E^o) < CSo 

Then, if is suitably small, HI holds on W/^. Moreover, for all t G [0, s]: 

IIx'IIl«.(s.o) < C(5o(l + tr^[l + log(l + 1)] 
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Next, we shall investigate H2 and H2'. We consider for any symmetric 2-covariant Sf^u 

tensorfield We have: 

{lR,^)ab = {lpR,^)ab + ^mb{lpR^y: + ^am{IpR^)b (12-118) 

Hence we have: 

i i 

i 

i 

Consider the first term on the right of (12.119). We have: 

WrA"" = E(^"')"'(5"')'"'(^K.^)a6(^ii.^)cd (12.120) 

i i 

= {r'r%9-')''''{Y{Rir{Rir){lP^)rnab{lP^)ncd 
i 

Substituting from (12.38) and noting that: 

UfU]^{lp^)^ab{lP^)ncd = {IPi})kab{IP^)lcd 

we obtain: 

E \IPn^d\^ = r\g-^r{g-^f\5u - y'V^^kabimicd (12.121) 

i 

Consider the symmetric 2-covariant St^u tensorfield (p: 

= {9-'r{r')'"'iiP^)kab{micd (12.122) 

Since (p is positive semi definite, we have as in (12.81): 

y"'y"m < |yf tr^p (12.123) 

Assuming that \y'\ < 1 and noting that: 

tr^ = ig-')'''{9-'r{9-')'"'{mkab{micd = mf (12.124) 

(12.121) implies 

J2 I^rA'' > ^'(1 - \y'W^\^ (12.125) 

i 

Consider next the third term on the right of (12.119). This is: 

2Ai + 2A2 

where: 

Ai = {g-'rig-')"'^mb^nd{Y,i^Ri)TilpRi)c) (12.126) 

i 

A2 = {g-T{9-')'"''&am^nd{Y{lpRi)r{lpRi):) (12.127) 

i 
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Substituting (12.90) in (12.126) we find: 

i i 

where Wi are the 2-covariant St^u tensorfields: 
and: 

Substituting (12.96) in the first term on the right of (12.128) this term becomes: 

2Sm'n'{g-')'"''&m'b^n'd ' |^|' = 2|l?|^ - = 

The second term on the right of (12.128) is bounded in absolute value by: 



Using (12.26) we obtain: 

E l"'^!' = T.(9~'rir')''''KK<^ia'rn'eic'n'i}rn'bK'd 
i i 

= {g-^f'^Sa'c'ig-^ruiniSm'n'^m'b^n'd - 

hence, by (12.96), 

J2 kil' = 2Sm'n'{g-'f''^m'bK'd ' = 

i 

So we conclude that: 



Ai>(l-2 /^hP)|^|2+^|r,.^|2 

y i i 

Substituting (12.90) in (12.127) we find: 

A2 = ig-T{g-')'"'^am'^n'd{Sb'c'Sm'n'Tl''b^i - H^'n™') 

+2 Y^{g-'r{r')'"'{ri~ ^)ab{wiU + ^{g-'r{g-y''{ri~ ^)abiri ■ 

i i 

where: 

in ■•&)ab = {n ■ ■&)ba 
The first term on the right of (12.136) is given by: 

{g-'r{g-'f''^am'^n'd{'n.lSm'n' ' H™') = - {tv^f 

Here, we have used the fact that 
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Since: 

\ri~^\ = \Ti-^\ 

the second term on the right of (12.136) is bounded in absolute value in the same way as (12.132). 
The third term is bounded in absolute value by 

Ei^^-^l' (12.137) 

i 

We conclude that 



^2 > (1 - 2 h\'M' - M)' - E 1^' • ^1' (12-138) 

\ i i 

Combining (12.135) and (12.138) we get: 



Ai+A2> 2(1 - - i^^^f (12.139) 

Consider finally the second term on the right of (12.119). This is: 

4B 

where: 

B = {g-'r{r')'"'^mb{Y,i^Ri)T{Ri)')i^^)kcd (12.140) 

i 

Substituting (12.104), by direct calculation we get: 

B = rlir^f^^m'bim'd - {r'f''i^ ■ f)b{irlj)d)d (12.141) 

i 

t-m'd = {U)^)m'cdf (12.142) 

{wi)cd = N^euk'{l/>^)k'cd (12.143) 



where 

Also: 

Since 

we have: 
Since 



\^9-l"'^m'blm'd\ < \m (12-144) 



V\<\M\i\ (12.145) 
the first term in parenthesis in (12.141) is bounded in absolute value by: 

(12.146) 
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Since 



the second term in parenthesis in (12.141) is bounded in absolute value by 

V2\$'\\^\\lJ)^\ (12.147) 
Finally the third term in parenthesis in (12.141) is bounded in absolute valueby: 



E l^^llnll^.l < l^^iy^ l^^l' (12.148) 

Moreover, using (12.26) we obtain: 

= Yl^r'rir')'"'N''N'eikm'eiin'{lP^U'ab{lP^)n'cd (12.149) 

i i 

< {g-T{g-')'"'{IP^)m'ab{mm'cd = 

So we conclude that 

\B\ < r{(l + V2)\p'\ + (12.150) 

Combining (12.125), (12.139) and (12.150) we get the following proposition: 
Proposition 12.7 Consider a surface St,u for which the following hold: 

sup|y'| < 1 

St,u 

Then for every symmetric 2-covariant St^u tensorfield we have: 



+4(1-2 /^|r,P)|^|2-2(tn?)2 



-4r{{l + V2)\f'\ + ^l^^^}mm 



pointwisG on St^u- 

Corollary 12. 7. a Suppose that: 



swp\y'\<C6o and sup [/ In]'^ < CSq 

for some fixed constant C . Then if is suitably small, for any symmetric 2-covariant St^u tensorfield 
d, differentiable on St^ui we have: 



^ > Ir'^m? + 2|^|' - 2(tri?)2 
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If also: 



inf r > eUl + t) 



then H2 and H2' hold on Ej". In fact, we have, pointwise on 

< c{i + tr^Yl + 2i^p} 

i 

where 

c- 2 

Moreover, if ^? is trace-free, we have: 

i 

Proof. Choosing Sq sufficiently small, the second result is straightforward. Concerning the first result, 
we just use the fact that: 

(tr^?)2 < 2\^f 

□ 

Wc end this part with cocrcivity inequalities for Lie derivatives. 

Proposition 12.8 Let the assumptions of Proposition 12.6 hold and let X be an arbitrary St,u 
-tangential vectorfield defined on W^^ and differentiable on St^u. Then, for ciny l-form ^ we have, 
pointwise: 

\lx^\<C{l + t)-'{\X\imaK\lnM + \^\) + \^\^^\^R.X\} 
Also, for any symmetric 2-covariant St^u tensorfield d we have, pointwise: 

l/x^l < C{1 + t)-H|X|(max + + max 
Proof. Consider first the case of ^. By Proposition 12.2, we have: 

\lxi\ < Cil + t)-' ^ UxO{Ri)\ (12.151) 



Since 

we have: 
By HO: 

and we have: 
hence: 



ilxOiRi) = Xim)) - Ri])=X- mRi)) + ^{Ir^X) (12.152) 

Ux^){Ri)\ < \x\\mRi))\ + miR,x\ (12.153) 

mm)\ < c{i + 1)-' (12-154) 

Rjim)) = iiR,o{Ri)+mi,Rj]) (12-155) 

\RMRi))\ < \lR,mi\ + (12-156) 
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By Corollary lO.l.e: 

\Ri\, \[R,,Rj]\<Cil+t) (12.157) 

It follows that: 

\RMRi))\ < C{1 + mln,^\ + Id) (12.158) 
Substituting this in (12.154) we obtain: 

mm)] < C(max|/^^.d + Id) (12.159) 

Substituting this in (12.153), the result for ^ follows through (12.151). 

Consider next the case of a symmetric 2-covariant St^u tensorfield i?. By Proposition 12.4: 

\lx^\<Cil+t)-^^Ux^){Ri,Rj)\ (12.160) 

Now, we have: 

{lx^){Ri,Rj) = Xi^{R„Rj)) - ^{[X,R,],Rj) - §iR,,[X,R,]) (12.161) 
= X ■ i{d{Ri, Rj)) + ^n^X, Rj) + ^Ri,^j,.X) 

hence: 

Ux^){Ri,Rj)\ < \X\\4{mi,Rj))\ + WmMRjX] + \RMr.X\) (12-162) 
< \X\\4{mu + C(l + i)l^l mp \Ir,X\ 

k 

in view of the first of (12.157). By HO: 

|4(^(i?i,i?,))| <C(l+i)-i^|ii;i(^(i?i,i?,))| (12.163) 

k 

and from 

Rk{^{Ri,Rj)) = {lnJ){Ri,Rj) + ^{[Rk,Ri],Rj) + 'd{Ri, [Rk,Rj]) (12.164) 
as well as (12.157), we have: 

\R^{^{RuRj))\<C{l+tf{\t,j,^d\ + \d\) (12.165) 
Substituting this in (12.163) wc have: 

|4(t?(i?i,i?j))| <C(l+t)(max|/fl^^| + |t?|) (12.166) 

k 

Substituting this in (12.162), the result for d follows through (12.160). □ 

12.3 Estimates for Higher Order Derivatives of x' and ji 

Lemma 12.3 Let Y be an arbitrary St^u-tangential vectorfield and an arbitrary 2-covariant St,u 
tensorfield, defined on W^^ . Then we have: 

Proof. We can restrict ourselves on C„. We extend i? to TC„ by the condition 

^{L,W) =^{W,L) =0 
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for any W e TC„. Thus, for arbitrary W e TC„ we have: 

{Cl^){L, W) = Li^L, W)) - ^{[L, L], W) - [L, W]) = 
(Note that [L,W] is tangential to C„). Similarly, {jCl'&){W,L) = 0. It follows that: 

Il§ = Cli9 (12.167) 
On the other hand, for any S'j^^-tangential vectorfield X, by Lemma 8.2 we have: 

{Cy^){L, X) = Yi-diL, X)) - i?([y, L],X)- i?(i, [Y, X]) = ^([i, F], X) = i?((^)Z, X) 
Similarly, {Cy'&){X,L) = ■d{X,^^'>Z). Also, 

{Cyi^KL, L) = Y{d{L, L)) - diXY, L],L)- d{L, [F, L\) = 
It follows that, on the manifold C„: 

/lyi? = Cy'& - {-& ■ ^^^Z) (^dt-dt(g) {^^^Z ■ 1?) (12.168) 

where, by definition: 

(t?- (^)Z)(X) = 7?(X,(^)Z), (12.169) 
((^^Z • d){X) = i?((^)Z,X) : for all X e TSt,u 

Consider now the evaluation of 

on the St,u frame vectorfields Xa- This evaluation is 

{Cl{M - CYiM){XA,XB) (12.170) 

Substituting (12.167) and (12.168) this becomes: 

{jCljCy^ ^^^Z) ®dt-dt® jCl{^^'>Z ■ i}) - £y^l^){Xa, Xb) (12.171) 

= {LLJCY'd - CyCl^){Xa, Xb) 

where we have used the facts that C^dt = d{Lt) = and dt{XA) = dt{XB) = 0. Therefore (12.170) 
reduces to 

{ClCy^ - CyCl^){Xa,Xb) = (£[L,r]i?)(XA,XB) = {Cmz^){XA,XB) (12.172) 
Thus, the lemma follows. □ 

Given a positive integer / and a multi-index we define the symmetric 2-covariant St,u 

tensorfield: 

^'"••''^X;=/r„-A.,x' (12.173) 
We shall derive from (12.47), a propagation equation for (*i - *')t^'. Using Lemma 11.22, we obtain: 

l-i 

[/^,^ ...tn,, , 1,]X' = E [^«.-. ' aH,,x' (12.174) 

fe=0 
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By Lemma 12.3 applied to the case Y = Rii_,. , •& = ^r^^ ^ ^ —t'Ri-^ x') we obtain: 

\U,_,.mn.,_,_^-tn.y = -A«,_,)^/k,_,_,-^«.,x' (12.175) 
Substituting in (12.174) then yields: 



U^'-'H = E/«,.../h,_,,/(«,_../h,_,_,..-/...,x' (12.176) 

We shall express the last term using (12.47). First, we express: 

/ij., -Ir., (x' • XO = ^'^-''^Xl • X' + X' • ^'^-''^Xl + ^'^-''V; (12.177) 

where 

^'^■■■'^\i= Yl iiRrx'-iiRrr'-i^Ry^x' (12.178) 

|si|+|s2|+|s3|=i;|si|,|s3|<i 

Next, we have: 

Ir,, -/fl., (ex') = e(^-^')x; + (12.179) 

where: 

ii^-i')si= ilRreilRrx' (12.180) 

|si| + |s2|=I,|s2|<i 

We then obtain from (12.47) we get: 

...Ir,^ HlX') = e^''-''h'i + ^''-''h'l -X' + X'- ^''-''h'l + ^''-''^ (12.181) 

where 

= + {h-i,)ri + /^^^ .../^^^ 6 (12.182) 

with 

b=-—^ a' (12.183) 

Given a non-negative integer I let us denote by the statement that there is a constant C 
independent of s such that for all f e [0, s]: 

% ■ max||/ji .../^ v'IIl~(e;;o) <C<5o(l+f)-2[l+log(l + i)] 
We then denote by the statement: 

: and... and X; 

Lemma 12.4 Let HO and (12.23) hold. Let also the bootstrap assumptions , and 
hold, for some positive integer I. Then the assumption (assumption of Proposition 10.1) also 
holds. 

Proof. The lemma is trivial for ^ = 1. Let the lemma hold with I replaced by i — 1, for some I > 2. 
That is, let together with t'[i-i],t'fi-2],'H.O and (12.23), imply X[i-2]. Then by Corollary lO.l.d 

with I replaced by ^ — 1, we have: 

max||(^-Vlloo,[i-2],E:o < Cido{l + t)-^[l + \og{l + t)] : for all t G [0, s] (12.184) 
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Then for any positive integer n we have: 

Ir,^...Ir,^X = /k,„.../k,^x' + , \ /fl,^-/fl,/^^^V (12.185) 

hence: 

max \\Ir,^-4r,^x\\l'^(j:10) < ll/iJ*„ -/iJiiX'IL^CE!") + (^(l + *)"^ max ||(^^ V||^_[„_i]_j,eo 

(12.186) 

Taking n = ? — 1, the lemma follows. □ 

Proposition 12.9 Let assumptions of Proposition 12.6 hold. Let also E{;_|_2},E^^^^pE^j^ hold in 
W^^ for some non-negative integer I, and let the initial data satisfy: 

Then there is a constant Ci independent of s such that for all t G [0, s] we have: 

llx'ILjii.E^o < CMi + t)-^[i + iog(i + 1)] 

that is, Xj;] holds in W^^. 

Proof. For I = the proposition reduces to Proposition 12.6. We proceed by induction. Let the 

proposition hold with I replaced by ^ — 1, for some I > 1. Then holds on W'^t^J,, hence by Lemma 

12.4, holds on W^^ as well. Then the Proposition 10.1 and all its corollaries hold. 

By Proposition 12.6 and the estimate (12.48) we have: 

l|e + 2x'||L«.(s,^«) < C''5o(l+i)~'[l + log(l + i)] : for all te[0,s] (12.187) 

We shall estimate ("i - *')?); using the corollaries of Proposition 10.1. From the expression of e,K~^(^ 
and the assumptions of the present proposition, we have: 

l|e|L,[/],E:o,||K-'CIL,[/],E:o,||I^IL,[;],E:o <C;<5o(l + i)-' : forall ie[0,s] (12.188) 

Here, we have used Corollary 10.1. a, and Corollary lO.l.b. 
Similarly, from the expression of a', we have: 

II«'IIcx>,[/],e:o < C6o{l + t)-^[l + log{l + t)]ma^\lj,.lj,^^...lj,^^x'\ + CMl + t)-^ (12.189) 
For all t e [0,s]. 

To see how the principal term in a', namely .0 h, is estimated in the || ||oo,[(],s^° ) appeal to 
Lemma 10.9, HO, HI, H2 and the fact that: 

'"^^ Vab = -2Xi{-r]-^XAB + hs) 

(see (3.27) and (6.59)) So we get: 

I/h,^ .../^^^ b\ < C6o{l + t)-3[l + log(l + 1)] max \Ir/r,^ x'\CMl + 0"' (12-190) 

: pointwise on W^* 

From the inductive hypothesis and Corollary lO.l.d: 

max 11/;^. (^'V|Il~(e^«) < C'(^o(l+i)"Ml + log(l+*)] : for all = 0, 1, 1 
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which is needed to estimate (*i-- *')r; given by (12.178). We then deduce: 



^''■■■''hi\\i^oo(j:^o.<Ci6l{l+t)-^[l + log{l+t)] : for all tG[0,s] (12.191) 



and: 

II II 



^''■■"'^nlL-fE'O) < C,(52(l + t)-4[l + log(l + t)]2 : forall tG[0,s] (12.192) 



It follows that: 

< C6o{l + i)-'[l + log(l + 1)] max Hr^Ir,^ -Ir^.x'I + CMl + i)"' (12.193) 

: for all t e [0, s] 

Prom (12.181), (12.187) and (12.193) we then conclude that: 

l/fl. {IlX')\ < C6o{l + t)-^[l + log(l + 1)] max (12-194) 

+Cii5o(l + 1)~^ : pointwise on W^^ 

What remains to be estimated is the sum on the right of (12.176). Consider a given term in this 
sum, corresponding to A; e {0, I — 1}. We use Lemma 8.5, by taking ^j^.^ ^ ^ .../jj.^x' in the role 

of ^, and the index set {I — k + 1, 1} in the role of the index set {1, I}; to express the term in 
question in the form: 

U,an.,_,^,U,_,^,^n.,_,_,an.y = U,^^^ (12.195) 

p=l mi< . . .<mp=l — k+l 

where 

{imi-in,p;ii-k)z = Ij^^^ ...Iji.^ ^^h-k)z (12.196) 

(noting that Lemma 8.5 holds for an arbitrary Si_u tcnsorfields ^) 

To estimate the terms on the right of (12.195), we apply the second statement of Proposition 12.8. 
We then obtain, for the first term: 

|/(Hn_.)^^'^"'""'^xl-il < C(l +t)-H|''''-'='^|(max|(^^"-''"'^')xll + l^'^"'""'^xl-il) (12.197) 

+|(*i^'-"'^*')xl-i|max|(^'''-'=)Z|} 
i 

In the case of ^ > 2, Corollary lO.l.i together with the inductive hypothesis implies that the 

right hand side of (12.197) is bounded pointwise by: 

CMl + i)"'[l + log(l + t)\ max |(^'^-^')x;i + Q<5o(l + + log(l + t)f (12.198) 

In the case of / = 1, Corollary lO.l.i can only give the estimate for '•■'^'•'Z, so the term can not 

be estimated in this way. Recalling that (^'^Z = ^^'Vl ' 

we use (6.70) to express: 

^"^'Vl +x!-Ri = eijmzHx"" + XiiK-\) (12.199) 
By Corollary lO.l.g, Corollary 10.1. a for {Ryx^ and Aj, we have the following estimates: 
max||^i|lcx),[;],E,'o < Ci5o[l + log{l + 1)], max ||4a;'||^j;]_sJo < C, 
max \\z^\\oo,[i],i:l° ^ C"^o(l + i)"Ml + log(l + 1)] : for all t € [0, s] 
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In view also of the second of (12.188), we then obtain: 

II^'^'Vl + X' • RiWooMK" - Cdo{l+t)-'[l + log{l + t)] : for all t e [0,s] (12.200) 
Moreover, we have, by Corollary lO.l.e with I = 1 and Xq: 

\Ir,{x' • ^01 < llRjX'im + \x'UR,Ri\ < C{l+t)\lj,.x'\ + CSo{l+t)-'[l+\og{l+t)] (12.201) 
Hence 

IIr, ^""-VlI < C(l + tMR,x\ + C6o{l + t)-'[l + log(l + 1)] (12.202) 
therefore by Corollary lO.l.d, wc have: 

< C{1 + t)\ln.x'\ + CSo{l + t)-^[l + log(l + 1)] (12.203) 

pointwisc on W^^. Using this, we can estimate the last term on the right of (12.197). Thus, also in the 
case ? = 1, an estimate of the form (12.198) holds. 

Consider next a term in the double sum in (12.195), corresponding to an ordered subset {mi, nip} 
C {I — k + 1, I}, p e {1, k}. This double sum is present only for I > 2. Applying the second 
statement of Proposition 12.8 we obtain: 



|/(.™,.....,.,_.)^('^ < C{l + t)-'- (12.204) 

+ |(^i^""''"-'"'"'^")x^-i-i,|max|(*-i-*-p^;*'-'=)Z|} 

j 

Since p > 1, by the inductive hypothesis Xj/_i]: 

11^'^ "')xl-i-plLoo(j:eo) < Ci5o{l + t)-'[l + \og{l + t)] (12.205) 
max||('i^"""' -''""'^''^)xl_p|Loo(s«o) < C(^o(l + i)-'[l + log(l + i)] : for all t € [0,s] 

Also, since p < fc < ^ — 1, wc have, by Corollary lO.l.i: 

\\(i^i--Vi->')Z\\j^^^^.o^<Ci6o{l+t)-^[l + log{l+t)] :forall te[0,s] (12.206) 

But we can not estimate ^'""i • ^ when p = fc = / — 1 in this way for the same reason as above. 

However, using (12.199) and the estimates below (12.199), as well as the second of (12.188) and results 
in Chapter 10 we obtain: 

||(«-VL+x'-^i|loo,[/],E:o <Q5o(l+i)-Ml+log(l+i)] :forall te[0,s] (12.207) 

Moreover, by Corollary lO.l.e and Xj^-i]) 

\iR,^...iRjx'-Ri)\ < \iR^^...iR,^x'\m+ E URrx'\URrR^\ (12.208) 

|S1| + |S2|=;,S2>1 

< c{i + t)\^^'-^'h'i\ + CMi + t)-'[i + iog(i + 1)] 

Combining (12.207) and (12.208) yields: 

|/«.^.../fl./^-VLl < C{l+t)\^^^-^^^x'i\+Ci5o{l+t)-'[l + \og{l+t)] (12.209) 
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hence, by Corollary lO.l.d, also: 

^(h-mi)z\ < C(l + i)|(^'^-^')xll +a^o(l + log(l + 

Combining the above results, we obtain: 
For p = k = 1 — 1: 

< CMl + + log(l + t)] max l^-'-^'^xll + a<5^(l + + log(l + t)f 

31---31 



(12.210) 



(12.211) 



Otherwise: 



(12.212) 



Combining these with the estimate (12.198) for the first term on the right in (12.195) we conclude 
that: 



i-i 



< CMl + t)-'[l + log(l + t)] max \^^'-''^x'i\ + Ci6'o{l + t)-'[l + log(l + t)Y 

This together with (12.194) yields: 

<QJo(l+t)-2[i + log(l+t)] max | I + Q^o (1 + *)"' 



— < /( max '^^^■■■^''xi + gi 

at 



where: 



flit) = Ci6o{l + t)-^[l + log(l + 1)], gi{t) = Ci5o{l + t)-^ 
Integrating from t = yields: 

(^-'')x;(t) < (*-*'):Ci(0) + / {fi{t') max ^^'-^'^lit') + gi{t'))dt' 

Jo h---3l 

Taking the maximum over on both sides, and setting: 



then we obtain 



xi{t) = max a;; (t) 

ii-.-il 



xi{t)<xi{0)+ I {fi{t')xi{t')+gi{t'))dt' 
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(12.213) 



(12.214) 



Applying then (12.56), taking ■!? = ''^•■•''^X;i and using Xo we deduce: 

L((l -u + tf\^'--'^^^i\) < CMl + t)-^[l + log(l + tmi -u + tf max l^^-^'^xll) (12-215) 

31---31 

+cMi + t)-^ 

Setting along a given integral curve of L, 

('i-*')xi(t) = (1 - u + t)2|('^-*')x(l (12.216) 

(12.215) becomes: 



(12.217) 
(12.218) 

(12.219) 

(12.220) 
(12.221) 



which imphes: 



xi{t) < e/o {xi(0) + f gi{t')dt'} (12.222) 

Jo 



Since 

xm < 

Z1...11 



xi{0) < max ||('^-*')xillL»(E^o) < QJq (12.223) 



while 

xKi)> 1(1 + 0' max |("--')x;i (« < eo < ^ (12-224) 
taking into account the facts that: 

/ fi{t')dt' < / fi{t')dt' = 2Ci, / 5j(Odt' = C,^olog(l + <) 
Jo Jo Jo 



then taking the supremum on Sj°, we conclude that: 



max||(*i-'''xlllL-(E'0) < C'i^o(l + t)"'[l + log(l + i)] : for all ie[0,s] (12.225) 



This, together with the inductive hypothesis Xji-i] implies completing the inductive step and 
therefore the proof of the proposition. □ 

From Lemma 12.4 with Z + 1 in the role of I we conclude that under the assumptions of Proposition 
12.9, holds on W^* . So Proposition 10.1 and all its Corollaries hold with I + 1 in the role of I. 

Proposition 12.10 Let the assumptions of Proposition 12.9 hold for some non-negative integer I. 
Let, in addition the initial data satisfy: 

IIM - l|loo,[m,; + l],E;o < 

for some me {0,...,Z + 1}. Then there is a constant C; independent of s such that for all t € [0, s] we 
have: 

IIm - l|loo,Ki+i],sJ« < C;(5o[l + fog(l + 1)] 

that is, M[„j,;+i] holds on W^^. 

Proof : We consider first the case m = 0. Since Mjq gj follows directly from Proposition 12.1, we 
apply induction on I. Assuming then M[o^;] we are to establish M[o_;+i] under the assumptions of the 
proposition for m = 0. 

We consider the equation: 

Lfj, = m + fj,e (12.226) 
We apply Rii^^...Ri^ to this equation. By Lemma 11.22, we obtain: 

[Ri,^,...Ri„L] = -^i?i,+,...i?,,+,_,(«''+i-'=)Ziii,_,...i?i, (12.227) 



fe=0 



Defining: 
We get: 



('-''+iVo,i+i = Rh+, -Rz.IJi (12.228) 



i('-''+i)Mo,;+i = 5^i?i,+i...iii,+,_,((''*'+i-^'^ • ^('-''-'=Vo,;-fe) (12.229) 

fe=0 
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where: 

('-''+^V[,,,+i = Yl mremri,) (12.230) 

|S1| + |S2|=;+1,S1>1 

Now by E{;_|_2} 5 E^;_|_i} and Corollary 10.1. a (remember now that Proposition 10.1 is valid for l + l): 

\\Th\\oo,[i+il^l'><CM^ + t)-' (12.231) 
\\Lh\\oo,[i+i],^l°<CMl + t)-^ 
also : llw^f lloo,[(+i],Ej° < QSoil + t)~^ : for all t e [0, s] 
Thus using the expression for e we obtain: 

l|e|loo,[;+i],s:o < C'i^o(l + i)"' : for all te[0,s] (12.232) 
Using the first of (12.231) we obtain: 

II^IIcx,,[;+i],e:o < C!'^o(l + 1)-'^ ■■ for all t e [0, s] (12.233) 
The estimate (12.232) together with the induction hypothesis M[o^;] imply: 

||('^-"'+^V^_;+i||io„(s;o) < C«5o(l + t)-'[l + log(l + i)] :forall t€[0,s] (12.234) 

Consider finally a term in the sum on the right in (12.229), corresponding to A; e {0, I}. We express 
the term as: 

Ri,+,..Mi,^,_,{^''''+^-^^Z-i^''---''-''^^io,i-k) = (^''+i-''-^Z.#^i^"^-"'"^*'+i)/xo,; (12.235) 

|si| + |s2|=fc,|si|>l 

Consider first the sum on the right of (12.235). By Corollary lO.l.i with Z + 1 in the role of /: 

maxll^^'^ZII^^jjj^s;" < C';^o(l + t)"Ml + fog(l + *)] : for all tG[0,s] (12.236) 

Since |si| < A; < Z, this allows us to bound the first factor in the sum. Moreover, by HO and the 
induction hypothesis M[o,(], the second factor in the sum can be bounded in L°°(Ej°) by: 

Q5o(l + t)-^[l + log(l + i)] 
since 1 + |s2| + / - A; < So the sum in (12.235) is bounded in L°°(S^°) by: 

CMl + t)-^[l + log(l + t)]2 (12.237) 
On the other hand, by HO and (12.236), the first term on the right of (12.235) is bounded pointwise 

CSoil + t)-^[l + log(l + t)] max|(*i^''+--"'"^*'+i^)/xo,(+i| (12.238) 

j 

Combining (12.237) and (12.238), the sum on the right of (12.229) is bounded by: 

CMl + tr^[l + log(l + 1)] max |(^^ -^'+^Vo,i+i| + Q<5o(l + i)"'[l + fog(l + t)f (12.239) 
The estimates (12.232), (12.233), (12.234) and (12.239) imply through (12.229): 
L(|('^-*'+^)/xo,ml) <C';5o(l+i)"'[l + fog(l+i)] max |(^i-^'+^)/io,ml + <^i^o(l + i)"' (12.240) 
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Defining, along a given integral curve of L, 

= |^'^-''+^^Mo,/+i| (12.241) 

(12.240) takes the form: 



-77 ^ Jl .max 2;o^;_)_i i- ; 



~u,,+. .-5* (12.242) 
where: 

/Kt) = G(5o(l + t)-2[l + log(l + f)], gi{t) = Ci6o{l + t)-' (12.243) 
This is similar to (12.217)-(12.218). Setting then: 

5[,,;+i(t)= max ^''■■■''+'^x',^i+dt) (12.244) 

and using the initial condition: 
we deduce: 

max ||('^-''+i)/io,;+i||Loo(s«o) < a5o[l + log(l + t)] : for all i e [0, s] (12.245) 

This proves the proposition in the case of w = 0. 

To prove the proposition for m G {1, + 1} we apply induction on m. We assume M[„ for 
some m G {0, 1}, and we will establish M[„_|_i_;_|_i] under the assumption: 

llM-l|loo,[m+l,i+l],E^o <Q5o (12.246) 

We first apply T"^+^ to Lfj, to obtain, using Lemma 11.22, 

L(r)'"+V = T"'+'^Lij, + ^{TfK{T)'^-^ii (12.247) 

fc=0 

We then apply Ri^...Ri^ to this equation, to obtain, using again Lemma 11.22, 



LRi„...Ri, {Tr+'i^ = Ri^...Ri, {Tr+'L^ + Rin-Rii {Tf^TT-'^IJi (12.248) 

fc=0 

n-l 



fe=0 

Let us define as in Chapter 9: 

Vm+l,n = R^^■■■R^^ (T)'"+ V (12.249) 

Applying (r)'"+i to equation (12.226), we obtain: 

Ri^...Ri, {Tr+'Lf, = e(*-'" + Ri„ -Rn {Tr+'m + ^'^-'-^r'^+r,^ (12.250) 

where 

*"-""V;,+i,„ = i{Rre){{Rr{Tr+'„) (12.251) 

|si| + |s2|=n,si>l 
m+1 . -I- 1 V 
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Substituting (12.250) in (12.248) wc get: 

= e(^-*"Vm+i,„ + R^^..■R^, (Tr+^m + ('-'"V;,+i,„ (12.252) 

m 

+ ^i?i„...i?i,(T)'=A(T)'"-V 



fe=0 

n-l 



+ J2 Ri„...Ri„.,J'''-''^ZRi^_,_,...Ri, {Tr+'ui 
fe=o 

By assumptions E{;_|_2} ) • 

\\THooAn.+U+i\,K'' < + t)-' (12.253) 

ll^/^lloo,[m+i,i+i],Ejo < CMl + t)-^ : for all t € [0, s\ 

By Corollary ll.l.b, wc have: 

IKflloo,[m+i,m],i:- <Ci'5o(l + 0"' : for all te[Q,s] (12.254) 

The bounds (12.253) and (12.254) imply: 

MooAm+i,i+i],i:l-<CMl+ty : for all f e [0, s] (12.255) 

and (12.253) implies: 

II^IIoo,[™+i,z+i].e:o < CM"^ + t)-' : for all t S [0, s] (12.256) 
Also, (12.255) together with M[„ imply: 

ll''"-'"^r-;„+i,„ILoo(j:^o) <a<5o(l+t)-'[l + fog(l+t)] :for n < I - m (12.257) 
provided that either n = 0, so that the first sum on the right in (12.251) Vciiiishes, or ^/lYn-\-i^rn-\-n 

holds. 

Moreover, by Corollary ll.l.c: 

I|A|Ioo,M,e:o <a5o(l+t)-Ml + log(l+t)] :forall te[0,s] (12.258) 

To establish M[^+i we establish M[j„^i „j_|_i_|_„] for n = 0, — m by induction on n. We 
begin with the case n = 0. In this case, equation (12.252) reduces to: 



LMm+1,0 = eM„+i,o + {Tr+'m + r'^^^^o + ^(r)'=A(T)'"-V (12.259) 

fe=0 

Using (12.258) with / = m, and M[„_„+i], the sum in (12.259) is bounded in L°°(i;f) by: 

m 

J2\\A-4{Tr-''t^\\oo,[k,k],K° ^ C'„(l + i)-'||A|L,[„,„],j:«o||M- 1|L,k™+i],e- (12.260) 

fe=0 

<C„(52(l+t)-2[l+log(l+i)]2 

Appealing also to (12.48) and (12.256) with I = m, (12.257) with n = 0, we deduce: 

L{\l^m+ifi\) < C5o{l + i)-'|Mm+i,o| + CmSoil + *)"' (12.261) 

which together with 

U - l|loo,[m+l,m+l],E^o < CmSo (12.262) 
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yields: 

WHm+ifih^i^l") < CrnSo[l + \ogil + t)] : for all t G [0,s] (12.263) 

This estimate together with M[„j „j+i] yields M[„+i 

Next, let M[„j+i m_|_„] hold for some n G {1. ....l — m}. We shall show that M[,„+i holds. 
Consider the first sum on the right in (12.252). Since n < I ~ m this is bounded in L°°{T,l°) by: 



^ ||A • ^(T)— '=Mlloo,[fe,;+fc-™],Ejo < Ci{l + i)-'||A|L,[„,],5,.o IIm - 1|Ioo,k;+i],e,'o (12.264) 

<CiSl{l + t)-^[l + log{l + t)]^ 



by (12.258) and M[„,,+i]. 

Consider next the second sum on the right of (12.252). Consider a term in this sum corresponding 
to fc G {0, n — 1}. We express the term as: 

Ri^...Ri^_,^,{^'''r^-^^ Z ■ 4Ri^_,_,...R^,{Tr'+'^i) = (^'"-'■)z.$|(^i^'-'°^^"V™+i.n-i (12.265) 

+ Yl ((/fl)'^^^-"-'=^^)-4(i?)'Hr)'"+V 

|si| + |s2|=fc,|si|>l 

where the sum on the right is over all ordered partitions {si, S2} of the set {n — k + 1, n} into two 
ordered subsets si,S2, with si non-empty. Also 

4 = S2|J{1, - fc- 1} 

Since |si| <k<n — 1<1 — m — 1, the first factor in the sum is bounded by (12.236). Also, since 
|s2| < fc — 1, we have: 

IS2I = IS2I + n — fc — 1 < n — 2 and 1 + jsjl + m + 1 < n + m 

Therefore, using HO and M.m+i,m+n the sum is seen to be bounded by: 

C/<5^(1 + t)-^[l + log(l + t)f (12.266) 

On the other hand, by (12.236) and HO the first term on the right of (12.265) is bounded by: 

CiSoil + t)-^[l + log(l + 1)] max|(^^^' (12.267) 



Combining (12.266) and (12.267) we conclude that the second sum on the right of (12.252) is bounded 
by: 

QSoil + t)-^[l + log(l + t)] max -'^^"^V„+i,„| + ^^^(l + t)-^[l + log(l + f)]2 (12.268) 

j 

The estimates (12.255)-(12.257), (12.264) and (12.268) imply through (12.252): 

L(|("-'')/x„+i,„|)<Q^o(l + i)"'[l + fog(l + i)] max + Q5o(l + i)"' (12.269) 
Setting along an integral curve of L, 

^''■■■'"^X'm+hnit) = (12-270) 

(12.269) takes the form: 

^ + (12.271) 

at 3l---Jn 
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where: 

Mt) = Q(5o(l + t)-^[l + log(l + t)], giit) = CMl + 
This is identical in form to (12.217)-(12.218). Setting then: 

^m+i,n(0 = max '•*^"'*"''a;^+i 

in view of the fact that 
we conclude that: 

max ll^'i-'^Vm+LnllL-fs^") < C'i^o[l + log(l + i)] : for all te[0,s] 

ii...in \ t J 

This together with '!^[m+i,m+n\ yields '^[m+i,m+i+n\j so the proposition follows. 

Let us now define, for any non-negative integer k, the quantities: 

A'k = max ll^fl. ...^ii, y'llL2(s:«) 
and, for any non-negative integer the quantities: 

k=0 

Let us recall the definitions: 
and for A; > 0: 

Ak = max xIIl2(e?«) 

and: 

/ 

Let us also recall: 

Wo =max{||^/>„||L2(sjo)} 

and for A; > 0: 

Wfe = max ||iii^^...i?ji'^„||i2(s-o) 

oi;ii...ik * 

and: 

I 

W^= max ||i?i,...i?i,OV'aL2(seo), wg = ^Wfc« 

a:zi ...ifc \ t ^ i^j 

fe=0 

For all A; = 0, ...,Z: 

3^fc = max ||i2i^...i?i,y'||^2(s^o), 3^[;] = Vj^fe 

fe=0 
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Recall also that given a positive integer n we denote: 

n, = — : if n is even (12.285) 
= — 2~ : if n is odd 

Lemma 12.5 Let HO and (12.23) hold. Let I be a positive integer and let the assumptions ^[;^], 
as well as hold. Then we have: 

Proof: From (12.185) we obtain, for A; > 1: 

A < A + ^ ] max . max ||/^ .../^ ^""'VlL^cslo) (12-286) 
Summing over fee {!,..., I) and adding: 

A = A (12.287) 

we deduce, for I > 1: 

"^W ^ 4] + i^u + t "^f^ ll^'''Vll2,[i-i],s:o (12.288) 

By Lemma 12.4 with ^» in the role of /, the assumptions of the lemma imply Therefore 



Proposition 10.2 holds. Then Corollary 10. 2. d implies: 

mfx||''''Vll2,[i-i],E:c < Ci[yo + (1 +t)^[z_i] + W[i]] (12.289) 
Substituting this to (12.288) we get: 

^[i] < + ClA[l-^ +Ci{l + 1)-^ [yo + : for all Z > 1 (12.290) 

The lemma follows. □ 

Proposition 12.11 Let the assumptions of Lemma 12.4 hold. Let I be a non-negative integer and 
let the assumptions E{;^_|_2}, E^^ ^^j,E^j*^j, hold on W/^. Moreover let the initial data satisfy: 

\W\\ooAi,],K° ^ ^"^0 

Then holds on W^^ and there is a constant C; independent of s such that for all t e [0, s] we have: 

A}{t) < Ci{l + t)-H4](0) + ^o3^o(0) 

Proof: The assumptions of this proposition include those of Proposition 12.9 with in the role of 
I, therefore holds on W^^. Then from Lemma 12.4, holds on W^^. Thus, Proposition 10.1 
holds with Z* + 1 in the role of /, then Proposition 10.2 holds with Z + 1 in the role of 

We shall estimate (^i -*')^; (see (12.182)) in Z/^(St°). By assumptions E^^^p E^^.+ij, we have: 

WLi^AooAKlK"^ I|4^^JIoo,[U],e:o <Ci^o(l+t)-' :forall ie[0,s] (12.291) 

as well as 

WLhWooAi.lK" ' UHooAi.lK" ^ + ^""^ ^ ^ (12-292) 
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So by Corollary lO.l.b we have: 

Moo,m,K°' II«"'CIL,[U],e:° <a^o(l + t)-' :forall ie[0,s] (12.293) 
Obviously, by the assumptions of the present proposition we have: 

\\Lh\\2,[i],^l<' <Ci{l + tr'[W^^+5o{l + t)-'W[i]] (12.294) 
WMkli],^? ^ Ciil + t)-'W[i+i] : for all t G [0, s] 
so by Corollary lO.l.g and Corollary 10. 2. g with I replaced hy l + l, we have: 

l|e||2,H,E:o < Ci{l + i)-Hwg + Soil + tr^yo + (1 + t)A[i-i] + : for all t e [0, s] (12.295) 

Also from the expression 

K~^(^ = ae — 4c( 

and Corollary 10. 2. h, we have: 

ll'^"'Cll2,[(],s:o < Ci{l + i)-HW[;+i] (12.296) 
+^o(l + i)"M3^o + (l + i)^[i-i]]} : for all te[0,s] 

From (12.45), using the expression for U: 

U = -r?f ' + V'i 

and Corollary 10. 2. g as well as we have: 

II"'II2,[;],e:o < CMl + i)-'[W[,+2] + ^o(l + i)"'>V[?+i] + (1 + t)-'3^o + ^[/]] (12.297) 

where we have used Lemma 10.8 and Lemma 10.11 to estimate the commutator as well as HO, HI, H2 
to estimate the S'/.u -tangential derivatives. This and (12.295), together with the estimates for ^^^^f 
in Chapter 10 (10.145): 

ll^''*Vllco,w,E- < CMl+t)-\l + \og{l + t)] (12.298) 

II^'''VII2,[/],e:o < Ci{yo + (i + t)A^^ + 

yield the following bound for h defined by (12.183): 

ll^ll2,[/],s^o < C/^o(l + t)-'[W[/+2] + (1 + t)-^yo + + (12.299) 

Next, we shall estimate - and - in L'^{Yll°). Prom the expression (12.178), bounds for 
^'^'•'^ (12.298) as well as the fact that Xj;,] holds, we get: 

II^'"-"'VHL2(e«o) < Ci8o{l + t)-^[l + log(l + t)]4_i] (12.300) 
+Ci5l{l + t)-^[l + log(l + t)f[yo + 

Also from (12.180) and the estimates for e we get: 

ll^'"-''^sz|L.(j,^^o) <Ci{l + t)-M{,_i] (12.301) 



+CMI + t)-^[i + iog(i + t)]{Wj^ + 5o(i + t)-\yo + 
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Combining (12.299)-(12.301) and Lemma 12.5, we get: 

f'-''^bi\\^Hi:lo^ < CiSo{{l + t)-^[l + log{l + t)]A[i^ (12.302) 
+(1 + i)-2[W[,+2] + (1 + i)-'3^o + 

Next, we shall estimate the L'^{'El°) norm of the sum on the right of (12.176). A term k G {0, 1—1} 
in this sum is expressed by (12.195). For the first term on the right of (12.195), we have the pointwise 
estimate (12.197). This implies: 

^ ^(1 + *)"'- (12-303) 

{||(«^-^)Z|L^(^.o)(3max||(-"'-'=^'^-)xilL.(s-) + 11^^ 

+ ll^"*"''^'^xi-ilL^(E:o)max||(^=--)Z|L„(^eo,} 

If Z > 2, so that > 1, we apply Corollary lO.l.i with + 1 in the role of I to get: 

||(«n-'=)Z|L„(se„), max||(^'^'-'=)z|L^(s;o) <C,5o(l + f)-Ml+log(l + i)] (12.304) 

We then obtain: 

ll/(«.,_.)^^'''"''''xVilL^(s^°) < CSoil + t)-^[l + log(l + 1)]4] : l> 2 (12.305) 
On the other hand, if ? = 1, then Z* = 0, we estimate the last term in parenthesis in (12.197) in by: 

3||x'ILoo(E:o)niax||(^;*^)Z|L.(j,.o) (12.306) 

By Corollary 10. 2. i with Z + 1 in the role of I, we have: 

max ||(^')^||2,[;],e:o < Ci{yo + (1 + i)^] + ^[i+i]} (12-307) 

where we have used Lemma 12.5 to express A[i] in terms of A'^y Then in view of Proposition 12.6 and 
(12.307) with I = 1, (12.306) is bounded by 

CSo{l + t)-^[l + log(l + t)]{yo + (1 + i)^'[i] + W[2]} (12.308) 

Thus, in the case of Z = 1, we have: 

Ui^OzX'Wmi^lo) < CSoil + t)-^[l + log(l + t)]A[^ (12.309) 
+C6o{l + t)-^[l + log(l + t)][yo + W[2]] 

Next, we should consider a term in the double sum in (12.195), corresponding to an ordered subset 
{mi, nip} C {Z — A: + 1, I}, p G {1, k}. We have the pointwise estimate (12.204). 
We distinguish three cases: 

Case 1 : p < I* — 1, Case 2 : p = I*, Case 3 : p> l^ + l 

In Case 1, Corollary lO.l.i with Z, + 1 in the role of I implies: 

f-r--V>-''^Z\\^^^^.o^, max||(*'"--''".^'''-)z||^^(s^o) (12.310) 

< C((5o(l + i)''[l+log(l+t)] 
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then (12.204) implies: 

- '^xJ-i-p1Il2(s^o)) 

< CMl + + log(l + 

where we have used the fact that p>l. 

In Case 2, Corollary lO.l.i with + 1 in the role of I implies the first of (12.310), 
second. We use instead Corollary 10. 2. i with / + 1 in the role of Z, to get: 



max 

3 



where we have used the fact that p < k < I — 1. 

Since in Case 2 we have I — 1 — p = I — 1 — l^: < l^^, we may use to estimate: 

ll^^^"" ' •"'"'"'")xl-i-plLoo(i::o) < CiSoil + t)-'[l + log(l + 1)] 
In view of (12.312) and (12.313) we get in Case 2: 

/- ■ ■ - \ / ■ >*mi ■■■4mD*i — fc< . .\ 

Xi-l-pllz,2(E(0)J 



< ^-^0(1 + + log(l + 1)] [yo + (1 + + >V[,+i]] 
In Case 3 we apply (12.312) and also (12.307) with I replaced by Z — 1 to estimate: 

II**"--'""-*'-'-^^IIl2(e-) <C^K3^o + (l + t)4_ii+W[i]} 
Since in Case 3 we have Z — p < / — /, — 1 < Z,, we may use Xj;,] to estimate: 

max||(^^''"" ---''-'=^'^)xUllL~(E-) < Q5o(l + i)-'[l + log(l + i)] 

as well as (12.313). 

So in Case 3 we have: 

/. >»mi ■■■»mp»i — fc< . X 



3 



Xi-l-pllioo(s«0)) 

+3||(^^'"^---^^'-'''^'^xLi-,IL=.(.J0)ma.||(---.- 

< cMi + ty^'ii + iog(i + t)][yo + (1 + t)A[^ + W[,+i]] 
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Combining (12.311), (12.314) and (12.317) we conclude that the double sum in (12.195) is bounded in 
L^E?) by: 

Cido{l + t)-^[l + log(l + t)][yo + (1 + t)A[i^ + (12.318) 

Combining this result with (12.305) and (12.309) we then conclude that the sum on the right of (12.176) 
is bounded in L'^(£l") by: 



l-i 

E^«V'^«^,-.+.'^'«^.-.>z'^«^,-.-.-'^«nX'llL^(E-) (12.319) 



fc=0 



< cMi + t)-'[i + iog(i + t)][yo + (1 + t)A[i^ + W[;+i]] 

In view of (12.302) and (12.319), we obtain through (12.176) and (12.181), recalling also (12.187): 

\\lL^''-"h'i\\m^lo^ < cMi + t)-'[i + iog{i + t)][yo + (1 + t)4]] + (1 + t)-'{W[(+2i + W[?^i]} 

(12.320) 

Let us define the non- negative functions: 

= (1 - u + t)2|(»i-^')x;| (12.321) 
(^-''V; = (!-« + t)^2\x'\\^''-"h'i\ + \Il^''-"'>x[\) (12.322) 

From (12.56) we have: 

^('i-'!)^^ < ("-'Op; (12.323) 
We pull back ('^ - ''V; and ('i -'Op^ to S'^: 

^''■■■''Ul{t,u) = ° ^''■■■''^Pl{t,u) = (i^-i')pi o (12.324) 

where $t,„ is the diffeomorphism of S"^ onto St,u defined in Chapter 8. Then (12.324) reads: 

^^''■■■''Ui{t,u)<^'^-''^pi{t,u) 

Integrating we obtain: 

u) < ("■■■'')^;(o, u) + f ^''-''^piit', u)dt' (12.325) 
Taking norm on [0, cq] x S"^ yields: 

ll^" -^'V;Wlk^([o,eo]xS=) < ll^"-^'V/(0)|U^([o,eo]xS=) + f ll<^^-*'VKi')llL^([o,.o]xS=)rfi' (12-326) 
In view of the comparison inequalities (8.333) we then obtain: 

(l + i)-'ll^'"-''VHlL=(E-) (12.327) 

J 

Replacing / by fc e {0, Z}, taking on both sides the maximum over ii, and then summing over 
A; G {0, ...,/} yields: 



(1 + t)-i max t'-'''^^k\\L-ijf^) (12.328) 
fe=o 

max ||(^-^'=VfclL2(j:eo) + f\l+t')-' E "^^^ W^''-'"^ Pk\\mi:J)dt'} 
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From (12.321) we have: 

; 

^max||(^-^'=V,|L.(^.c) > C-\l + trA[^^{t) 

I 

^max||('-^'=V,|L.(^.o)<4j(0) 
fe=o 

and from (12.322), (12.320) and X[o] we have: 



(12.329) 



E 

fc=0 



max 

ii...ik 



I (il---»fe) 



< 



(12.330) 



CSo[l + log(l + t)]4](t) + C{1 + miL^^^^-^'h[\\mj:lo) 

< CMl + t)-'[i + iog(i + t)]{yo + (1 + t)A[i^{t)} + Ci{W[i+2]{t) + W[?+i](t)} 

Substituting (12.329) and (12.330) in (12.328) yields: 

(1 + t)A[i^ (t) < CA[i^ (0) + ^ Ci6o{l + t')-^ [1 + log(l + 1')] ■ (1 + t')^w {t')dt' (12.331) 

+ CMl + i')"'[l + log(l + t')]yo{t')dt' + Ci j\l + t)-i{W[i+2](t') + W|f+ij(t')}di' 
This impUes: 

(1 + t)^'[;](t) < C^'[;](0) + ^* a^o(l + *')""[! + log(l + t')]yo{t')dt' (12.332) 

+ci j\i + t')-HW[(+2i(t') + y\^^i+^{t')}dt' 

Finally, wc must estimate yo{t) in terms of 3^o(0). To do this, we must derive a propagation 
equation for y*. According (6.63): 

+ y 



hence: 



Also from (6.67) and (6.68), 



where 



l-u + t 



+ 



l-u + t {l-u + tf 



l-u + t 

(77 - l)x* 
l-u + t 



uj' - rjy' 



Substituting (12.335) in (12.334) we get: 



(l-u + t) 

On the other hand, recalling from Chapter 3 that: 
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(12.333) 
(12.334) 

(12.335) 
(12.336) 

(12.337) 
(12.338) 



we conclude satisfies the propagation equation: 



Ly' + = u}' (12.339) 



where 



^' = "'r^^"y +..-4.^ (12.340) 
\ — u-\-t 

Prom (12.23) and (12.336), the first term on the right of (12.340) is bounded in ^^(St") by: 

C(l+t)-iW[o](t) (12.341) 

From (3.183) and (12.333), we deduce: 

lkilL=(E:o) < C(l + i)-'W[i](i) (12.342) 

hence we obtain: 

max||w^||i2(s«o) < C(l + t)-i>V[i](t) (12.343) 
Integrating (12.339) we get, in acoustical coordinates: 

{\-u + t)y\t,u,^) = (\-u)y'iS>,u,^)^ [ {1 - u + t')uj\t' ,u,^)dt' (12.344) 

Jo 

Taking norm on [0, eo] x S"^ we then obtain: 

{l + my\t)\\m[0,eo]xS-) < C{Um\LH[0,eo]xS^)+ [ {1 + t')\\u^'\\L^ilo,eo]xS^)dt'} 

Jo 

This is equivalent to 



(12.345) 



'/Wl^hIO) < C{|b'|L.(j:eo) + / \\u!%.^j:^o^dt'} (12.346) 

J 

Taking the maximum over i = 1, 2, 3, yields: 

yo{t) < C{yo{0) + I {l+t')-^W[i]{t')dt'] (12.347) 
Jo 

This implies: 

/ {I + t')-^[i + \og{i + t')]yo{t')dt' <c{yo{i))+ I (i + 0"'[i + iog(i + 0]W[ii(Oc^i'} (12.348) 

Jo Jo 



In fact, Let 



Then 



Let also 



W) = - + s)-'[l + log(l + s)]ds 
Jt' 



^/«(0 = (i + 0-'[i + iog(i + t') 



J{t')= f (l + s)-i>V[i](s)rfs 
Jo 
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Then: 



■t rt' 

(l+t')-^[l+log(l + i')] / (l + s)-'W[i](s)dsdi' 




But 



hit) = J(0) = 



So this reduces to: 



Now, 




It{t')= / (1 + S)-'[1 + I0g(l + S)]rfs< / (1 + S)-2[1 + I0g(l + S)]rfs 




2_ _ log(l + s) ^ 2 + log(l + t') 



l + s 1 + s 1 + 



Therefore 




Substituting (12.348) in the right in (12.332), the integral on the right in (12.348) is absorbed into the 
last integral on the right in (12.332). So the proposition follows. □ 

Proposition 12.12 Let the assumptions of Proposition 12.11 hold for some non-negative integer 
I. Let m G {0, / + 1}, and let the initial data satisfy: 



Then M[„ holds on W^^ and there is a constant Ci independent of s such that for all t G [0, s] we 
have: 



Proof: The assumptions of this proposition include those of Proposition 12.10 with I* in the role of 

I, therefore M[„^;^_|_i] holds on W^^. Thus, the assumptions of Proposition 11.1 hold with U in the role 

of I, hence also the assumptions of Proposition 11.2 hold. Therefore, the conclusions of Proposition 

II. 1 and of all its corollaries hold with in the role of I, and the conclusions of Proposition 11.2 and 
of all its corollaries hold as well. 

Wc consider the propagation equation (12.252), replacing m + 1 by m, so that m G {0, I + 1}. 
We must estimate in L^(I](°) the terms on the right side. From the definition of m and e, we have: 



M-1 



oo,[m,U + l],So° 



<CiSo 



(1 + t)-^B[m,i+i]{t) < CB[„,,+i](0) + a{4](0) + SoyoiO) 




\\m\\2,[m,l+l],i:l° < CiW{Z+2} 



(12.349) 



l|e|l2,K/+i],E:o < Q(l + tr'{wf,^,^ + Soil + t)-'[{l + t)-' 

+ 3^0 + (1 + t)A[i] + W^+i}]} 



(12.350) 



323 



Here, we have also used Corollary 11. 2. b (the estimate for ojj^f, note that actually, only Mj^^j^j is used 
in proving this estimate). 

Also from Corollary ll.l.b with in the role of I we obtain: 

!|e!lco,K;.],s:o <G<5o(l + t)-' (12.351) 

Consider next '^^^■■■^^^r!^ „, given by (12.251) with m + 1 replaced by m. Here n < I + 1 — m. Consider 
the summand: 

{{Ry^e){{Ry-{Trf,) : + |s2| = n, |si| > 1 

If |s2| < ^* + 1 — m wc appeal to M[,„_;^+i] to place the second factor in L^(S^"). Otherwise, we have 
|si| < n — (Z* + 2 — m) < l — U — 1 < U and we appeal to (12.351) to place the first factor in L°°(Sj°). 
Noting that |s2| < n — 1 < Z — m, we then obtain an L^{T,l°) for the first sum by: 

C;(5o(l+t)-2S[„,,] +C,[l+log(l + t)]||e||2,[„,,+i],j,eo (12.352) 

Consider next the summand: 

i?,„...ii,,(((T)'=e)((T)™-V)) : kG {!,..., m} 

of the second sum. If at most I* + 1 + A: — to of the n angular derivatives fall on (T)™~'^/i we appeal 
to M[j„^;^_|_i] to place the corresponding factor in L°°(Sj°). Otherwise, at most 

n-{l^+2 + k-m)<l-h-l-k<h-k 

angular derivatives fall on {T)^e and we appeal to (12.351) to place the corresponding factor in 
L°"(Sj°). Noting that fc > 1, the second term on the right of (12.251) is bounded by: 

CMl + t)-^B^m-iA +Ci[l + log(l + t)]||e||2,[„,;+i],E«o (12.353) 

Combining (12.352) and (12.353), and substituting the bound (12.350), we obtain: 

max max H^^-'-V;, Jlht.?) < Ci{l + t)-^{5o{l + <)"'^[m,i+i] (12.354) 

+[l + log(l + t)][wg+i} + <5o(l + t)-\yo + (1 + i)A(l + W{i+i})]} 

Nc!xt, we must estimate the two sums on the right of (12.252) with m + 1 replaced by m. The first 
sum is bounded in L^(E(°) by: 

m— 1 

^ il A . 4(T)"-i- Vll2,[fe,i+fc+i-„.],E:c (12.355) 

fe=0 

Here, A, fi{T)™'~^~'' n, receives at most k T-derivatives, thus fi receives at most m — 1 T-derivatives, 
and there are l + k + l — m spatial derivatives. By Corollary ll.l.c with in the role of I: 

UWooM.^? ^ CM\+t)-\l+\og{l+t)] (12.356) 

If at most /, spatial derivatives fall on A we appeal to this estimate to place the corresponding factor 
in L°°(E^''). Otherwise, at most 

(/ + A; + 1 - to) - (I* + 1) < + + 1 - TO 
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spatial derivatives fall on 4{T)"^^^^^ fi, for a total of at most h + 1 spartial derivatives falling on /x, 
and we appeal to M[j„_i j^+ij to place the corresponding factor in L°°{Y,l"). In this way, we deduce 
that (12.355) is bounded by: 

CMl + + log(l + (12.357) 

+CM1 + t)-\l + log(l + i)]l|A||2,[„-i,;],E:o 
< Ci5o{l + t)-^[l + log(l + 1)] ■ {B^m-i,i+i] + + log(l + t)]{yo + (1 + t)Aim) 
+[1 + log(l + t)][W{i+i} + 5o(l + i)"'[l + log(l + t)]'wg}]} 

by Corollary 11.2.C with m replaced by to — 1. 

Finally, we must consider the second sum on the right of (12.252) with to + 1 replaced by to. 
Consider a term in this sum, corresponding to A; e {0, n — 1}: 

Ri^...Ri^_,^A^'''r.-,) z ■ ^Ri^_^_^...Ri,{T)'^^Ji) (12.358) 

\si\+\s2\=k 

4 =S2[J{l,...,n-fc-l} 

If |si I < we appeal to Corollary lO.l.i with + 1 in the role of I to place the first factor in Z/°°(Sj°). 
Otherwise, \s2\ < k — U — 1 and 

IsjI = \s2\ + n — fc — l<n — /* — 2<i — — 1 — TO</*— TO 

hence 1 + |s2| + to < + 1 and we appeal to to place the second factor in L°°(Sj°). Since 

also |si| <k<n—l<l — m and 

1 + 1^2! + JTi = \s2\ + n — k + m<n + m<l + l 
we obtain in this way that the second sum in (12.252) is bounded by: 
C,<5o(l + i)-'[l + log(l + t)]Bim,i+^ + CMl + t)-^[l + log(l + t)] max II^^^^^L.i^-^j.sJo (12-359) 

{(1 + t)-^B^rn,l+l] + 3^0 + (1 + t)A^l] + Wo+i}} 

by Corollary 10.2.i with Z + 1 in the role of I. 

In view of (12.347), (12.352), (12.355) and (12.357) and also substituting for A[i] in terms of ylj;] 
from Lemma 12.5 we deduce: 

||i('^-'"^/i™,„|lL2(sJ0) < CMl + t)-^[l + log(l + t)]Z?[„,;+i] (12.360) 
+C,{W{;+2} + (1 + t)-'[l + l0g(l + t)][Wg+,j + (5o(3^0 + (1 + i)4])]} 

for n < Z + 1 — TO. 
Defining: 

= |(^^-^"Vm.„| (12.361) 

(^--"VU = (12.362) 

obviously, we have: 

i^'^-'-VU < ^'^-'"VU (12.363) 
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Following an argument similar to that leading to (12.327), wc deduce: 



-liifii. ..»„)./ 



Jo * 



(12.364) 

Taking on both sides the maximum over ii...i„, replacing m by fc S {0, m} and then summing over 
n e {0, + 1 — fc} and over k € {0, ...,to} yields: 



fe=0 n=0 ^,=0 n=0 

+ / (l + i')-'E E \\^''-'''^P'k,n\\L^^l?)dt'} 
"'O fe=0 n=0 



?!'fc,nlli2(E^'') (12.365) 



From (12.361) we have: 



m l+l—k 



max 



EE 

From (12.360) and (12.362) we have: 

E E ii'^^-'"^^' " ^"-"^ 

fc=0 n=0 



Vfe.nlL^CE^O) < Ci(5o(l + t)-^[l + l0g(l + t)]B[„,;+i] 



(12.366) 



(12.367) 



+Ci{W^i+,] + (1 + i)-Ml + log(l + tmfi+,} + 6o{yo + (1 + i)4i)]} 
Substitute (12.366) and (12.367) in (12.365) we obtain: 

Jo 



(12.368) 



+ /* CMi + i')"'[i + iog(i + t')]yo{t')dt' 

Jo 

+ ^ Ciil + t')-'mi+2}{t') + (1 + *')-'[! + log(l + i')]Wg+i}(t')]'^i' 

+ ^ Ci6o{l + tT^[l + log(l + t')]A[i^ {t')dt' 



This implies: 



(1 + t)-'Bim,i+i]it) < CBim,i+i]{o) + f CMI + t')-^[i + iog(i + t')]yo{t')dt' 

Jo 

ci{i + tr'mi+,yit') + (1 + t'r'i^ + iog(i + t')]wf,^,yit')]dt' 

+ f Ci6o{l + t')-^[l + log(l + t')\AM)dt' 
Jo 



(12.369) 



Prom Proposition 12.11, we have: 



Ai + + iog(i + < 

Jo 

a{4](o) + 5o3^o(o) + J\i + tT'm+^it') + w^^it')]dt'} 

Using then also (12.348), the proposition follows. □ 



(12.370) 
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Chapter 13 

Derivation of the Basic Properties 
of 



In this chapter we shall establish the assumptions CI, C2, C3 introduced in Chapter 5, on which 
Theorem 5.1 relies. To do this, we shall use Proposition 8.6. The assumption of this proposition 
are those of Proposition 8.5, which coincide with the assumption of Proposition 12.1 on the initial 
data. While the assumptions of Proposition 8.5 are the assumptions of Lemma 8.10 together with 
the bootstrap assumptions Elt3,Ell3. Finally, the assumptions of Lemma 8.10 arc basic bootstrap 
assumptions Al, A2, A3, introduced in Chapter 5, the bootstrap assumptions El, E2, F2, of Chapter 
6, together with the additional bootstrap assumption jiSo. Now, Al and A2 follow from El, while A3 
follows from A2 and Proposition 12.1. F2 coincides with Xq which has been established by Proposition 
12.6. El is E{o} while E2 follows from E|i},E^qj, and HO, which has been established by Corollary 
12.2. a. Ell3 follows from E^q*^ and E^o}' ^^ile Elt3 follows from E^^j, E{i}, and the estimates for 
of Corollary ll.l.c with m = I = as well as HO. The assumptions of Corollary ll.l.c are 
those of Proposition 11.1 and follow from Proposition 12.10. Finally, j53o follows from E{2} and HO 
and HI, HI having been established by Corollary 12.5. We conclude from above that the assumptions 
of Proposition 8.6 all follow from the assumptions of Proposition 12.10 with m = I = 0, namely the 
assumptions of Proposition 12.9 with I = 0, which coincide with those of Proposition 12.6, together 
with: 

IIm-1|Ioo.[o.i].s- <^?^o (13.1) 

Proposition 13.1 Let the assumptions of Proposition 12.6 hold and let the initial data satisfy 
(13.1). Then on we have: 

tx-\Ln)+ < (1 + 1)-^ [1 + log(l + 1)]-^ + A{t) 

where 

A{t)=C5o{l+t)-^[l + log{l+t)] 

Since 

A{t)dt < CSq 





C being a constant independent of s, we conclude that CI holds on W^^^. 
Proof : We appeal to Proposition 8.6 to express, in acoustical coordinates: 

fi,'dt'+ l + E,{u,d)log{l + t) + QoAt,u,^) 
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Consider a given (u,"!?) € [0,eo] x S^. There are three cases to consider. 
Case 1: E,{u,'d) = 0, Case 2: Es{u,'&) > 0, Case 3: Esiu,'d) < 
In Case 1, (13.2) reduces to: 



From Proposition 8.6: 



a/ dt '+ l + Qo,.(i,M,^) 



\QoAt,u,^)\<CSo ^'^'°f^l'^^ (13.4) 
|g,,(t,.,^)|<C^oi^^5^|^ (13.5) 



these imply: 



1 aA.. [i + iog(i + t)] 

In Case 2, we have: 

(4(w, ^?)(1 + i)"' + Qi,s(i, w, ^))+ < 4(w, i?)(l + i)-' + \Qi,s{t, u, 
hence, substituting in (13.2), 

Aa^i l + 4(u,t?)log(l + t) + go,.(t,U,l?) 

l + 4(w,^?)log(l + i) 

I EsM , 1 1 . 

(1 + i) h + 4(w,^)log(l+i) + <3o,4*>w,t?) l + 4(w,t^)log(l + t) 



1 + £;«(«, t?) log(l + f) +Qo,4i,u,t?) 
Since, for suitably small So, 

\Es{u,i))\<CSo<l (13.8) 
the first term on the right of (13.7) is bounded by: 

1 

(l+t)[l + log(l + t)] ^^^-^^ 
The factor in parenthesis in the second term on the right in (13.7) is bounded in absolute value by: 

IQo,.(^,^,^)l 

[1 + Es{u,^) log(l + t)+ QoAt,u, 'd)][l + Es{u, ^) log(l + t)] 

< 1 \QoAt,u,i})\ 

- [l + Es{u,^)log{l+t)] {l~\Qo.At,u,d)\) 

therefore, from (13.4), taking So suitably small, the second term on the right of (13.7) is bounded in 
absolute value by: 

1 |Qo,.(i,w,^)| ^ CSo ^^^^^^ 



(l+t)[l + log(l + t)] {l-\QoAt,u,^)\) - (1 + i) 
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Also, by (13.5) and (13.4), for small ^o, the third term on the right in (13.7) is bounded in absolute 
value by: 

Combining (13.9)-(13.11), we conclude in Case 2: 

1 dfi 1 [l + log(l+^)] 

- (i+t)[i+iog(i+i)] + {i+tr 

Finally, we consider Case 3. In this case we define: 

ti{u,'&) = e"2E3(«,^) - 1 (13.13) 

There are two subcases to consider. 

Subcase 3a: t < ti{u,'&), Subcase 3b: t > ti{u,'&) 
In Subcase 3a we have: 

log(l + i)<— ^ 



hence: 



l + 4(w,t?)log(l + f) > i (13.14) 



Prom (13.4), for suitably small Sq: 



|Qo,s(t,u,i?)| < ^ : for all t € [0,s] (13.15) 

it follows that: 

ils{t,u,i^) = l + E,{u,-d)log{l + t) + QoAt,u,^) > 1 (13.16) 

hence, from (13.2): 



by (13.5). 

In Subcase 3b we have, by (13.5): 

'dt^ '^' ' ^ {1 + t) ^ (1 + ^) {Es[u,^) + C6o JY+T) ' (13.18) 

Let us set 

T = log(l + i) so that (13.19) 
The mapping 1 1-^- r is an orientation preserving diffeomorphsim of [0, oo) onto itself. Also, 

il±Ml±i)l=e-'(l + x):=/M (13.20) 

is a decreasing function of r. Thus t > ti{u, "&) corresponds to r > ri(w, ^?), where: 

n{u,^) = - ^ (13.21) 
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and to: 

1 



fir) < f{n{u, §)) = (1 - )eiSI(^ (13.22) 

2Es{u,'d) 



It then follows from (13.18) that in Subcase 3b: 



^{t,u,^) < -^{4K^) + CTo(1- . )e^^} (13.23) 



where we set: 



■(l-2CTo5(a;)) 



a; = -2£;^(u,i?) > and g{x) = ^{1 + ^)e~i (13.24) 



Now, < a; < CSq, the function g((a;) is bounded on (0, 1], and we have: 



It follows that, for small Sq: 



hence from (13.23): 



Therefore in Subcase 3b: 



As dt 

In view of (13.17) and (13.27), we conclude that in Case 3: 



Hm g{x) = (13.25) 



1 - 2C5og{x) > 

^{t,u,^)<0 (13.26) 
1(^)^=0 (13.27) 



1 dfi, [l + log(l + ^)] 



Combining (13.6), (13.12), (13.28), we conclude that in W^ : 



where: 

[l +log(l+ t)] 

So the proposition follows. □ 

Proposition 13.2 Let the assumptions of Proposition 12.10 hold for m = 2,Z = 1. Then on W^^ 
we have: 

Here 

Bs{t) = Cv/^-^^^ + C6o{l + t) 
where r = log(l + t),a = log(l + s). We have: 

/ {^ + t)-^[l + log{^ + t)]''B,{t)dt<c^/s^ 

Jo 
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where C is a constant independent of s. Moreover, by CI, which we have just proved, C2 holds on 
Proof: We shall again use Proposition 8.6. Denote: 

Es,m= min Es{u,^) (13.31) 

(u,i?)e[0,eo]xS2 

There arc two cases, according as to whether Es^m > 0, or Es^m < 0. The first case is easier to treat. 
In the second case, we set: 

Es,m = -Si, 6i>0 (13.32) 

We define 

V',_={{u,^)G[0,eo]xS^ : Es{u,^) < -j} (13.33) 

We denote by W', (_ the corresponding open subset of E^", namely the set of points on with 
acoustical coordinates {t,u,^), such that {u,^) G V'g_. Now, from Proposition 8.6, 

/i«(s,u,t?) = 1 + 4(w,^) log(l + s) (13.34) 

hence, with a = log(l + s): 

0< min u.(s, u, 1?) = 1 — (5i(T (13.35) 

(u,i?)e[0,eo]xS2 

Consider a point p G \ U'g^_. The acoustical coordinates of p are {t,u,"9) with {u,'d) G ([0,eo] x 

S"^) \ Vg_. With T = log(l + 1) we then have, by Proposition 8.6 and (13.35), since t < a: 

fls{t, u,i3) = l + E,{u, 1?) log(l + t) + Qo,s{t, u, 1?) (13.36) 
> l-^5ir-|Qo,.(i,«,^?)| >\-\Qo,s{t,u,'d)\ > J 

by (13.15) and (13.35). Since 

m(p) = M[i],s('", ^)fis{t, u, (13.37) 

and by Proposition 8.6: 

inf A*fiu(w,^)>^ (13.38) 

it follows that: 

/i(p) > I (13.39) 
In the case that Es,m > 0, by Proposition 8.6 and (13.4) we have in this case: 

fis{t,u,^) > l + Qo,s(i,w,^) > 1- |Qo,«(i,w,^)| > ^ (13.40) 
hence by (13.37) and (13.38): 

m(p) > I (13.41) 
According to Proposition 12.10 with m — 2,l = 1,M[2,2] holds on W^^. In particular, we have: 

sup|T/i| < C(5o[l + log(l+t)] : for all t€[0,s] (13.42) 

In view of (13.39), (13.41) and (13.42), it follows that: 

{l^-\Tf,)+)(p) < Cdo[l + log(l + t)] (13.43) 
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for any p e ^l°,t e [0, s], in the case that Es^m > 0, for any p e S^" \Ugf_,t £ [0, s], in the case that 
Es,m < 0. 

It remains for us to consider the case where Eg^m < and p Let us set: 

Ti=2^, ti=e"-l (13.44) 

There arc two subcases to consider, according as to whether t < ti or t > ti. In the first subcase, 
which corresponds to r < ti, we have, by Proposition 8.6 and (13.15): 

Mt,u,'d) = 1 + Es{u,^)log{l + t) + Qo,,{t,u,-d) (13.45) 
>l-6^T-\Qo,s{t,u,^)\ >^-\QoAt^u,i))\ > ^ 

By (13.37), (13.38), the fower bound (13.39) foUows, which, together with (13.42) yields: 

{fi-\Tn)+){p) < Cdo[l + log(l + 1)] (13.46) 

for p G U'g ^_, in the subcase t <t\. 

Finally, we must consider the subcase p E U'^ f_,t > ti. If {T^i){p) < 0, then ((T/i))+(p) = and the 
estimate is trivial. Otherwise {Tii)(p) > 0, and we consider the integral curve of T, on through p. 
The intersection ofW^ j_ with this integral curve is an open subset of the integral curve, corresponding 
to an open subset of the parameter interval (0, eo] (the integral curves of T are parametrized by u). 
Thus J' is a countable union of open intervals. The point is not a boundary point of J. Let the point 
p correspond to the parameter value w*. Then G J. Consider the interval X, the component of J 
to which belongs. Now I is of the form I = (a, b) , a > 0, b < eq, HI is not the rightmost interval, 
while either I = (a, eo] or I = (a, eg), a > 0, if I is the rightmost interval. Consider the function jj 
along the given integral curve as a function of u. Then T/x is the function and T'^fj, is the function 

^ along the same integral curve. Consider the subinterval (a, u*] oil. Then either (Case 1) ^ > 
throughout (a, u*], or (Case 2) there is a rightmost value of u in (a, it,] where ^ = 0, and, denoting 
this rightmost value by u, we have ^ > on {u, u^]. 
In Case 1 we have: 

fi{u^) > |u(a) (13.47) 

Now a^J', therefore the point q at parameter value a along the integral curve in question belongs to 
\ U'g^_. Consequently the lower bound (13.39) holds at q: 

Kq) > I (13.48) 
Since according to (13.47) /u(u,) > /i(a), this implies: 

li{p) > i (13.49) 

which together with (13.42) yields: 

{fi-\Tn)+){p) < Cdo[l + log(l + 1)] (13.50) 
In Case 2 the mean value of ^ on [u, u,] is positive. Denoting then by: 

7(i) = sup(T)V (13.51) 

we have 7(f) > 0. Consider then some u e [u, w,]. We have: 



-(M--(u) = y^ ^{u)du 
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that is: ^ 

{Tii){u^)- {Tii){u)= ( {{Tfij){u')du'<-i{t){u^-u) (13.52) 

J u 

Therefore 

{Tii){u) > {Tii){u^) - 7(i)(u* -u)> -(r/z)(u,) : for all u G (13.53) 

where: 

-»-^ (13.4) 

This shows in particular that u < ui, for otherwise (13.53) would apply in the case u = u, yielding 
{Tij){u) > i(r/x)(u*) > 0, contradicting the fact that (T^)(w) = 0. Since T/x > throughout {u,u.^,], 
in particular on {u,ui], we have: 

/i(ui) > /i(u) (13.55) 

Moreover, by (13.53), (13.54), we have: 

H{u^) - M(ni) = £' {Tt£){u)du > ^{Tn){u.){u. - «i) = ^^^^^[y^' (13.56) 

Denoting: 

Mm(i) = miu/U (13.57) 

K° 

we have: 

fi{u) > limit) (13.58) 
Combining (13.55), (13.56) and (13.58), we conclude that: 

M(p)-M™(i)>^^^^ (13.59) 



We thus obtain: 



where 



(.-(r.).)(.) - (If) <_ = 2V9W/.(.) (13.60) 



2^7(0 



> 0, e = VMm(t) > (13.61) 



fe{x) is the function: 



a; 



Now, the function /e(x) achieves its maximum at a; = e and the maximum value is ^j. Thus: 



hence from (13.60): 



h{x) < 1 (13.63) 

(/z-^(Tm)+)(p)<^^ (13.64) 
Consider now Hm{t)- From Proposition 8.6 we have, by (13.37), (13.38): 

fi{t,u,i})> i/i«(t,u,i?) = ^(l + ^«(u,i?)log(l+i) + Qo,.(t,w,a?)) (13.65) 

> - Sit - \Qo,A} 
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Since Sia < 1, this implies: 

l^mit) > ^{Si{a - t) - \Qo,s\} (13.66) 

From Proposition 8.6 we have: 

\QoAt^u,^)\<Cdob{t,s) (13.67) 

where: 

According to (8.288): 

< b{t,s) < ^^~^/\ a-T) (13.69) 
Substituting (13.67), (13.69), in (13.66) we obtain: 

Hm{t)>ls^{l-C^^^-^^){a-T) (13.70) 
Since we are considering the subcase r > ri, wc have: 



(l+r) ^ (l+n) _ (1+237) 



The factor 



1 1 N 

is bounded and tends to zero as 0. Therefore, if is suitably small we have: 

5o(l+r) 1 

Since also 2(5i > it follows from (13.70) that: 
On the other hand, by M[2,2] we have: 

7(t) < C(5o(l + r) (13.72) 
In view of (13.71), (13.72), we conclude from (13.64): 

(M-^(T/.)+)(p)<Cy5^iii^ (13.73) 

y/a — T 

This is the bound in Case 2. Combining this with (13.50), we conclude that for anyp &U'g^_,t & {ti,s], 
we have: 

(M-'(T/x)+)(p) < C^/j^-^iill + CSoil + r) (13.74) 

^y(T — T 

Combining this with (13.46) and (13.43), we conclude that, in general: 

H-\T^i)+<B,it) (13.75) 

where: 

B,{t) = ^]^^^ + CSojl + r) (13.76) 

^/a — T 
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We have: 



Jo Jo 



and: 



/ \ ^ e-^dr < C / ^ ' e-'^dr < C / ^ e'^dr = C independent of 

Jo Vo--r Jo V'T Jo V'^ 



while: 



/ %iie-"dr < (1 + afe-'i [ = \/2^(l + afe'i < C independent of s 

J^ Va-T J2. ^a-T 



It follows that: 



/ (l + i)-2[l + log(l + i)fS,(t)rft < 
Jo 



where C is a constant independent of s. 

Consider now ii~^(Ln + Lp)+. Since L = 'q~'^fiL + 2T, we have: 

l^-^{Lfi + Li^)+ < rr^\Lfi\ + fi-\Lfi)+ + 2fi-^(Ti^)+ (13.77) 

By the propagation equation for n, the first term on the right in (13.77) is bounded by C5o{l + 
The second term on the right is bounded by Proposition 13.1, but we treat Case 2 in a different manner, 
namely, we use (13.8) to estimate the first term on the right of (13.7) by: 

CSo{l + t)-^ 

We then obtain in Case 2 {Es{u, '&) > 0) the bound 
so we have: 

fj,-\Lfi)+ < CSo{l + t)-^ (13.79) 
Together with (13.75) this yields, through (13.77): 

fi-\Lf, + Ia,)+<Bi{t) :on (13.80) 

where: 

Bi{t) = 2B,{t) + CSo{l + t)-'' (13.81) 

Noting that: 

/ {l + t)-^[^ + log{l + t)]^B'^{t)dt<C^/6^ (13.82) 
Jo 

where C is a constant independent of s, we conclude that C2 holds on W^^. So Proposition 13.2 holds. 
□ 

Proposition 13.3 Let the assumptions of Proposition 13.1 hold and let U be the region: 

Then there is a positive constant C independent of s such that inUf] W/^ we have: 

Lii<-C-\l+t)-^[l + log{l + t)]-^ 
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that is, property C3 holds on VK/^ . 

Proof. Consider a point p €Uf] ^l",t € [0, s], and let its acoustical coordinates be {t, u, •&). First 
we show that Es{u,'&) < 0. For, otherwise we have, from Proposition 8.6, for suitably small So- 

fXs{t, w, 1?) > 1 + Qo,s{t, u,§)>1-C6q>^ 

hence: 

contradicts with the fact that p £U. Next we show that log(l +t) = t > T2, where: 

T2 = ^, : S = -Es{u,^) > (13.83) 

For, otherwise we have, from Proposition 8.6, for suitably small So- 

3 1 

fis{t,u,'&) = 1 - ST + Qo,s{t^u,'d) >--CSo>- 

hence again u,^) > j in contradiction with the fact that p GU- 
Now, from Proposition 8.6: 

dfi. 



and: 



From (13.5): 



Now T > T2 implies: 



Since the function 



iM = M[il,s^ (13.84) 
^it,u,§)^-^^^+Qi,sit,u,^) (13.85) 



?^<-7A{l-^^} (13.86) 



is bounded and tends to zero as 5 0, it follows that: 

CSq (1 + t) ^ 1 
S - 2 

provided that So is suitably small. Hence, from (13.86): 



dt^' ' ' - 2(1 + 1) 
Since log(l + i) = t > T2 = this implies: 



^^^\t,u,^)<-\-l— (13.87) 



^(t,w,i?) < -i- \ ,^ ^ (13.88) 

dt^' ' - 8(l + t)[l + log(l + i)] ^ ^ 
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Then by (13.84) and the fact that, by Proposition 8.6, > 5, it follows that: 

L/i< -C-^(l + t)-^[l + log(l + t)]-^ with C = 16 (13.89) 

So the proposition follows. □ 

Next, we shall define a function lo, as needed in Chapter 5. 

Proposition 13.4 Let the assumptions of Proposition 12.6 hold and let the initial data satisfy 
(13.1). Let us define: 

uj = 2{l+t) 

Then the function uj has the properties Dl, D2, D3, D4, and D5, required in Chapter 5. 
Proof: Dl is obvious. We have: 

Luj = 2, Tw = 0, 4w = (13.90) 

By the first of (13.90): 

w {l+t) , -2u 



Luj ■ 



2\l - ' J = (13.91) 

^ {l-u + ty 1-u + t ^ ' 



[l-u + t) ^ {l-u + ty 1-u + t 

hence: 



\Lw 1 < (13.92) 

' 1-u + r - i + t ^ ' 



On the other hand, by (5.16): 



I. = i (trx + L log n) = + \ (trx' + Liogn) (13.93) 



hence, by Proposition 12.6: 

1 1^^. [l + log(l+ t)] 
Then by (13.92) and (13.94): 

\Loj - voj\ < C(l + t)-\l + log(l + 1)\ (13.95) 
This implies D2. By the first two of (13.90): 

Loj = 2r]-^K (13.96) 

hence, by Proposition 12.1: 

\LLu\<C[l + log{l + t)] (13.97) 

This implies D3. D4 is obvious from the third of (13.90). 

It remains for us to verify D5. To compute /uDgw we appeal to (3.155) with / replaced by oj. By 
the third of (13.90), this reduces to: 

- iiflDgCO = L{Lcj) + uLuj + vLuj (13.98) 

Prom (13.96): 

L(Lw) = 2L{r]-^K) (13.99) 
Also, from (13.96) and the first of (13.90): 

vLuj + i^Luj ^2{i^r]^^K + h:_) (13.100) 
= {r]~^Ktrx + trx + r]~^KLlogfl + LlogO) 
= 2 (Ktr|^ + r]'^KLlogil + T log fl) 
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where we have used the definition of v,v and the fact: 
We thus obtain: 

- nOn-gUj = 2{L(r/"^K) + Ktilt + r/"^KL log f2 + T log n} (13.101) 
Proposition 12.6 then implies: 

sup{i^\D~gOj\) < CSq{1 + (13.102) 

This implies D5. So the Proposition follows. □ 

The remaining assumptions on which Theorem 5.1 relies, assumptions B, readily follow from as- 
sumptions X[i] and M[i 2], established by Proposition 12.9 with I = 1 and 12.10 with m = I = 1, 
respectively. Proposition 10.5, 10.6, 11.5, 11.6, require the assumptions and ]V[{(;_|_i)^_|_i}. 

These assumptions are established by Proposition 12.9 and 12.10 on the basis of the bootstrap assump- 
tions E{(;^i)^_|.2}7 E^^j^^^^^^j, E^^^^^^j. We now make these assumptions more precise by setting the 
constant appearing on the right equal to 1. We define, more generally, the bootstrap assumptions 
^{q}^ ' where the length of the string of Q's is p, for p = 0,...,q as follows. First, the bootstrap 
assumption Eo,o holds on W^^ if for all t G [0, s]: 

Eo,o : max||V'a||ioc(s?o) < 5o(l +t)"^ 

For non-negative integers p, m, n not all zero we say that the bootstrap assumption 



holds on if for all t S [0, s]: 

E^f : max ||ii,„...J?,, (T)'"(Q)fVa|Loo(EfO) < ^o(l + t)"' 

We then define E^^y to be the conjunction of the assumptions E^' ^*^ corresponding to the triangle: 

{(m, n) : m, n>0, m + n<q} 
Finally we define the bootstrap assumption E^^/j^j to be the conjunction of the assumptions: 

: P = 0,...,ft 

From now on by bootstrap assumption we mean the assumption E{{(j_|_i)^_|_2}}- Wc have seen that 
all the assumptions which we have used so far follow from the bootstrap assumption together with 
appropriate assumptions on the initial data. 
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Chapter 14 

The Error Estimates Involving the 
Top Order Spatial Derivatives of 
the Acoustical Entities 



14.1 The Error Terms Involving the Top Order Spatial 
Derivatives of the Acoustical Entities 

In this chapter we deal with the error estimates involving the top order spartial derivatives of the 
acoustical entities x and fi. In view of the fact that /^x 'luti Lji are expressed by the basic propagation 
equation in terms of x and respectively, the top order derivatives of x and jjL are in fact the top order 
spatial derivatives of these entities. 

In the following, given a positive integer n, we denote by the nth order variation: 

= (14.1) 

where: 

= V-a (14.2) 

Here the indices /i, range over the set {1, 2, 3, 4, 5} and we have: 

Fi=T, Y2=Q, Yi+2 = Ri : 1 = 1,2,3 (14.3) 

For n > 2 we may express (14.1) as: 

(";^^-^"-^Vn = ^/„-i->/i^a .for n>2 (14.4) 

Wc shall require the multi-indices (/i.../„_i) to be one of the following form. First, there should be a 
string of 2's (which may be empty). Then, there should be a string of I's (which may also be empty). 
Finally, there should be a multi-index from the set {3, 4, 5}. If the string of 2's has length p, the string 
of I's has length m, and the multi-index from the set {3,4,5} has length n, then we have: 

) = (2...21...lH + 2...i„ + 2) (14.5) 

where (ii...i„) is a multi-index from the set {1, 2, 3}. Thus, if p + rn + n > we have, 

^"■'"■■''■+'"+"Vl-+m+n+l = Ri^...Rn{Tr{Qri^a (14.6) 
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We shall also use in the following, in place of (14.1), the simpler notation: 

('^■■■'"-^Vn = n„-i-^/i^l (14.7) 

when wc do not care about which of the 1st order variations we are considering. 
We have the inhomogeneous wave equations: 

= (^-^"-Vn (14.8) 

Also as in Chapter 7, we define: 

= f22/x(^-^"-^Vn (14.9) 
According to (7.32), for n > 2 we have the recursion formula: 

(A.../„-0^„ = + (^^n-J^)(A.../„-.)p~„_^ + (y.„_,;7,.../„_.)^^_^ (1410^ 

and we have: 

Pi = (14.11) 

In (14.10) the function ^^''^-i^S is defined by (7.35) and depends only on the commutation field Yi^_^, 
while the function '•^^"-i '■^^■■■^""^■*(j„_i is defined by (7.33) and (7.34) and depends on Yj^ .^ as well as 
(/i.../„_2)^^_^_ We shall apply Proposition 8.2 to (14.10). Replacing n by n + 1 we have: 

(^-^'•)p„+i = (y,„ + (^^")<5)(^-^"-)p„ + (14.12) 

for n = 1, 2, .... Applying then Proposition 8.2 yields: 

n-l 

(^-^")p„+l=^(r.„+(^^'.)<5)...(y.„_,,+(^^n-..J5)(^^n-.;A...^n-.-0,_^ (14.13) 

m=0 

or, setting n = I + l,m = k: 

I 

= J2^Yj,^^ + + (^^<-'=+^)<5)(^^-^+-^-^'-'=V,+i_fe (14.14) 



fe=0 



We shall focus our attention on the contribution of top order spatial derivatives of the acoustical 
entities, i.e. the / + 1st order spatial derivatives of x and the I + 2nd order spatial derivatives of /U. 
These appear only in the I + 1st spatial derivatives of ^^^tt. From (7.69) we have: 

= (^)ai,„_i + + (^)a3,„_i (14.15) 

where (^)c7i,„_i, ^^Vz.n-i, (^Vg.n-i are given by (7.91)-(7.94), (7.95)-(7.99), (7.100) and (7.101)- 
(7.105) respectively. Of these only ^^^2,^-1 contains the spatial derivatives of ^^^tt. 

We conclude that the derivatives of top order, I + 1, of the ^^^fr, occur only in the term k = I in 
the sum in (14.14): 

{Yi,^, + ^'''"^^^6)...iYi, + (^^2)<5)(^^i Vi (14.16) 

more precisely, in: 

(^^1)^2,1 (14.17) 
Furthermore, we can replace ^^^^1^2,1 by its principal spatial derivative part: 

(l/2)r(tr^^'^ - It^"^Z ■ (14.18) 

-(l/2)d/v^^'^^ZLV^i - (l/2)d/v^^'^^lL^/.i 
+il/2)4^^'^^nLL ■ (Ml) + cl/v(/z'''^^^#) • (M) 
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Here we have expressed express the derivatives with respect to L in terms of the derivatives with respect 
to T. We remark that the only expressions of the form (14.17) which may contain top order spatial 
derivatives of acoustical entities arc those for which (/2.../;+i) docs not contain any 2's, therefore, 
either p = 0, in which case Yj^ is one oi T,Rj : j = 1, 2, 3, or p = 1, in which case Yj^ = Q. In 
the following, we denote by [ ]p.a., the principal acoustical part, expressed in terms of x' and fi, the 
difference x~ x' = {1 — u + being of lower order. 

Consider first the case p = l,Yi^ = Q. The components of ^"^^^ are given in Chapter 6. Noting 
that: 

[v]p.A. = Jtrx', [A]p,A. = -Wf (14.19) 



we have: 



^ll]p.a. = (14.20) 

rz]p.A=^ 

t'^^z]p.A. = 2^{l + t){^^if 

[tr^'^^7f]p.A =2f2(l + i)trx' 
(Q)c 

[ |f]p.A. =2fi(l + t)x' 

From (14.18) we then obtain: 

[(^V2,i]p.A. = [^^(1 + i)((Ttrx' - /k^^)L^l^l + M^^i<!) ' (M))]p.a. (14.21) 

By (8.99): 

pdi'vx' - 4trx']p.A. = (14.22) 

Also by (3.125)-(3.126): 

[Ttrx' - Mp-A. = (14.23) 
In view of (14.22) and (14.23), (14.21) reduces to: 

[('5V2,i]p.A. = 1^(1 + i)M(^^trx') • {Hi) (14.24) 

Consider next the case p = 0,Yj^ = Rj. By (6.8) and (6.180): 

= -2QRjfi - 2iiRjQ (14.25) 



hence: 

Prom (6.67), 
Since 

it follows that 
We have: 



[^"^'^^llIp.a. = -2nRjH (14.26) 

[^'''Hr.]p-A. = -Rj ■ X' (14.27) 

[^'''^Z]p.A. = -nRj . x'« (14.28) 

(«^)^^=,,-1k(«^)^^ + 2(^^Vt 
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From (6.63) and the fact that 

x = ^{$- 0) 

together with (14.28), we deduce: 

Next, from (6.8) we have: 
From (6.59) and (3.27): 
Hence: 
Then 
and: 

Substituting (14.26), (14.28), (14.29), (14.33), (14.34), in (14.18) we obtain: 

[^'^'^(T2.i]p.A = [n\ja-\Tirx!)Liji + ^{R, ■ Ux ) ' iMi) + (l/m^ARj ' xO^V'i (14-35) 
-(l/2)na-i(Kd/v(i?j • x') + 2Xj{^fi))Liji - ni^Rjn) ■ {Ui) + 217Aj-Kd/vx' • {Hi)]p.a. 

Using (14.22), (14.23) and the fact by (3.125)-(3.126): 

[Ux! - iflAp.A. = (14.36) 

(14.35) reduces to: 





(14.29) 




(14.30) 


[(«^)/]p.^.=2A,r?-ix' 


(14.31) 


t'''^~f\p.A = 2nxjv-\' 


(14.32) 


[tr^'^'-'^lp.A = 2nXjTj-hvx' 


(14.33) 


[ f]p,A = 2n\jf^-^x' 


(14.34) 



[^'^'^<J2,i]p.A = [Od/v(i?j • x')T^i + riA.K^trx' • id^i) (14.37) 

+n{Rj ■ 0V - dRjf^) ■ iUi)]p.A. 

Consider d/v(i?j • x') in components in an arbitrary local frame field for St^u- 



diy{Rj ■ x') = ipAiRfx'^) = Rf{it>Ax!i) + {Jt>ARf)x!i 

and with RjB = ^^^Rf: 

{]pARf)x'i = {1PaRjb)x'^'' = l{lpARjB+lpBRjA)x'^'' = \'''HaB^^'' 

We conclude that: 

d^v(i?,- • xO = Ri ■ d/vx' + itr((«^ V • X') (14.38) 
The second term is of lower order. In view of (14.22) it follows that: 

[d/v(i?,- • x')] P. A = [Rj ■ d/vx'] PA = Rjtrx' (14.39) 



Consider finally {Rj ■ Ip n — 4Rjf^) ■ {4iJji)- In terms of the S'(^„-tangential vectorfield X - 
we have: 

Rj ■ Ip^n ■ (4Vi) = ^^At • {X, Rj) (14.40) 
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and: 

if nix, Rj) = XRjH - 4/i • (IPxR,) (14.41) 
= XRjfi - 4m • {IpRjX) + ifx ■ [Rj, X] 

Therefore: 

[Rj ■ if II - iRjij) ■ {4tpi) = if II ■ {X, Rj) - XRjfj, (14.42) 
= 4t^-lii.X-4n-{IpR,X) 

Obviously, (14.42) does not contain acoustical terms of order 2. It follows that: 

[n{Rj ■ ifii - 4RjlJ-) ■ {Ui)]p.A. = (14.43) 

In view of (14.39) and (14.43), (14.37) reduces finally to: 

[^^'^cT2,i]p.A. = n{Rjtrx')T^i + flKXjfitrx' ■ {Hi) (14-44) 

Finally, we consider the case p = 0, Yj^ = T. The components of ^^^tt are given in Chapter 6. We 
have: 

'^^Z = ^^^/^-^-i =nA, ^^^1 = '^^^ • = 1^7?- (14.45) 
Prom the fact that % = —t]~^kx + we have: 

\m\p.a = [^trx]p.A. = -ir?"^Ktrx', [x]p.a. = -V~^kx' (14.46) 
Using (14.19), we obtain: 

[^^^^ll]p.a. = -2Q.TH (14.47) 

(T) - 

[tr f]p,A = —2nr]~^ utix' 
f^njp.A. = -2n7j-^Kx' 

Substituting above in (14.18) we obtain: 

PV2,i]p.A. = [-na-\{Ttrx')L^i + n{dTn) ■ (4V'i) (14.48) 

-n{4T^x) ■ - 2nK^4yx' ■ {Hi)]p.a 

Using (14.22) and (14.23), (14.48) reduces to: 

[^^V2,i]p.A. = ^{^ti)T^i - OK^^trx' • (4Vi) (14.49) 

We conclude from the above that the top order variations ^"'^^■■■^'+^^'^i+2 to which the re-scaled 
sources ^"'^^■■■^'+^^pi+2 containing the top order spartial derivatives of the acoustical entities correspond 
are as follows. 

In the case Y/^ = Q, the variations: 



(a;21...1ii+2...i„+2) 



^1+2 = Ri^...Ri,{TrQ^c ■■ m + n = l (14.50) 
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where there are m I's in the superscript. By (14.17) and (14.24) the principal acoustical part of the 
corresponding re-scaled sources is: 



[(.;21...H,+2...,„+2)^^^^]^^^^ (14.51) 

= n{l + t)^i{^R,^...R^,iYx')-{Hc.) : m = 
or =Vt{l + t)|JL{<(iR^^...R^,{Tf'-^/^^^l) ■ : m>l 

where again there are m I's in the superscript, and in the case m > 1 we have used (14.23). 
In the case Yj^ = Rj, setting ii = j we have: 

h---Ii+i = ii+ 2...ii+i + 2, 

the variations: 

(a;n+2...i,+2)^^^^ = R^,^, (14.52) 

By (14.17) and (14.44) the principal acoustical part of the corresponding re-scaled sources is: 

[(a;ix+2....,+i+2)~^^^j^^ = n{Ri,^,...Ri,tvx')T^a + ^^kA^, (4i?i,+, ...i?i,trx') • (14.53) 

In the case Yj^ = T, the variations: 

<"''-''^+'-'"+'V;+2 = -Ri„...i?n(r)'"+Va : m + n = l (14.54) 

where there are m + 1 I's in the superscript. By (14.17) and (14.49) the principal acoustical part of 
the corresponding re-scaled sources is: 

[(a;n+2...i,+i+2)^^^^]^^ = n{R,^...Ri,{Tr ^n)T^a - nK^{4Ri^...Ri,trx') ■ {Ma) ■■ m = 

(14.55) 

or =0(i^i„...i^i,(T)™^/x)T^e«-^^«^(4i^i„•••i^^l(7')'""^4^M)•(4^a) : m>l 

where again there are m+1 I's in the superscript, and in the case m > 1 we have used (14.23). 

We see from (14.51), (14.53), (14.55), that the most difficult error integrals are which result in 
terms: 

n{Ri,^,...Ri,trx')Ti;„ (14.56) 

in (14.53), and 

n{Ri^...Ri^{T)'^Slj,)Ttpcc ■■ m + n = l (14.57) 

in (14.55). These are the terms proportional to Ttpa in (14.53) and (14.55). The other terms in these 

two expressions arc proportional to ^V'q- Besides containing at least one factor of k, which makes the 
estimates much easier in the region of small /z, these terms have a decay factor of (l-|-t)~^[l-|-log(l-|-f)]^ 
relative to the leading terms (14.56) and (14.57). The terms in (14.51) are also proportional to 
and, besides containing the factor /i, these terms have a decay factor of (1 +t)~^[l +log(l +t)] relative 
to (14.56) (m = 0) and (14.57) (m > 1). So we may confine ourselves to (14.56) and (14.57). 

14.2 The Borderline Error Integrals 

We recall from Chapter 7 that the error integrals corresponding to an nth order variation ipn are the 
integrals: 

- / pniKoipn)dt' du diJ,a (14.58) 
Jw* 
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associated to Kq, and 

- / p„{Kiij;n + oj^n)dt'du'diJ,^ (14.59) 

associated to Ki . 
Since: 

Koil^n = M^n + (1 + r]-^i^)Li)n (14.60) 

while 

j^l-f/in + Uji>n = {uj/l^){Llpn + l^tpn) (14.61) 

the coefficient of Lipn in (14.60) has a decay factor of (l + t)~^[H-log(l + f)] relative to the coefficient of 
the same term in (14.61). Therefore it suffices to bound the error integral (14.59) and the contribution 
of lApn in (14.60) to the error integral (14.58). This contribution is bounded in absolute value by: 

\Pn\\L.i;n\dt'dudii^ (14.62) 

We arc thus to estimate the contributions of (14.56) and (14.57) to (14.62) and (14.59). 
We begin with the contribution of (14.56) to (14.62). The contribution is: 

/ n\Ri,^,...Ri,tTx'\\Ti>a\\LRi,+,...RMdt'dudi^. (14.63) 

<c sup{iJ-^\T^c,\)\\pRi,+,---RhtTx'\\Lyi:y)\\£iRii+i---Riii'a^^ 

Jo * * 

Now, in view of (8.40), (8.63) (8.335) and (8.346) we have: 

||Mi?i,+l...i^^ltrx'|L2(s^o) < C(l + i)|| A.■.^■^lt^x'|L2(s•o) (14.64) 

< C(l +f)2{|||(--'')x,(t)||U.([o,eo]x5^) + |||/'"-''\Mi)lllL^([0,.o]x5=^)} 
= C{(1 + i)'lll^^^-^''^Ui)ll|L^([0,eo]x5^) + ^'^-''^m)} 

Substituting (8.413) we obtain: 

||Mi?i,+,...i?i.trx'|L.(s:o) < C(l + t)2((l+t)-2(*--')P;(f) + (*--')B,(f)) (14.65) 

+CiSo{l+t)-^[l + log{l+t)]^ [ {l+t')[l + log{l+t')]Bi{t')dt' 

Jo 

Here, according to (8.403): 

(-■■■^')BKt) = C(l + t)-2{(----^P/;j(t) + (l + t)-i/^(^--)p«^ (14.66) 

+C(l+t)-3[l + log(l+t)]2 / {l+t'f^''-''^Qi{t')dt' 

Jo 

+c{i + t)-'[i + iog(i + m^'^-^^himim^io^ 

Also (see (8.405)) 



Acoording to (8.348) and (8.349): 



Bi{t) = max ^'i-''JSi(i) (14.67) 
ii.-.ii 



^''■■■"^P[°J{t) = sup {m{t'f'-"^Pl'\t')} (14.68) 
t'e[o,t] 

^'"••''^^ffW= sup {il + t'y/'fl-^{t'f^-''^P['\t')} (14.69) 

t'e[o,f] 
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where (^^---^i) pj-^^ ^ {ti---ii)pW g^^.^ defined in tlie statement of Proposition 10.6 and we have: 

(ii...i,)p^(f) < (ii...ii)pW(j) ^ (14 70) 

Note that ^''-''^ p^^J (t) and ^''-''^ p^^J (t) are non-decreasing. 

The leading contribution to the right hand side of (14.63) conies from the first term on the right in 
(14.65). That is, from {l + t)-^'^'^-"^Pi{t) and the first term in the expression (14.66) for ^'^-''^ Bi{t). 
So what we consider here is: 

^^(n...i0pW(,) + (i + ,)-l/2(n...i0p(i)(,)^ (14.71) 
The actual borderline contribution is the contribution from: 



^'^■■■"^P['\t) = \i\ J2^o[RjRir-RM{t) (14.72) 



y 3,a 

14.3 Assumption J 

To estimate the borderline contributions, we shall use the assumption J below. Recall the operators: 

^^'^^i-^' ^'^h^'^ :i = 1,2,3 (14.73) 

associated to the background Galilean spacetime. The assumption is that there is a positive constant 
C independent of s such that in W^^ : 

J: \S(j)\,\TScl)\<CSo{l+t)-\ \Ri(l)\,\TRi(j>\<CSo{l + t)-^ :i = 1,2,3 (14.74) 

where </> is the wave function. We shall establish this assumption in the sequel, on the basis of the 
bootstrap assumption. We shall presently use assumption J to derive a pointwise estimate for Ttpa in 
terms of Lfi. 

Let us consider the Ef-tangential vectorfield: 

d 



^ = E™^ (14-75) 



dx' 
1=1 

Recalling from Chapter 6 the Euclidean outward unit normal A'' to the Euclidean coordinate spheres: 

3 

, X' 

r dx^ 



N = y-^ (14.76) 

i=l 



We decompose V into its components which are tangential and orthogonal, relative to g, to the 
Euclidean spheres: 

V = V^\+V^, V^=g{V,N)N, = |2 + |y^|2 (14.77) 
Consider the vector N x V. We have: 

\NxVf = \V\\f (14.78) 

The ith rectangular component of N x V is given by: 

3 3 

r{N xVy=Y, ^ijkX^T{dk<p) = eijk{T{x^dk<P) - {Tx^)dk<f>} (14.79) 

1 j,k=l 
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Thus we have: 

3 

r{N X Vy = TRicj) - ^ eij^TV/i (14.80) 
j,k=i 

By J, Proposition 12.1 and (12.6): 

r\N xV\<C6o{l+t)-^[l + \og{l + t)] : in (14.81) 
From (12.14) and (14.78) we then obtain: 

sup 11/11 1 < CSo{l + t)-^[l + log(l + 1)] (14.82) 

By (14.75)-(14.77) and (14.82) it follows that: 

sup |T^i - -g{V, N)\<Cdoil + t)-^[l+ log(l + t)] (14.83) 
E^o r 

Consider next: 

3 

S<j) = x"dc<p - (f) = tilJo + Y^ x'lpi - <P (14.84) 

i=l 

We have: 



i=l i=l 

The last two terms cancel and we obtain: 

3 



TS(I) = tT^o + X] ^'^^i = *^^o + rg{V, N) (14.85) 



i=l 

By virtue of J we then have: 



sup|-rV'o+5(V,A^)| <C5o(l + i)-' (14.86) 



Combining (14.83) and (14.86) we conclude that: 



suplTV-i + ^TV-ol < CTo(l + i)" [1 + log(l + *)] (14.87) 



Recalling the proof of Proposition 8.5, we have: 

Lfj, = m + e^, 

and, according to (8.209): 

m = mo + mi, mo = ^iTtpo 
while according to (8.214), (8.218) and (8.220): 

\mi\<C6o{l + t)-^, |e| < C(5o(l + i)"' 
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It follows that: 

sup \Lii - -iTi;o\ < CSo{l + t)-^[l + log(l + t)] (14.88) 

In view of (14.87), (12.14) and (14.88), we obtain: 

max(/i-i I TV-a I) < Cn-^\T^o\ + Cm"^5o(1 + t)"^[l + log(l + 1)] 

a 

< ^^{^i-'\L^i\ + c^i-'So{l + t)-^[i + iog(i + <)]} 

Taking supremum on Ej" yields the desired estimate: 

niaxsup(/x-'|TV„|) < ^Asupifx-'\Ln\) + Cj2-'5o{l + t)-^[l + log{l + 1)]} (14.89) 

" si" W S'O 

We shall use this to estimate the borderline contribution (14.72), through (14.68), (14.71) and (14.65), 
to the integral on the right of (14.63). On the other hand, in estimating all other contributions, through 
(14.65), to (14.63), we simply use: 

maxsup(/x-^|T^a|) < Cm;;^(5o(1 + i)"^ (14.90) 

implied by E{i}- 

14.4 The Borderline Estimates Associated to Kq 

14.4.1 Estimates for the Contribution of (14.56) 

Let us define, for non-negative real numbers a and p, the quantities: 



^''■■■'•^gO,l+2;aAt) = S^IP {[1 + log{l + t')]-^^ fl^^{t')J2 ^o[RjRi, -RiMt')} (14.91) 

t'e[o,t] ^-^ 
These quantities are non-decreasing functions of t and we have: 

lY,So[RjRi,...RMit') < M-"(i')[l + l0g(l + t'W\/^''-''^gO,l+2;aAt) (14.92) 

y 3,o! 

: for all t'e[0,t] 

hence, in view of (14.68), the borderline contribution (14.72) to (14.71) is bounded by: 

C|f |/2-«(t)[l + l0g(l + t)r^^''-''^go,l+2;aAt) (14.93) 

Also, in regard to the last factor on the right in (14.63) we have: 



\\LR^,^^■■■R^^M\L^l:l») ^ ^ £o[R^, + ,■■■R^Mt) (14.94) 
< fl-^m + l0g(l + t)]i'^('--<)go,H2;a,p(t) 

Substituting (14.89), (14.93) and (14.94) in the integral on the right of (14.63), the factors \£\ cancel 
and we obtain that the borderline contribution to the integral in question is bounded by: 

C Asup(/z-i|L/x|) + CM-^^o(l+0"'[l + log(l + i')]}- (14.95) 

Jo T.l° 
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Now, the partial contribution of the second term in the first factor is actually not borderline. We shall 
show how to estimate contribution of this type afterwards, in connection with the estimate for the 
contribution of the term 



C(l + f)-i[l + log(l + f)]i/2 /^f{[i?,i?i,...i?i,Va] (14.96) 



in the expression for - of Proposition 10.6, through (14.69), (14.71) and (14.65), to the integral 

on the right of (14.63). For the present we focus attention on the borderline integral: 

C f sup(/x-i|LM|)/x-'«(i')[l + log(l + t')fP^''-'''^Qo,i+2;aAt')dt' (14.97) 

-'0 E'? 



Since 



we have: 



\Ln\ = max{-(L/i)_, {Lfj,)+} < -{Lfj,)_ + {Lfj,)+ 
sup{n~^\Ln\) < sup(-/i"^(L/i)_) + sup(/i"^(L/i)+) (14.98) 

t' t' t' 

Substituting (14.98) in (14.97), we first consider the first term on the right of (14.98). According to 
(8.249): 

sup(-At-^(L/i)_) = M{t) (14.99) 
therefore the contribution in question is: 

C f M(i')/S-2«(t')[l + log(l + t')f^^'^-'^^go,i+2;aAt')dt' (14.100) 
Jo 

< C[l + log(l + t)]2P(*^-"'^ao,i+2;a,p(t)/2a(t) 

where Ia{t) is the integral of Lemma 8.11. According to Lemma 8.11 we have: 

hait) < C(2a)-i/i-2«(t) (14.101) 

where C is a constant independent of a, provided that a > 2 and So is suitably small depending on a. 
We conclude that (14.100) is bounded by: 

^f^^n'^'m + log(l + t)r'^''-"^gO,l+2;aAt) (14-102) 

Consider next the contribution of the second term on the right in (14.98). Proposition 13.1 implies: 

sup{n-\Ln)+) < C(l + t)-^[l + log(l + 1)]-^ (14.103) 
e!° 



therefore the contribution in question is bounded by: 

C f M-'"(i')(l + ^')"'[1 + log(l + t')f''-^^'----''^Qo,i+2-aAt')dt' (14.104) 
Jo 



By Corollary 2 of Lemma 8.11: 

M-^"(t') < C/i-^"(t) (14.105) 
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where C is independent of o, also provided that a > 2 and 5q is suitably small depending on a. Since 
is a non-decreasing function of t, it follows that (14.104) is bounded by: 

C7/i-2«(t)('--')ao,;+2;a,pW /V + t'r\l + log(l + t')f^-Ht' (14.106) 

JO 

Since 

+ t!)-'[l + log(l + t')f^-'dt' = ^([1 + log(l + 1)]'^ - 1) 

this is bounded by: 

g/i-2«(t)[l + log(l + t)]^^(--'')eo,;+2;a,p(t) (14.107) 

We have thus estimated the borderline contributions to the integral in the right of (14.63). We proceed 
to estimate the remaining contributions 
Let us define: 

n 

^o,N(i) = l]^o,m(i) (14.108) 

m=l 

where £o,n represents the sum of the energies associated to the vectorfield Kq of all the nth order 
variations. We then define: 

^?o,H;a,p(i) = sup {[1 + log(l + i')]-'^/x™ (i')^o,H(i')} (14.109) 

t'e[o,t] 

Let us also define: 

n 

^Mn]W= E^l-W (14.110) 

where 5( „ represents the sum of the energies associated to the vectorfield Ki of all nth order variations. 
We then define, for q>p: 

Suny,ajt) = sup {[1 + log(l + t'T^'H'MSlMit')} (14.111) 
t'e[o,t] 

We now consider the contribution of the term (14.96), which comes from the second term on the 
right of definition for (^i ••^')p^(i)^ through (14.69) and (14.65), to the integral on the right of (14.63). 
From (14.110) and (14.111), we have: 



J2^[[RjRi,...RiMt') < < ^-«(i')[l + log(l + i')]V^l[/+2];a,,W (14-112) 

y j,o: 

: for all t' € [0,t] 
hence, in view of (14.69), the contribution of (14.96) to (14.71) is bounded by: 



c,(i + t)-'/'M™" WV^;,[,+2];a,,(0 (14-113) 

where Cg is a contant depending on q: 

Cg = C sup {(l + t)-i/2[l + log(l + f)]«+i/2} 
te[o,cx)) 

Also, by (14.94) and the definitions (14.108), (14.109) we have: 

\\LRi,^,...RM\^.^^^^o^ < il-%t)[l+\og{l + t)r^go,[i+2];aAi) (14-114) 
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Hence, by (14.90), the contribution of (14.96) through (14.65) to the integral on the right in (14.63) is 
bounded by: 

C,So [\l + i')-'/'[l + log(l + i')]^M;;'"-'(i')A/^o,[;+2];a,p(t')e;,[;+2];„,,(*')'^i' (14.115) 

J 

To estimate this we consider the two cases occuring in the proof of Lemma 8.11: 

Case 1: Es^m > 0. 

In this case we have the lower bound (8.258): 

ftm{t) >l-C5o (14.116) 

which implies: 

< C (14.117) 
provided that doa is suitably small (see(8.260)). It follows that in Case 1, (14.115) is bounded by: 

C,6o j\l + t')-^'^[l + l0g(l + t')]VeO,[i+2];a,p(i')eL[;+2];a,,(*')rfi' (14-118) 
J 

In Case 2, we set: 

Km = <5i > (14.119) 
Following the proof of Lemma 8.11 with a relaced by 2a, we then set: 

ti = - 1 (14.120) 

and we consider the two subcases: 

Subcase 2a: t' < ti Subcase 2b: t' > ti 

In Subcase 2a we have the lower bound (8.273) with a replaced by 2a: 

fimit') > 1 - ^ (14.121) 

Since (1 - ^)~^''"^ is bounded for a € [2,oo), if t < h (14.115) is bounded by: 

C,6o [\l + i')-'/'[l + log(l + tTjGos+2];aAtOQ[,ii+2y,aJt')dt' (14.122) 

J 

and if t > ti we have: 

r (1 + t'r'^'il + l0g(l + i')]^/i™'"-'(i')A/^0,[i+2];a,p(i')^;,[,+2];a,,(*')rfi' (14-123) 
•/ 

< C r (1 + t'y'^'il + l0g(l + i')]VeO,[H2];a,p(i')eu,+2];a,,(*')^^i' 

rj 

In Subcase 2b we have the lower bound (8.303) with a replaced by 2a: 

Mn^(^') > (1- J)(1-<5it'), r' = log(l + (14.124) 
In view of the fact that Qo,[n];a,p{t)j S[ g{t) are non-decreasing functions of t it follows that: 

Al + t')-'^'[l + l0g(l + <')]^M;;'"-'(i')^t;o,[i+2];a,p(i')^;;,[,+2];a,<,(^')'^i' (14-125) 

< CjSoAi+2y,aAms+2uJt) ■ /V + *')-'/'[l + log(l + t')]^(l - S^rT'^'-'dt' 

351 



The integral in (14.125) is: 

[\l + t')-^/^[l + log(l + t')]P{l - Sir'y^^-^dt' (14.126) 

< (1 + + l0g(l + f{l - SlT'r^'^-'dT' 

< (1 + ti)-i/2[l + log(l + hW^^il - <5it)-2" 
< 2^i+p(4a,5i)(l-<5iT)-2« 

Here for any real number r we denote by (Pr{x) the following function on the positive real line: 

ipAx) =e-^(l + -y (14.127) 

X 

The function ipr{x) decreases to exponentially as x — > 0. Since < CSq, we have: 

ifri-iaSi) < ifriCado) (14.128) 
provided that CaSo is suitably small. In view also of the lower bound (8.314) with a replaced by 2a: 

M™'"W>^(l-^ir)-'" (14.129) 
we conclude that the right hand side of (14.125) is bounded by: 

C<^l+p(Ca5o)A;;"^(i)^ao,[i+2];a,p(i)a;,[,+2];a,5(*) (14.130) 

Combining with (14.123) we obtain that if t > ti (14.115) is bounded by: 



C^9^0M;.''^(<){^l+p(Ca5o)^eo,[i+2];a,p(OeUi+2];a,«(i) (^^-ISl) 

+ [\l + t')-'/'[l + l0g(l + t')]V^O,[/+2];a,p(i')^;,[;+2];a,,(*0rft'} 
J 

Combining finally with the earlier results (14.122), for the subcase t < ti, and (14.118), for Case 1, 
we conclude that the contribution of (14.96) through (14.65) to the integral on the right in (14.63) is 
bounded by: 

Cg5oM-'"(t){v'i+p(t?a^o)^ao,[i+2];a,p(i)a;,[,+2];„,g(i) (14-132) 

+ J\^ + tT'^'i^ + l0g(l + <')]V^^0,[;+2];a,p(i')^^;,[,+2];a,,(i')c^i'} 

Now, we consider the contribution of the second term in the expression (14.66) for ^''-''^Biit) to 
the first term on the right of (14.65), namely the contribution of: 

C(l + t)-^[l + log(l + i)]' /*(1 + t'f^''-''^Qi{t')dif (14.133) 

Jo 

to the estimate for ||/ii?i,^j...i?i^trx'|1^2(5]«o-,. 

Here, we will use the estimate for maxj^...j, '^^^■■■^'^^Qi of Proposition 10.5. The principal part of the 
right-hand-side is: 

Q(l + t)-'[l + log(l + + 5o(W[T+i] + W[,+2])] (14.134) 
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We shall cistimate the contribution of this principal part, through (14.133) to the integral on the right 
in (14.63). 

We have, for each non-negative integer n: 



Wn+i<c{i+t) Yl M^«i„-i?nV'«iii.(j:eo)<c/i-i/^yf[;;;; (14.135) 



It follows that: 



W[/+2] < Cifi-'/^^f£[J^^+ Wo (14.136) 

By Lemma 5.1, we have: 



Wo < v^max sup |lV'a||L2(St,„) < C'eo,/^^o[V'a] = CeoJ£o,[i] (14.137) 

" we[0,£o] ' ]] a 



Similarly, for each non-negative integer n: 



Wj+i<C(l + / E M^i.-^iirV'alli.(s;o)<CM-i/yf;,„+2 (14.138) 

y ii-..iniOi 

It follows that: 

W[T+i] < Cifi-'/'^/£[^^+ (14.139) 

by Lemma 5.1: 



Wo < \/^max sup HTV^alk^cs, „) < Ceo /Vfo[rV'a] < CeoJs^] (14.140) 
° «e[o,eo] Y ^ V 

Similarly, we have: 

< + < (14.141) 

and by Lemma 5.1: 



Wo'^<V^max sup |iQ^a|U2(s. j < Ceo. /Vfo[Wa] < Ceo Jfo.p] (14.142) 

The above inequalities imply that (14.134) is bounded by: 

C(l + t)-\l + log(l + t)]{M-^/y^;,[;+2] + Ceosjs^^} (14.143) 
therefore, the contribution of (14.134) to (14.133) is bounded by: 

G(l + t)-i[l + log(l+t)]'- (14.144) 
j\l + t')-'[l + log(l + t')]{!i;,'l^{t')j£[^~^) + Ceo^£o,[2]{t')}dt' 

J 

We shall first estimate the contribution of the principal term in the last factor of the above, namely 
the term Jl'^^'^{t')^£[ [i+2](*')- Prom the definition (14.111) we have: 

-^-^"\t')^JK^i^) < n-„t-"\t')[l + log(l + t')r,jQ[^^~^) (14.145) 
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Therefore, the contribution in question is bounded by: 

Cl{l + t)-^[l + l0g(l + t)fJa,S)^Gui+2];a,,{t) (14.146) 

where 

JaAt) = Al+0"'M™-'/'(i')[l+log(l + t')]''+'rfi' (14.147) 
Jo 

To estimate Ja,q{t), we consider again the two cases occuring in the proof of Lemma 8.11, as in the 
estimate of (14.115). 

In Case 1 we have the lower bound (14.116) hence also (14.117), which implies: 

JaAt)<C f {l+t')-\l+\og{l + t')]''+Ht' = C Hl+Ty+'dT' (14.148) 
Jo Jo 

Similarly, in Subcase 2a) , we obtain if t <ti: 

JaAt) < (^[1 + log(l + (14-149) 

and \ft>ti: 

JaAh) < ^-^[1 + log(l + h)Y'+' < ^-^[1 + log(l + 1)]"+^ (14.150) 
In Subcase 2b) we have the lower bound (14.124) which implies: 

Ja^t) - Ja,g{tl) < ^[1 + log(l + /V ' Sit'^-'^H^ + t')~'dt' (14.151) 

Jti 

= C{1 + t)<'+^ fil - S^T'y-^^^dT' < .pil±ll!li(l - 5it)-"+V2 
Jri 01 (a- 2) 

where in the last step we have used (8.312) which implies: 

M;;"+^/^(i)>^(i-'5ir)-"+^/^ 

Since r > n = l/4a(5i, (14.151) implies: 

Ja,S) - JaM < C[l + l0g(l + t)Y+^fi-"+'/\t) (14.152) 

In view of (14.149), (14.150), (14.152), we conclude that, in general: 

JaAt) < C[l + log(l + t)]«+'M-'^+^/'(t) (14.153) 

hence (14.146) is bounded by: 



a(l + t)-'[l + l0g(l + i)]«+V-"+^/'(i)^e;,[;+2];a,,(*) (14-154) 

This bounds the contribution in question through (14.133), to the estimate for 

||/zi?i,_^^...i?iitrx'||L2(s^o) 
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In view of (14.114) and (14.90), the corresponding contribution to the integral on the right of (14.63) 
is then bounded by: 

QSo j\l + tr^[l + l0g(l + i')]"+'^+'M™""'/'(*')A/^0,[;+2];a,p(t')e;,[,+2];a,,(*')rfi' (14.155) 
J 

This is estimated by following an argument similar to that used to estimate (14.115). We obtain 
in this way a bound by: 

Ci5oM;;'"+'/'(i)[l + l0g(l + t)]'^{¥'5+«-p(C«<5o)^ao,[i+2];a,p(i)e;,[,+2];a,«(*) (14.156) 
+ + i')-'[l + l0g(l + t')]'+'-V^0,[;+2];a,p(t')e;,[,+2];a,,(*')^^*'} 

Here, for any real number r we denote by ip'j.{x) the following function on the positive real line: 

(^;(x) =e-^(l + -)'' (14.157) 

X 

Note that ^'j.{x) decreases to exponentially as x — > 0, and that, since 5\ < C6o, 

provided that Ca6o is suitably small. 

Finally, we consider the contribution of the last term in the expression (14.66) for Si (t) to 

the first term on the right in (14.65), namely, the contribution of: 

(7(1 + t)-'[l + log(l + i)]'ll^^^-^'^^KO)IL.(E«o) (14.158) 

to the estimate for ||/ii?ij^^...i?ijtrx'||^2(5]°"). In view of (14.90) and (14.114), the corresponding 
contribution to the integral on the right in (14.63) is bounded by: 

CTo||(^-^')a;;(0)|L.(j,eo) [\l+if)-^[l + log{l + tT+'fi;,'^-\tygo,[l+2];aAt'W (14.159) 
J 

This is again estimated by following an argument similar to that used to estimate (14.115). We obtain 
a bound by: 

Cp5o||('"--''^a;KO)|L.(s^o)M-«(0{¥'^+p(C'a5o)^e?o,[;+2];a,p(i) (14.160) 

+ + t'r^il + l0g(l + t')f'-P^goAl+2];aAt')dt'} 

In regard to the contribution of the last term on the right in (14.65), we remark that it is bounded by: 

Q(5o(l + 0"Ml+log(l + i)r sup {il + t'yj2^^{t')Bi{t')}fi;;,^{t) (14.161) 

t'e[o,t] 

Thus, relative to the term (1 + tf'^'^-''^Bi there is an extra factor of C;5o(l + 0"Ml + log(l + 
conssequently the contribution in question is absorbed in the estimates already made. 

14.4.2 Estimates for the Contribution of (14.57) 

We now consider the contribution of (14.57) to the corresponding integral (14.62). Recalling that this 
is associated to the variation (14.54), the contribution in question is: 

/ ri|iii,_„...i?i,(T)'"^/x||TV'«||Xi?i,_...i?ii(T)™+Va|c^t'dwrfM<* (14.162) 

Jwt^ 

<C [ snp{f,-'\Ti,Mf^Ri,_^...Ri,iTrMLHi:yy 

Jo E"? ' 

r 

||Li?i,_...i?,,(T)"+Va||L2(sJ0)dt' 
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m = 0, I. 

Now in view of (9.60), (9.70) and (9.213), we have: 



\\,,R,,_...R,ATr'M\m^lo) (14.163) 

= C{(1 + t)|l|('-*-'")a::„,_„(t)||U.([0,eo]xS^) + ^''■"-^PL,l-m{m 

Substituting (9.268) and (9.270) we then obtain: 

\\tiR,,_...R,,{TrMm^l») (14.164) 

< C(l + t){{l + t)-'^^^-^^-^PU,l.mit) + ^^^-^'-^i^k^-m W) 

+Ci5o{l + t)-^[l + log(l + t)f{ / (1 + t')[l + log(l + t')]Bi{t')dt' 

Jo 

+ ^ / [l + log(l + i')]S;,;-fe(0^i'} 



for m = 0, I. 

Here, the quantities (»i - »i-n.)_B^ ;_„(*) are defined by (9.259): 



^''■■■''-"-^B'^^i.^it) (14.165) 



+c(i + t)-'[i + iog(i + i)]2 f\i + t'r^'^-"-^Q'^,_^{t')dt' 

Jo 

+C{1 + t)-'[l + log(l + t)]'||(*-*-")a:;,,,_„(0)|L.(^.o) 



Also (see (9.261)) 



The quantities )_p'(o) 



B'm,i-m{t) = . max 



(14.166) 



.Jt), Pli^J-rnJi) are defined by (9.215) and (9.216): 



^''■■■''-^P:!^lm,a(i) = sup {tCit'f^---''--^Pltrnit')} (14-167) 

t'e[o,t] 

^''■■■"-^P'ltmjt) = sup {(1 + t')^/'Aji.(i')^"-''-'"^^'S-™(*')} (14.168) 
t'e[o,t] 



P'mi-mi^)^ ''^^'^''""^Pmi-mW arc defined in the statement of Proposition 11.6, 



The quantities P'(") 
and we have: 

^''■■■"-^PL,l-,n{t) < ^''-"-^ PS-n.it) + ^'^-''-^P^l^it) (14.169) 

Note that the quantities ''^^"^'^ "'^P'mi-m a(^)' ^' ""^-^mV-m a(0 are non-decreasing. 

The leading contribution to the right hand side of (14.164) comes from the first term on the right 
in (14.164). That is, from (1 + i)"^^*''"*'"'"''-Pm,j-m(0 and the first term in the expression (14.165) for 
{ii-H-m.)gi^ ;_^(i). So what we consider here is: 



C{'''---''-^Pl'Uait) + {l+t)-'''^''---''-^PS-rn^m-„:{t) 

The actual borderline contribution is the contribution from: 



(14.170) 
(14.171) 
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We shall appeal to (14.89) in estimating the borderline contribution (14.171), through (14.167), 
(14.170) and (14.165), to the integral on the right in (14.162). On the other hand, in estimating 
all other contributions, through (14.165), to the same integral, we simply use (14.90). 
Let us define, for non-negative real numbers a and p, the quantities: 

^''■■■''-'-^Q0,m,l+2;aAt) = {[1 + log(l + t')]"'^M^"(t') E ^ol^^''-". -^^i (14-172) 

«'e[o,t] 

These quantities are non-decreasing functions of t and we have: 



y a 



....i?,,(T)™+iVa](i') (14.173) 



< 



/i-«(t')[l + l0g(l + if)r^^''-'^-^go,m,l+2;a,p{t) 



for all t' e [0,t]. hence, in view of (14.167), the borderline contribution (14.171) to (14.170) is bounded 
by: 

\e\fl-^m + l0g(l + t)r^^''-'^-^go,m,l+2;aAt) (14-174) 

Also, in regard to the last factor in the integral on the right in (14.162) we have: 

||Li?i,_...i?i,(r)'"+Va|L2(j:eo) < ^fo[i?i,_-iin(T)-+iVa](0 (14-175) 

Substituting (14.89), (14.174) and (14.175) in the integral on the right in (14.162), the factors \e\ cancel 
and we obtain that the borderline contribution to the integral in question is bounded by: 

C f\sup{^i-'\Lf,\)+Cfl-'So{l+t')-'[i+log{l + t')]}- (14.176) 

Jo E'? 
t' 

Mm "(*')[1 + l0g(l + t')]^''^''-''-^Q0,m,l+2;aAt')dt' 

Now, the partial contribution of the second term in the first factor is actually not borderline. We shall 
show how to estimate this afterwards, in connection with the estimate for the contribution of the terms 



(7(i + f)-i[i + iog(i + t)]V2 /^£:;[i?,^_...i?.^(r)'"+i^„] (14.177) 



+C{1 + t)-'[l + log(l + t)r/\ J2 ^'ARjRn-^-Rn [Tr^c] 



in the expression for '"^^'"^''''^^ P'^i-m °^ Proposition 11.6. For the present we focus on the borderline 
integral: 

C f sup{fi-'\Lf,\)fi-^-{t')[l + log(l + i')]'^^'"-''-"'^eo,m,z+2;a,p(i')rfi' (14.178) 

Jo S'O 
t' 

This is estimated in exactly the same way as the integral (14.97). We obtain that it is bounded by 
(see (14.102) and (14.107)): 

C(^ + ^)M;;'"(i)[l + log(l + t)f^^'^-''-Km,i+2,aAt) (14-179) 
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We proceed to estimate the remaining contributions to the right of (14.162). We first consider the 
contribution of (14.179). From the definitions (14.110) and (14.111) we have: 



a 

(14.180) 



y ct 

for all t' e [0,t\. hence, in view of the definition (14.168), the contribution of (14.177) to (14.170) is 
bounded by: 



(7,(1 + t)-'/^fl-''{t)^Ql^i+2];aJt) (14.181) 

Also, we have: 



||Li?,,_...i?,,(r)'"+VaL2(seC) < /i-'^(t)[l + l0g(l + i)]yeo,[i+2];a,p(i) (14-182) 

Using (14.90) we conchide that the contribution of (14.177) through (14.164) to the integral on the 
right in (14.162) is bounded by: 

C,So [\l + t')-'^'[l + log(l + t')]^M™'"-'(i')A/^o,[;+2];a,p(t')^M;+2];a,,(*')rfi' (14-183) 

J 

This is identical in the form to (14.115) and it therefore bounded by (14.122). 

Next, we consider the contribution of the second term in the expression (14.165) to the first term 
on the right of (14.164), namely the contribution of 

C{1 + t)-'[l + log(l + t)f [\l + t'f^'^-''-^Q'^^,_^{t')dt' (14.184) 

Jo 

to the estimate for (T)'"4^/x||^2(5]»o). Here, we shall use Proposition 11.5, namely the 

estimate for maxj^...,,_^ (5J„ The principal part is: 

Q{1 + t)-^[l + log(l + 0](W{i+2} + Wg+i} + Wfif) (14.185) 

We shall estimate the contribution of this principal part, through (14.184) and (14.164), to the integral 
on the right in (14.162). 

For each pair of non-negative integers m, n we have: 



Wm,n+l<Cil+t) Mi?i„-fiix(r)™Va|li.(j,eo) < C jl-'/^ ^ £{^^^„^^ (14.186) 

and, for each non-negative integer m we have: 



Wm+1,0 < ll(^)™+'V'a|li.(s^O) < CV^W (14-187) 

y a 

It follows that: 

W[l+2}= Yl ^rn,n= ^ W^.n+l + ^ + Wq (14.188) 

n+m<l+2 n+m<l+l m<l+l 
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< + V^o,[;+2]) + yv^ (14.189) 



Similarly, we have: 



W^^f < + V^o.[/+2i) + Wo'^'^ (14.190) 

We then conclude that (14.185) is bounded by: 

Ci{l + t)-^[l + log(l + t)]{/x-Vyf^_j^^2j + ^£:o,[;+2]} (14.191) 
(as we may assume that Z > 1). Consequently, the contribution of (14.185) to (14.184) is bounded by: 

Ci{l + t)-'[l + log(l + t)f J\l + t')-'[l + log(l + t')]{fi-'/^{t')^£[^^^^^^{t') + ^£o,[i+2]it')}dt' 

(14.192) 

From the definition (14.109): 



'£0,ll+2]it') < M-"(t')[l + l0g(l + t')r^jG0,ll+2];aAt) (14.193) 

This together with (14.145) implies that (14.192) is bounded by, recalling the definition (14.147): 

Cl{l + t)-'[l + l0g(l + t)]\Ja,S)^Slll+2];a,,it) + Ja-l/2At)^So,[l+2];aAt)} (14-194) 

Substituting (14.153) and the same with (a, q) replaced by (a— |,p) we conclude that the contribution 
of (14.185), through (14.184) to the estimate for 

\\t,Ri,_...Ri,{TrMmi:lo) 

is bounded by: 

Qil + tr'[l + log(l + t)]'+V™+'/'(t)v/^L[,+2];a.,(0 (14.195) 

+Q(1 + t)-'[l + l0g(l + tW+'il-''+\t)^goS+2];aAt) 

In view of (14.182) and (14.90), the corresponding contribution to the integral on the right in (14.162) 
is then bounded by: 

QSo J\l + t')-'[l + log(l + i')]^+''+'M-2«-V2(i')^^,_j^^,j^^_^(4/)^/_j^^^j^^_^(f/)df' (14.196) 

+CiSo [\l + t')-'{l + log(l + t')]'^+'/^;;'"(i')^o,[i+2];a,p(i')^^i' 
Jo 

The first terms in (14.196) coincides with (14.155) and is estimated by (14.156) while the second is 
estimated in a similar manner by: 

Ci^oA™ "+'[1 + log(l + t)]^n^',{Ca6o)go,[i+2];aAt) (14.197) 

+ / {l+t')-^[l + log{l+t'tgo,[l+2];aAt')dt'} 

Jo 

Let us finally consider the contribution of the last term in the expression (14.167) to the first term 
on the right in (14.164), namely the contribution of: 

C{1 + t)-'[l + log(l + tW-''-^x'^^,_MLHJ:',o) (14.198) 
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In view of (14.182) and the estimate (14.90), the contribution in question is bounded by: 

CToi|('-''-'"'x'„_,_„(o)iL.(s^o) J\i + t')-^[i + iog(i + tY'''p^;,r'it').jGo,ii+2],aAt')dt' 

(14.199) 

This is similar to (14.159), and is bounded by: 

Cp5o||^'^---''--^a;:„,;_™(0)|L.(s^o)A;;"(i){v'3+p(<^«'5o)^ao,[;+2];a,p(i) (14.200) 

+ J\l + t')-'[i + log(l + t')]'+''^Jgo,ll+2]■aAt')dt'} 

In regard to the contribution of the last term on the right in (14.164), we remark that it is bounded 
by: 

m 

CiSoil + tr'il + logil + t)^ sup {il+ifffi-^{t')Bi{if)} + Y^ sup {(l+t')/i^(t')S^,i-J}M™"(*) 

(14.201) 

Thus, relative to the terms (1 + t)^^'! - '')^; and (1 + t)(*i - *i-"')iJ^ there is an extra factor of 
C;5o(l + t)~^[l + log(l + i)]^, consequently the contribution in question is absorbed in the estimates 
already made. 

14.5 The Borderline Estimates Associated to Ki 
14.5.1 Estimates for the Contribution of (14.56) 

We now consider the contribution of (14.56) to the corresponding integral (14.59). Recalling that this 
is associated to the variation (14.52), the contribution in question is: 

- / {w/,y)n{Ri,^,...Ri,trx'){Tjp„){{L + iy)Ri^^^...Ri,jp„)dt'du'dii^ (14.202) 

Here, using the flux J^([i?j,^j...i?ijVa] does not lead to an appropriate estimate. Instead, we proceed 
as follows. First, since 

^ = n^, dfj,-^ = fldn^ 

the integral (14.202) is: 

- / (a;/z/)(TV'a)(iii,+,...i?iitrx')((i + !^)i2i,+i--RiiV'«)rfi'«^w'«^Mi (14.203) 
Let us consider, for an arbitrary function /, the integral: 

/ {Lf + 2uf)dt'du'dnz 

Let: 

F{t,u)= j fdfi-^ (14.204) 
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Then we have: 



OF r 

— {Lf + 2vf)dix-^ (14.205) 



We have used this formula in Chapter 5. Therefore: 



f {Lf + 2vf)dt'du'diJL^.= f f ^{t',u')dt'du' (14.206) 
Jwi Jo Jo '^t 

= {F{t, u') - F{0, u')}du' = J fdu'dfi-^ - J fdu'dfi-^ 



Going back to (14.203), we write the integrant in the form: 



-{uj/i^){Tilja){Rii^-,...Ri^tTx'){{L + :^)Ri,^-,...Ri^ipa) 
= -{L + 2u){{uj/v){T^j^){R,,^,...R,,iT^){R,,^,...R,,^^)} 

+ (i?,,^,...i?,,Va)(i + ^^){(^H(TV'a)(i?., + i...i?.itrx')} 



By (14.206) with the function {u/i'){Ttjja){Ri,^i.-.Ri^trx'){Ri,^i---Riitpa) in the role of the function 
/, we then conclude that (14.203) equals: 

- / icjM{Tij^){Ri^^^..Mi,tvx'){Ri,^,...RMdu'df,-^ (14.207) 

+ / {'^/'^){Ti'a){Rii+i---RiitTx')iRii + i---Rii'4'a)du'dlI~^ 

+ [ (i?i,+,...iii,Va)(i + '^){(w/z^)(TV'a)(Jii,+i..-Riitrx')}dt'dw'dM5 
We first consider the hypersurface integral: 

- / iu/u){Ti;c,){Ri,^,..Mi,tvx'){Ri,+,...RMdu'dt,-^ (14.208) 

(The other hypersurface integral can be expressed in terms of initial data.) Let /, g be arbitrary 
functions defined on St^u and X an arbitrary vectorfield tangent to St^u- We have: 

/ f{Xg)df,-^ = [ X{fg)dii-^ - j g{Xf)dii-^ 
j X{fg)df,-^ = j <^v{fgX)df,-^ - j {<iiyX)fgdii-^ 



and 



Since 



we obtain: 



/ div{fgX)dfi-^ = 0, d/vX = itr^''V 

St,u 

j fiXg)dii-^ = - j {g{Xf) + Uv^''^ifg}dii-^ (14.209) 
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Applying (14.209), taking: 

^ = Rii+i, 9 = Ri,:.RntTx', f = {uj/v){Ti>a){Rii+-,.:Ri^i}a) 

we conclude that (14.208) equals the sum: 

H0 + H1+ H2 (14.210) 

with 

Ho = / (a;/!y)(TV'„)(i?i,...i?iitrx')(iii,+ii«i,+i-i?nV'a)rfM'rfM^ (14.211) 

Hi = f (u;/j/)(i?i,^,rV'«)(i?i,...i?iitrx')(fii,+i-i?iiV'a)d«'dM^ (14.212) 

H2= [ (TV'„)(iii,...i?i,trx')(^ii,+i-i2iiV'a){^«i,+i(w/i/) + ^tr^'*''+^^^(a;/!y)}du'rf/x^ (14.213) 
Now, by Proposition 12.9 and Corollary lO.l.d with I = 1, recalling that co is constant on each St,u, 

(:./a;)|i?,,^,(a;/^.)| + i|tr^''"+^ Vl < ^^^o(l + t)-'[l + log(l + t)] (14.214) 

It follows that H2 has an extra decay factor of ^o(l +t)~^[l + log{l + t)] relative to Hi. So we confine 
ourselves to Hq and Hi. 

We first consider Hq. We have: 

\Ho\ <C I {l + tf\T^a\\Ri,-Rhtrx'\\dRi,+,-RniJa\dudii^ (14.215) 

Although we have a bound for i?jj...i?jjtrx' from Proposition 12.11, here we need a more precise 
estimate. Since 



itrx' = tr(/ix') - 2tr(x • x') (14-216) 

= tr(/iX') - rtrx' " Sjxf 

1 — u + t 

taking the trace of (12.47), we obtain: 

itrx' + . ^ ^ tvx' = po (14.217) 
1 — u + t 

where 

po = etrx-|xf +tr6 (14.218) 
Applying Ri^...Ri^ to this equation and using the Lemma 11.22 then yields the propagation equation: 

LRi, ...Ri.tvx' + ^_1^^ Rh -RhW = ^"-"'Vi (14.219) 

where 

i-i 

(^-^')p; = i?i,...iii,po + ^i2ir"^i,-.+/''*'-'=^^^i,-.-i-^«ntrx' (14-220) 

fe=0 
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no = -l^^4ipi- Mi (14.223) 



Obviously, the principal part of po is contained in — tra', and is \^/^h. We can write this in a more 
precise way: 

i i 

So we can express: 

-iii,...i?,,(tra'[^l) = lii. ...i?,J^(^^o -Y^Mi- 4V'i)] (14.221) 

Here, are defined in Chapter 10, and ^'^■■■*'''n( is a lower order term (of order I + 1): 

(^--O^; = ^ ((i?)«im5i)((i?)«=^Va) + Rn-Ri.no (14.222) 

|si|>0 

where 

rj,A = — 

2 d/i 

From the bootstrap assumption, we have: 

\\^''-''^rii\\m^l«) ^ ^'^o(l + i)-^W{(+i} (14.224) 

According to (10.185): 

{rnPr - \^\ < C'^o(l + ^)"^ krl < C'^o(l + i)"^ (14.225) 
Let us define the functions: 

^ (14.226) 

(n...iOp« = (^0 _ ^i)^R.^_R^^^^+rnirMi,-Rhi'i (14.227) 

We can then express (14.221) as: 

-i?i,...i?i,(tra'[^l) = (*i--')p(o) + + (14.228) 

Let us define ('i -'Opp) by: 

(n...i,)p; = + (ii-'OpW + (ii-iOpp) (14.229) 

We shall estimate the L^(S(°) norm of First, we estimate the contribution from 

(-1 



k=0 

Obviously, this contribution is bounded by: 

(1 + t)-^[l + log(l + t)]A[i^ (t) (14.230) 

where we have used the bounds for ^^^^Z in Corollary lO.l.i. 
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Next, we should estimate the contribution from R^...Ri^po. Recall the definition: 

2e 

po = etrx' + — - IxT - tra' 

1 — u + t 

By Proposition 12.6, (12.293) and (12.295), the contribution from the first term of above is bounded 
by: 

Q(l + t)-^[l + log(l + t)]wfi^ + Soil + t)-^[yo + (1 + t)4] + (14.231) 

Also by (12.295), the contribution from the second term is bounded by: 

Ci{l + t)-2{Wg} + <5o(l + t)-^[yo + (1 + t)A[i^ + Ww]} (14.232) 

By Proposition 12.6, the contribution from the third term is bounded by: 

(1 + t)-^[l + log(l + t)]{A[i] + 6o{l + t)-^[l + log(l + 1)]- (14.233) 

[W[i]+yo]} 

where we have used the original Corollary 10. 2. d. 

Finally, by the expression ol 
the fourth term is bounded by: 



Finally, by the expression of and Corollary lO.l.g and Corollary 10. 2. g, the contribution from 



(1 + i)-^[Wo+i} + + (1 + ty'iyo + (1 + t)A[i^)] (14-234) 
So we obtain the following estimate for (^i -'Opp); 

II^'^-^''pP^IL^(e:o) < Q(l + t)-^Wg} (14.235) 
+6o{l + t)-^[l + l0g(l + t)](W{;+i} + 3^0 + (1 + t)A[^) 

On the other hand, by HI we have, pointwise: 



l(ii-ii) J0)| 



'Pi 'I < C{l + t)-^\£\ J2\^^i^^r-RM'' (14.236) 
and 

< cSo{l + 1)-^ l^^\4R^R~R~i^ (14.237) 

These inequalities imply: 



Pi\\lhi:10) < C\£\{l + t)-'fi;;,'/^{t) J2^[[R,R,,...RiMt) (14.238) 



and 



l(ii---ii) Jl) 



P^Wl^bIO) < CSo{l+t)-'il-'/\t) ^£[[RjRi,...RM{t) (14.239) 



while: 



l/2(ii...ii)„(0) 



P^IL^CE-) < C\e\{l + t)-\ Y.^[[RjRi,...RM{t) (14.240) 
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and: 



||^i/2(n...i0^(i)||^,^^.„^ < CSo{l + t)-^ lY,£i[RjRi,...RM{t) (14.241) 

We express the propagation equation (14.219) in acoustical coordinates {t,u,'&), so that L becomes 
^ , and integrate it along each integral curve of L from Sq° to obtain: 

{1-U + tf{Ri, ...Ri,tTx'){t, u, 1?) (14.242) 

= (1 - ufiRi,...Ri,tvx'){0, u,^)+ f\l-u + t'f^''-''^piit', u, d)dt' 

Jo 

It follows that: 

\Ri,...Ri,tvx'\it,u,^) (14.243) 

2 

<C(l+t)-2{|i?i,...i?,,trx'|(0,u,^) + ^('-''U('^^(t,u,^)} 

fe=0 



where: 



ft 

{i^-ii)A(^\t,u,d)= {\ + t'f\^''-'''^pf'^\{t',u,d)dt' : A; = 0,l,2 (14.244) 
By (8.333) we have: 

||^*^-"'4'^(i)||L^([o,eo]xS^)< Al + i')'ll^'^-^'V|'\t')IU^([o,.o]xS^)cii' (14.245) 

Jo 

Jo * 

We now substitute the pointwise estimate (14.243) in (14.215). The borderline contribution is from 
(»i •••»!) yip) _ This contribution is the borderline integral: 

C I (l+t)|rVa||('^-'')4°^||^iii,+,...J?i,Va|rfwrfM^ (14.246) 

Recalling from Chapter 8 the partition of [0,eo] x S'^ into the subsets Vs_, Vs+, defined by (8.337), 
(8.338), respectively, we shall consider seperately the integrals over the corresponding regions U~^, 



U-t = {{t,u,^)e^° : {u,^)gVs-} (14.247) 

U+, = {{t,u,^)€^r : {u,^)eVs+} (14.248) 

We consider first the integral over We have: 

/ {l + t)\Ti;^\\^''-'^^A['''>\\4Ri,^,...RMdudn. (14.249) 



< 



C{l+t)fi-'/\t)snp\Ti,^\\\^'^---'''>A\'\ 



365 



by (8.333). Now by (14.87) and (14.88), we have, pointwise on E 



t • 



max|TV«| < ^{\L^i\+C^o{l + t)-^[l + log{l + t)]} (14.250) 

In estimating the integral over U^^f we can assume that Vs_ is non-empty, thus, recaUing the definitions 
(8.251) and (8.261), 

min EJu,-&)=Esm = -Si, di > (14.251) 

(«,i?)eV5- 

Now, from Proposition 8.6 we have: 

(L/x)(t, u, 1?) = /X[i],,(w, + QiAt, u, ^)} (14.252) 



It foUows that: 



hence, substituting in (14.250), 

On the other hand, from (14.245) for fc = and (14.238), 

f'-'"l\l"\f)h^ii^..,>:s^) < (14.255) 



C\i\ 1^(1 + t')-'M-'/'(t') i^i^i ...RiMt')dt' 

Substituting (14.254) and (14.255) in (14.249), the factors \t\ cancel and we obtain that (14.249) is 
bounded by: 

Cn-^"\t){5, + ^^o[l + loga + ^)] ^^g,[^^^^_^^.^^j(,) (,4256) 

■ J\i + tT'fi;n'^Ht')^J2^i[RjR^,...RiMt')dt' 

We now define 



^''■■■"^G[,i+2;ajt)= sup { [1 + log(l + f)] ^^^^0 E •• -^U ^a] (*')} (14.257) 

Then (14.256) is bounded by: 



t'e[o,t] 



C[l + log(l + t)r^il-^-'/\t){S, + CSo[l + log{l + t)] ^ (^^258) 

/■* rJi-' 

l^m J + t') t'l,i+2;a,gW 

To estimate the integral in (14.258), we follow the argument of Lemma 8.11. Since we are assuming 
that Vs- is non-empty, we only have Case 2 to consider. Setting again, as in (8.267): 

= - 1 
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we have two subcases of Case 2 as in the proof of Lemma 8.11. In Subcase 2a the lower bound (8.273) 
holds, hence /Xm" 



-1/2.,, 



therefore: 



for, in Subcase 2a 



{t')<C and 
Jo 



dt' 



< C 



dt' 



+ 



Clog{l + t) 



{6i + 



Ci5o[l + log(l + ^)] 
+ 



<C{..log(l + *) + C.a^±Mi±^}<^ 



(14.259) 



(14.260) 



^ilog(l + i)<^ilog(l + ti) = 



2a 



while 



r < C and Con < - 

{l + t) - " - a 



In subcase 2b we first estimate the contribution of 



/■K"-'V)^<C.og(l + *.) = ^ 



to the left-hand side of (14.260). This contribution is then bounded by (Note that t > t\): 



+ 



2a6i 



(1+ii) 



2a(5i 



<— 11+— ^(IH -)e 

- 2a^ ^1 ^ 2a<5i^ 



(see (14.157)). Next, we estimate the contribution of: 

/ 

Jti 

By the lower bound (8.303), 



--a-l/2u'\ "'^ 
1 v'' / , 



(1+*') 



^ g (1 - (5ir)-'-+V^ ^ C/x™"+^/'(t) 



^1 (a - 1/2) 



Si (a -1/2) 



(14.261) 



(14.262) 



(14.263) 



where in the last step, we have used (8.312). It follows that the contribution of (14.262) to the left-hand 
side of (14.260) is bounded by: 



+ (l+t) >^(a-l/2) 

^ c/x;;°+^/'(t) ^ cSq [1 + iog(i + ^i)] , 



(14.264) 



(« - 1/2) 



^1 



(1 + ii) 



< 



-a+l/2 



(0 



(a -1/2) 



(1 + C<^^(2a5i)) < 



Cjj,, 



-a+l/2 



it) 



{a -1/2) 
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Combining the results (14.260), (14.264) of the two subcases we conclude that, in general: 

[i + iog(i + t)] ^ f\ dt' ^ nn^^"\t) 

{^^ + ^-^0 + >X^'" (O(TT70-^(a-l/2) ^^'-'^^^ 

hence (14.258), therefore also (14.256) and the integral on the left in (14.249), is bounded by: 

(a-^l/2) ^-"^*^[^ + + *)]"'^"-"^^M+2;a,,(i) (14.266) 
We now consider the integral over U'^^^•. 

f (l+i)|TV'„|^^^-*')Aj°V^i,+i-^iiV'aM«rf/"<* (14.267) 

We estimate this by: 

{l + t)sup{,,-'\T^^\)\\lJ,'/^^'^---''^Af^\\^,^^^^^^^ (14.268) 
<C7(l + t)sup(/x-i|TV>a|)||(//2(*---*')4°^)(t)|U2(V3+)A/^i[i?i,+,...i?i,V'a](i) 
Since by Proposition 8.6, in Uj'^ we have /z > C~^, then the pointwise estimate (14.250) implies: 

maxsup(M-i|TV'a|) < ■^{sup(/i-i|iM|) + C^o(l + i)"'[l + log(l + 1)]} (14.269) 



Let us define: 



EsM= max EJu,i9) (14.270) 

(«,i?)e[0,eo]xS2 



Setting: 

^2 = 4,M (14.271) 
we can assume in estimating (14.269) that 62 > 0. Prom Proposition 8.6 we have: 

. = EAu,m + tr^+Q.At,u,^) (,4272) 
1 + Es{u, ^) log(l + t) + QoAt, u, 1?) 

In view of the fact that Es{u,d) > in Vs+, (14.272) implies that in W^^: 

l + i;«(w,^)log(l + f)- |Qo,a(i,w,t?)| 
^ E,{u, i?)(l + i)-i + C5o{l + t)-^[l + log(l + 1)] 



< 



1 + Es{u, i}) log(l + 1) - C7(5o(l + 1)-^ [1 + log(l + 1)] 

E,{u,i^){l+t)-^ 

1 + Es{u, 1?) log(l + t)- C5o{l + 1)-^ [1 + log(l + f)] 



With 



[l+log(l + 0] 
(1+^)2 

77 = 4(u,t?)log(l+i)>0, e = C5o{l+t)-\l + \og{l+t)] >0 
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we write 



< 



+ Ce 



1 + 77 — e l + T] (1 + 77 — e)(l + 77) 1 + ?? 
then since 

Es{u, + t)-h < C'Slil + t)-^[l + log(l + t)] 
(14.273) implies that in U+y. 

1 + Es{u,'&)log{l + t) 
The first term on the right in (14.274) is 

1 ?7 



(1 + 1) log(l + i) 1 + r? 



(14.274) 



(14.275) 



This is an increasing function of r], and achieves its maximum in U^^ where rj achieves its maximum 
value 



Vm = 52 log(l + 1) 
in Vs+. The supremum of (14.277) in Uj'f is therefore: 

1 ??M 1 



(1 + t) l0g(l + i) 1 + 77M (1 + i) [1 + log(l + t)] 



It follows that: 



(1 + <)[! + S2 log(l + t)] 



+ C60 



[1 + log(l + t)] 



(14.276) 



(14.277) 



(14.278) 



Substituting this in (14.269) and the result in (14.268), we conclude that the integral (14.267) is 

bounded by: 



So 



if r 1 + 62 iog(i + 1) 



[l+]og(l+J 

(l+t) ^- 



(14.279) 



Now from (14.244) for fc = we have: 

^^y^in-iOAl°^){t,u,§) = /'V+tO'(4T^)'^'l(/^'^'^'"'"'V|°^)(i',w,^^)Mi' (14.280) 

Jo ) "^^J ^) 



It follows that: 



\\^^^/Hn-n)A'fi))(t)U^v^^) (14.281) 



<f{l+m sup (if|l^)]V2|,(^l/2(n....)^(0))(^,)|,^^^^^^^^^, 



< 



Jo (u,i?)ev«+ Mil 5 J t 
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where in the last step, we have used (8.333). From Proposition 8.6 we have, for (u, ^) e Vs+, 

Kt,u,^) ^ 1 + Esju, ^) log(l +t) + Qojt. u. 
fi(t', u,d) 1 + E,{u, I?) log(l + t') + go,.(t', u, I?) 
1 + Esiu, d) log(l + t) + CSoil + + log(l + t)] 



(14.282) 



< 



Since 



1 + E,{u, ^) log(l + t') - CSo{l + t'}-^l + log(l + 1') 



[l + log(l + 0] . ^ . . 1 



the denominator in the fraction on the right in (14.282) is 



Similarly, since 



> ^ + Es{u, ^) log(l + i') > ^ (1 + E,{u, ^) log(l + 1')) 



[l + log(l + ^)] < ^ . < 1 



the numerator in the fraction on the right in (14.282) is 



^ + E,{u, 1?) log(l + t)<^il + Esiu, ^) log(l + t)) 



Therefore, for {u, "&) G Vs+ it holds that 



IJi{t',u,'d) l + E,{u,d)\og{l+t') 
Now fora>6>0,x>0, the function 

1 + ax 



(14.283) 



l + hx 



is increasing in x. Hence, taking a = log(l +t),b = log(l + t'), x = Es{u, •&), the ratio on the right in 
(14.283) achieves its maximum in Vs+ where x achieves its maximum ^2 in Vs+. Therefore: 



sup ^(^'"'^) < + ^2 log(l + 1) 



{u,^)ivs+ M(i', u,^)~ 1 + ^2 log(l + 1') 
Substituting this and (14.240) in (14.241) we obtain: 

<C\i\ 



(14.284) 



(14.285) 



1 + $2 log(l + t) 



l+(52l0g(l+i') 



± Y.^i[RjRi,...RiMt') 



dt' 



< 



' 1 + J2log(l + ^^Y-U-%t')^^ 
1 + 52 log(l + t') + + * )J (t j ^ 
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where in the last step wc have used the fact that by Corollary 2 of Lemma 8.11, iJ,^{t') < C^^{t). 
Substituting (14.285) in (14.279) and noting that 

^£[[R,,^,...RM{t) < /2-«(f)[l + log(l + t)]y(^--')a;,;+2;a,<,(*) 
the factors |£| cancel and we obtain that (14.279) hence also (14.267) is bounded by: 

C/x-^«(t)[l + log(l + t)]«(^-*''^l,,+2;a,,W (14.286) 

• Vi+^2i°g(i+o ^ — ^) — ^'-'-^'^ 



I.sAt)=f^^^^^^j^, (14.287) 
Jo ^/l + 52log(l + ^') 1 + ^0 



where: 

rt 

lo \/l + S2l0g{l + t') (1 + ^0 

Setting a; = 1 + log(l + t'), the integral Iq-s^{t) takes the form: 

^l+log(l+t) 5 

I<,Mt)= -j====dx (14.288) 

7i Vl + (52(a:; - 1) 

Since ^2 < 1 we have: 

1 + S2{x - 1) > ^2 + ^2(2; - 1) = S2X 

hence: 



^ 1 [i + iog(i + .)].^v^ 
73^70 (9 + 1/2) ^ ^ 



Also, since the denominator of the integrant in (14.290) is > 1, 

,l+log(l+t) [l + k,g(l + /,)]"+! 



I,Mt)< xUx= ^ ^ (14.290) 

Jo w + 



We use (14.289) to estimate the product: 



Vl + ^2log(l + t) ^ - ^l + <52log(l + i) \/3^(g + l/2) 

^ ^/^Vl + log(l + f) [1 + log(l + t)Y ^ [l + log(l + t)]g 
Vl + ^2log(l + i) (9 + 1/2) - (5 + 1/2) 

where in the last step we have used the fact that 82 < 1. We use (14.290) to estimate the product: 

[l+log(l+t)p/^ ^ [1 + log(l + 1)]'/^ [1 + log(l + t)]<i+' 

(TH^ ^"-^'^^^^ - (^TT) ^^^-^^^^ 

[l + l0g(l + t)]5/2 [l + log(l + t)p C'r^o ^, ,^ , ,,,, 

We conclude that (14.286) hence also (14.267) is bounded by: 

^^-^M-2«(i)[l + log(l + t)r'^^'^--''^g[j+2-,aJt) (14.293) 
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Thus, we have estimated the border hne integral (14.246). We proceed to estimate the remaining 
contributions to the hypersurface integral Hq. These axe the contributions from (14.243). To estimate 
these contributions, we simply use the bound: 

maxsup \Til)o,\ < C5o{l + i)"^ (14.294) 
These contributions are then bounded by, for fc = 1, 2, 

C [ (l + t)|TV'„|^'^-''UpV^i,+i-^iiV'a|dMrfM^ (14.295) 
<C6o ( ^''■■■''Ul'''>\4Ri,^^...RMdudfi^ 

<c<5oM;;'/^(t)l|('-'')Ap)(i)lu^([o,eo]x5=^)V'f;,[,+2]W 

by (8.333). 

Consider first the contribution of - From (14.245) and the fact that by the estimate 

(14.239): 

ll''"-''Vr'lL^(E-) < C/i-i/^(t)<5o(l+t)-yf;,[,+2](i) (14.296) 

we obtain: 

ll'^^-''^4'\i)IU^([o,eo]x5^) < C8, f p-'/\t'){l + tr'j£li^)dt' (14.297) 

J 

where: 

j'ajt) = f fi-^-'/'im+t'r^ii+iogii+t'wdt' (14.298) 

Jo 

To estimate this integral we consider again the two cases occurring in the proof of Lemma 8.11. In 
Case 1 we have the upper bound (14.117), which implies: 

J'a qit) <C [ (1 + t')-^[l + log(l + t')]idt' < Cg (14.299) 
Jo 

Similarly, in Subcase 2a: 

J'ajtl) < Cg (14.300) 

In Subcase 2b we have the lower bound (14.124), which, with 



implies: 



Cg{ti)= sup{(l+0"'[l + log(l + ^')]''} (14.301) 
t'>ti 



J'a,,(.t) - J'^^gih) < C ■ Cgih) j\l + t')-\l - 5,T')-''-"^dt' (14.302) 
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In the last step we have used the bound (8.312). 
We have: 

Cg{h)= sup{e-'(l+T')n Ti = log(l+ti) 

r'>ri 

Now, the function: 

f{x) = e~^x'' on [1, oo) 
is decreasing in x iov x> q. Hence if n = l/2aSi > q, which is the case if aq5o is suitably small, then: 

Cq{ti) = e"^Hl + n)" = e-^{l + -^y (14.303) 

zaoi 

Therefore, from (14.302), 

J'a^t) - J'uAt^) < + i)'^""^-^- ^'^'(*) (14.304) 

< C(^;+i(2a5i)M-"+^/'(t) < C</p;+i(Ca5o)M-"+'/'(i) 
We conclude that in general: 

J'a,git) <C, + C^'g^,iCa5o)fl-''+'/'{t) (14.305) 
Substituting in (14.297) and the result in (14.295) for fc = 1, then yields: 

c[ (l+t)|T^„|(*i-*'U|')|4i?i,+,...i?n^aMwrf/i. (14.306) 
< CSlg[^^i+,y^,Jt){C,fi-^-'/^t) + Cv;+i(CaJo)M-2'^(t)}[l + log(l + i)]" 

Next, we consider the contribution of - We have (14.245) for fc = 2 and for 

II (ii... I, 11^2(2^0) we have the estimate (14.235). Here we shall only consider the contribution of the 
leading term on the right of (14.235) namely the term C;(l + t)~^W^iy. The contribution of this term 
to (14.245) is: 

Ci J^{l + if)-^Wfiy{if)dt' (14.307) 

By Lemma 5.1 we have: 

Wgj it') < Ceo ^j£uw]{t') (14.308) 
< CeoM™"(t')[l + log(l + t')YyjQ0Al+2];a,p 

hence (14.307) is bounded by: 

Cm[l + log(l + tWyJgo,ii+2];a,p{i) I (1 + t')-'jl-''{t')dt' (14.309) 

The last integral coincides with the integral Jo_i/2,-i(i) (see (14.147)), therefore by (14.153) it is 
bounded by: 



C[l+log(l+t)]M, 



-a+l 
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Consequently (14.309), hence also (14.307), are bounded by: 



Cieo[l + log(l + i)]^+'M;;"+'(t)^eo,[i+2];a,p(t) (14-310) 
We conclude that the contribution to (14.295) for fc = 2 is boiuided by: 



CieoSofl-"'+'/\t)[l + l0g(l + i)]^+'+yao,[/+2];a,p(i)e;,[/+2];a,,(*) (14-311) 

Finally, we consider the contribution of the hypersurface integral Hi, given by (14.212). We have: 
\Hi\ <C ( {l+tf\Ri,^,Ti)^\\Ri^...Ri,iv^\\Ri,^,...Ri,i)c.\dudti^ (14.312) 



maxsup , jTV'al < ^^0(1 + i)~^ (14.313) 



By virtue of the bound 
we have: 

\Hx\ < CSo f Jl +t)\Ri,...Ri,tvx'\\Rii+,-RMdudn^ (14.314) 

C6o{l + t)||i?i,...i?iitrx'||i2(s'0)ll-Rii+i----RnV''a|lL2(St«) 
<CSo{l + tf\\{Ri,...R,,tTx')mm[0,eo]xS-)W{l+l}(t) 

Now by (14.243), (14.245): 

{l+tf\\{Ri,...Ri,tvx'm\\LH[o,eo]xS^) (14-315) 
2 

< C{||i?.,...i?.,trx'|L.(s^o) +^||(^-^')Ap)(i)IU^([o,.c]xS^)} 

fe=0 

<C{||i?.,...i?.,trx'|L.(s-)+E r(l+i')ll''^-^'Vr^lL=^(E7)rfi'} 

Here we need only consider the leading principal contribution, namely that of ||^'^ ' *'V(°^IIl2(e7)- This 
contribution to (14.315) is bounded by: 



C\£\ ^ (1 + tT'f^;n'^\t')^J2^[[RjRi,...RM{t')dt' (14.316) 
C\i\JO'is+2];aJt) / V + i')-'/^;;"-'/'(i')[l + log(l + t^dt' 

J 



The last integral coincides with Ja,q-i (see (14.147)), therefore by (14.153) it is bounded by: 

C[l+log(l + f)]«+iM„'^+V2(i) 

Consequently the leading principal contribution to (14.315) is bounded by: 



Cm;^^+'/Ht)[l + l0g(l + tW+'^g[,[i+,y,a,,(t) (14-317) 
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< Ceo^£:o,[i+2](t) (14.318) 



On the other hand, as in (14.308) we have: 



< C7eo/X-''(t)[l + l0g(l + t)] Y^0,[l+2];a,p(t) 

Substituting (14.317) and (14.318) in (14.314), we conclude that the leading principal contribution to 
Hi is bounded by: 

C\i\eo6ofi-,"'+'/'m + l0g(l + t)]^+^+yt;o,[;+2];a,p(i)^;u,+2];a,<,(i) (14.319) 

the same in the form as (14.311). 

We turn to the spacetime integral in (14.207) namely: 

/ {Ri,^,...RM{L + u){{uj/u){Tij„){Ri,^,...Ri,tTx')}dt'du'dn-. (14.320) 
Jwi ' 

Here we shall use the fact that {L+i')Tipa decays faster than {l+t)^^. To establish this fact we consider 
the wave equation satisfied by ipa- In analogy with (8.180) and (8.181) we have for a = 0, 1, 2, 3: 

{L + !/)LVa = Pa (14.321) 

where: 

Pa = IJ-^lpa - EL^a - 2C ' 4tpa + /Lt— 4^ ' ^V'a (14.322) 

Under the same assumptions as those of Lemma 8.10 an estimate similar to (8.182) holds for each 
a = 0, 1, 2, 3, that is, we have: 

max \pa\ < C6o{l + t)-^[l + log(l + t)] (14.323) 

a 

Since 2T^q; = Lipa — i^Ltjja, (14.321) implies: 

{L + u)Ti)a = Ta (14.324) 

where: 

2Ta^ Pa-{L + v){'n-^nLija) (14.325) 

Now we have: 

(L + p){'n-^KLipc) = ri-^KiLftpa + {{L + l^){T]-^K))Llpa 
Using the bound for Lp and the assumptions E^gp ^^o} ^® deduce: 

max |(L + !/)(r?-iKLVa)l < CSo{l + i)"^[l + log(l + 1)] (14.326) 

a 

Combining (14.323) and (14.326) we obtain: 

max|r„| < C(5o(l + t)"^[l + log(l + 1)] (14.327) 

a 

This estimate actually relies only on the assumptions of Proposition 12.6. By direct calculation, under 
the assumptions of Proposition 12.9 with I = 1 together with those of Proposition 12.10 with m = l = Q, 
we deduce: 

max||T„|L [11 E'o < C(5o(l + t)-3[l +log(l +i)] (14.328) 
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Next, we consider the factor wjv. Setting: 



i^' = ^(trx' + ilogfl) (14.329) 



we have: 

1 



+ v' (14.330) 



1-u + i 

Recalling that w = 2(1 + we then obtain: 

(L - 2r/)(w/i/) = 7i/-2w (14.331) 

where: 

7 = + (-i y - 2z/'2 - Lv' (14.332) 

' (l + t)(l-M + i)2 ^"^l + f \-u + t' ^ ' 

Proposition 12.9 with I = 1 implies: 

II7|Ioo,[i],e:o < C5o{l + ty^l + log(l + 1)] (14.333) 

Here we also have used (14.217) and (14.219). 
By (14.324) and (14.331) we have, 

(L + u){{uM {Tij^){Ri,^, ...Ri, trxO } (14.334) 
= (w/z/){(TV'a)(i + 2i/)(i?i,+,...iii,trx') + ra(i?i,+,...i?ntrx')} 

where: 

Ta = Ta + ^^''^Tlpc (14.335) 

By(14.328) and (14.333) and the estimate for u' resulting from Proposition 12.9 with Z = 1 we have: 

max||f„||^rins'o < CTo(l+t)"^[l + log(l + i)] (14.336) 
Substituting (14.334) in (14.320), we are thus to estimate the spacetime integral: 

/ {Ri,^,...RM{uj/,^) (14.337) 
•{(rV'a)(L + 2p){Ri,^^...Ri,tix') + foc{RH+^-Ri^^J<:)}dt!du'dn-^ 

Writing: 

(L + 2v)R,^^^ ...Ri.tvx' = Ri,+, {L + 2v)Ri, ...Ri.tvx' (14.338) 
+(^H+i)zRi,...Ri,trx' - 2{Ri,^,u){Ri,...Ri,tTx') 
we integrate by parts on each St,u using (14.209), first taking X = Ri,_f_^ to obtain: 

/ {oj/iy)iR,,^^...RMiTi>„)Ri,^^{{L + 2j/)i?,, ...i?,,trx')tiM^ (14.339) 

St,u 

= - I {cj/u){Ti;„){Ri,^^Ri,^^...Ri,i,c.){L + 2u)Ri,...Ri,tTx'dn-^ 

St,u 

- / {uj/iy){Ri,^^Tilja){Ri,+i---Rnipa)iL + 2iy)Rii...Ri^tix'dii^ 

»' St,u 

- / {Ti,^){Ri,^,iujM + l{ujMtT^''"+^^f} 
•(i?i,^,...i?i,Va)(i + 2i^)i?,,...i?,,trx'dAi^ 
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and then taking X = '^''+1^^ to obtain: 



(14.340) 



= - / {^"^'i+^^Z ■ 4Ri,+,...RM{ij/u){Tij„){Ri,...Ri,trx')dfx-^ 

St,u 

- j {uj/l^){^'^''+^^Z ■ dT^a){Ri,+,-.-RM{Rir--Ri^rx)df^^ 

JSt.u 

■{Ri,_^_^...Ri^1pa)i.Rii--Rii^^X')dfl'^ 

Also, taking again X = Ri,_^i , 

/ {Ri,+,...RhiJa){oj/iy)faRii+^.:Ri,tix'diJ.-^ 
= - {uj/u)fc,{Ri,^,Ri^^,...Ri^^a){Ri,-Rhtrx')dfij 

JSt,u 

- fa{Rii+i---Rii-^a){Rii+iii^/'^) + ^(a;/z/)tr*^''+'^/}(i?,,...i?,jtrx')rfM^ 

In view of (14.339)-(14.341) the spacetime integral (14.337) becomes: 

-V0-V1-V2-VS 

where: 



(14.341) 



(14.342) 



Vo = Vb,o + "1^0,1 

(14.343) 

,,0 = / {uj/u){Ti;c,){Ri,^^Ri^^^...Ri^iPoc)iL + 2u)Ri,...Ri,tTx'dt'du'diJ.-. 

(14.344) 

/ {u/u){f^{Ri,^,Ri,^,...Ri,i)a) + {Ti,^)^'^'i+^^Z ■ 4Rn+,.:RiMRi,...Ri,tTx'dt'du'dii-. 

(14.345) 

Vi = Fi,o + ^1,1 

(14.346) 

Vifi = j {u/iy){Ri,^,T^a){RH+^---Rn^a){L + 2iy)Ri,..Mi,tTx'dt'du'di^z 
Jw* ' 

(14.347) 

Vi,i = / iuj/l^){R,,^,f^ + + • ^TV-a} • {R^,^,...RMR^r■■R^ltIx'dt'du'd^iz 

Jw* 

(14.348) 
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V2 = V2fi + V2,l 

(14.349) 

V2,o = [ (TV'a){-Ri,+i(w/!^) + l{Lj/u)tr^'^''+'^f}{Ri,^,...RM{L + 2u)Ri,...Ri,tTx'dt'du'dn-. 

(14.350) 

1^2,1= / {Ri,+,■.■R^M{Rir■■R^^Tx')■ 

(14.351) 

{fc,[Ri,^,{co/iy) + i(w/z/)tr^''''+^ V] + (rVa)P''+i^^ • i{io/v) + {co/iy)div^''^'+-^Z]}dt'du'd,i-^ 

and: 

V3 = [ 2(w/:/)(i?i,^,...i?i,Va)(r^a)(i?i,+,i^)(i?,,...i?.,trx')o!^'d^^'dM (14.352) 

The last term is a lower order integral which can be easily estimated. 

In the following we shall focus attention on the two leading integrals Vb,o and Vi^o, the other 
integrals containing decay factors compared to these two leading integrals. In fact, comparing Vb,o and 
Vo,i as well as Vifl and Vi^i by using (14.336) and the estimate 

max||(^^)Z||^^[ij_s^o < C6o{l + t)-'[l + log{l + t)] (14.353) 

of Corollary lO.l.i, wc sec that Vo,i and Vi^i contain a decay factor of 6o{l + t)~^[l + log(l + 1)] as 
compared to Vb,o and Vi^ respectively. 
We first consider Vo,o- We have: 

\Vo,o\<C [ (l + 0'|rV'api?i,+i-.-i?nV'a||(i + 2j/)Ei,...Ei,trx'|(it'd«(i/x. (14.354) 

From the propagation equation (14.219) we have: 

(L + 2i^)Ri,...Ri,tvx' = (14.355) 

where: 

= ^'^■■■*0p^ + 2u'Ri,...Ri,trx' (14.356) 

Now wo can see that Vq^i and Vi^i enjoy the same bounds as the contribution of the second term on 
the right of above to Vo,i and Vi^o- 
We write, as in (14.229), 

= {^l■■■^l)piO) ^ + (il-i0p(2) (14.357) 

where: 

(ii...i0p(2) = + 2u'Ri,...Ri,trx' (14.358) 

Since 

W'\<C6o{l + t)-^[l + log{l + t)] 
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(«i...ii)pp) Qj^jpyg ^]-^g same bound as - The borderline contribution to (14.354) is the contri- 

bution from This is the borderline integral: 

C [ {l + t'f\Tij^\\4Ri,^,..MM\^^'---''^pf\dt'dudix^ (14.359) 

<c I (i + 0'sup(M-i|rv.„|) 

Here we substitute (14.89) for sup^^o {n-'^\Tipa\) and the estimate (14.240) for ||At^/2('i - *'V[°^llL2(E7)- 
The factors \^\ then cancel. Now the partial contribution of the second term on the right of (14.89) 
is actually not borderline. We shall show how to estimate contribution of this type afterwards, in 
connection with the estimate for the contribution of For the present we focus on the 

borderline integral: 

C I sup(/x-^|L^|)Jf;[i?i,+,...i?i,V'a](iOj'E^i[^i^ir--^ii^a](i')'^i' (14.360) 

V j> 

<C [ sup{n-^\Lfi\)y£[[RjRi,...RiMt')dt' 

< C rsup(/x-^|i.Ml)M;;'"(i')[l + log(l +i')]'''^'"--'''^L;+2;a,,(i')rfi' 
Jo E'9 



This has the same form as (14.97), with q replacing p and ""^^i,i+2;a,g replacing ^'^■■■"^^o,i+2;a,p- 
Thus, from (14.102) and (14.107) we conclude that (14.360) is bounded by: 

+ ^)'^- " + + *)]''^"-^'^^l^+2;a,« W (14.361) 

We proceed to consider the contribution of - to (14.354). To estimate this and all remaining 

contributions we simply use (14.90). Using (14.241) we obtain that the contribution in question is 
bounded by: 

C [ (l + i')^|2^V'a||4i?i,+i-iinV'a||^'^-''V['Vi''^^^«^Mi» (14.362) 

Jo * * 

Jo 

< C5l Al+t')-^[l + l0g(l + t')]'V™^-'"(i')^L[/+2];a,,(t')rft' 



The last integral is similar as (14.115). We find (14.362) is bounded by: 

CT2/2-2«(f)[l + log(l + i)]2« (14.363) 

•{<^i(Ca5o)a;,[;+2];a,,(<) + /V + t')-'Ql[i+2ha,,{t')dt'} 

Jo 
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We consider next the contribution to (14.354) of the leading term C;(l +t) ^W^j in the estimate 
for ||'-*^ ' *'^p[^^||i2(j]j0)- This contribution is bounded by: 

CiSo f /2„i/2(f')llM'/'4i?z,+i...i?nV'a|lL2(E;<')W{?j(i')'^i' (14.364) 

J 

< QeoSo f\l + i')- V™ + log(l + t')r^' 

Jo 

Xv/^;,[;+2];a.,(*')^0,[;+2];a,p(t')rfi' 

where Ja,q{t) is the integral (14.147). By (14.153) we have: 

J2a,p+q-i{t) < C[l + log(l + i)]^+^+'M;;'"+'/'(i) (14.365) 
hence (14.364) is bounded by: 



CieoSofi-"'+'/\t)[l + l0g(l + i)]^+'+ya;,[,+2];a,,(*)^0,[/+2];a,p(t) (14.366) 

Finally, we consider the integral Vi^, given by (14.347). By the bound (14.213) we have: 

\Vi,o\<CSo [ {l+t')\Ri,^,...RiM^''-'^^pi\dt'dudfx. (14.367) 

< C6o Al + *')W{i+i}(t')ll^'"-"'^P;IL=(E7)rfi' 
Jo ' 

Here we need only consider the leading principal contribution, namely that of W'"^^'"^'^ Pi^^\\l^(^s'°)- 
(14.240) and (14.318) this contribution is bounded by: 

Ceo^O /V + t')-'fi;n'''-'^\t')[l + l0g(l + t')]^+VeO,[H2];a,p(t')^;,[i+2];a,,(*')rfi' (14.368) 
J 

This is identical to (14.364), which has been bounded by (14.366). This completes the estimates for the 
spacetime integrals Vq, Fi, V2. Thus, the estimate of the contribution of (14.56) to (14.59) is completed. 

14.5.2 Estimates for the Contribution of (14.57) 

We now consider the contribution of (14.57) to (14.59). Recalling that this is associated to the variation 
(14.54), the contribution in question is: 

- / (w/z/)(TVa)(iii,_...iii,(T)'"^/i)(L + i.)(i?i,_...i?i,(T)'"+Va)rft'rfw'rfM3 (14.369) 

Jw* ' 

Wc deal with integral in the same way as we dealt with (14.202). That is, we write the integrant in 
the form: 

-(^^H(rv.„)(i?„_...i?,,(T)'"4^A*)((i + j^)^^,_„-i?ii(r)"+Va) = 

-(L + 2j.){(c^H(T^A„)(i?,,_...i?,,(r)"4^M)(i?.,-„-^*i(7^)'"+Vc)} 
+(i?i,_...i?i,(T)™+Va)(i + i'){(w/i^)(T^a)(i?i,_„...i?n(r)'"4iM)} 
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By (14.206) with the function 

in the role of the function /, we conclude that (14.369) equals: 

- / (u;/j/)(rV'a)(i?i,_...i?n(T)'"4^M)(i?i,-^-fin(r)'"+Va)dw'dM^ 
+ / (a;/iy)(TV„)(i?i,_...i?i,(T)'"4^/x)(i?i,_...iii,(T)"+Va)rfw'rfM^ 

+ / {Ri,_^...Ri,{Tr+^,p^){L + iy) 
■{{uj/v){T^^){Ri,_^ ...Ri, {Tr^,i)}dt'du'di^-^ 
We first consider the hypersurface integral: 

- / ^ {uj/u){Tilj^){Ri,_^...Ri, (T)™^/x)(i?i,_ ...Ri, {Tr+^i;^)du'dn-^ 
We define the S'f^M-tangential vectorfields: 

Then with 



(ii...ii_m) 



in view of the fact that, since ^ = for any ^j^u-tangential vectorfield X: 



we have: 



where: 



R,,_^...R,,{T)"%n = d/v(*-^'— )y„,(_„ + (i^-i'-^)f„ 



(*l---*i-m){ 



' m,i—m 



— {il---il-m) 



In analogy (11.323)-(11.325) we deduce: 



'^m,l — m — tr(^ 
ml , , J. 



^ A;!(m — A;)! 



T)'(r'))-(/T)"'-'#M} 



+tr{ ^ ((/ii)^ur')) • (/k)-^^(/t)"#m} 

|si| + |s2|=;-m,|si|>0 

Using Corollaries lO.l.d, 10.2.d, ll.l.c, 11.2.C, 11.2.g, we obtain: 

ll^'^-"'— Vm,;_™|L2(sjO) < Ci{\ + + log(l + t)]{(l + t)-iB[™j+i] 

+^o[3^o + (1 + + + (1 + i)"'[l + log(l + t)]'wgj]} 



(14.370) 



(14.371) 

(14.372) 
(14.373) 

(14.374) 

(14.375) 
(14.376) 
(14.377) 



(14.378) 
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Moreover, since 

||('-''-)y„,;_„|L.(j,.o) < C{1 + (14.379) 

while 

||4logn||ioo(s«o) < C5o{l + t)-^ (14.380) 

enjoys the same bounds as ^^'^'"^'~'"^rm,i-m- 
Now substituting (14.375) in (14.371) the hypersurface integral becomes: 

- / (cu/i.)(TV;„)cl/v('---''--)y„,;_„(i?i,_...i?i,(T)"+Va)d^x'dMS (14-381) 

- / (a;/z/)(TVa)('^-''-'"V„,;_„(i?i,_...i?i,(T)'"+Va)rfn'dM3 

If / is an arbitrary function defined on St^u and X an arbitrary vectorfield tangential to St^u, we have: 

/ /d/vXrf^i = - / X- 4fdf,-. (14.382) 

Applying (14.382) to the first of (14.381), taking X = ^'^■■■''-"'^Ym,i-m and 
/ = (a;/i/)(TV'a)(i?i,_„-J2ii(7')'"+^V'a), we obtain that (14.381) equals: 

H'o + H[+ H'2 (14.383) 

where: 

(14.384) 

H[ = j ^{u/u){4T^^) . ('-''-'")y„,i_„(i?i,_...i?i,(T)™+Va)rfw'rfM^ 

(14.385) 

= j yij^){^{Lo/u) ■ - (w/i.)(*-*'-'")f™,,_™}(i?i,_...i?i,(r)'"+Va)rfu'dM^ 

(14.386) 

Now by (14.378) and (14.379) (also (14.214)), 

\\{u/u:f^--'-^)Y,n,i-,n ■ - (''^■■■'''-"'f„u-m|L2(s^o) (14.387) 

<Cl{l+ t)-^[l + log(l + t)\{{l + t)-^B^rnJ+l\ + 

5o[yo + (1 + 1)4] + + (1 + t)-^[l + log(l + t)]2wgj]} 

Comparing on one hand (14.386) with (14.385) and on the other hand (14.387) with (14.379), wc sec 
that has an extra decay factor of (1 + i)~^[l + log(l + 1)] relative to H[. So we confine attention 
to H'q and H[. 

We first consider the integral H'q. We have, recalling the definition (14.372), 

\H'o\ < C / (l+t)2|TV'a||te,_„...-R.,(r)™Ml|4i?i,_„...i?»i(r)'"+VaM^xdM^ (14.388) 

< C (1 + t)|T^„|(^ (T)>|)|4i?i,_ (T)"+Va|rfnrfM^^ 
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Let us set j = ii-m+i- 

Here we must obtain a sharper estimate for Ri^_^^^...Ri^{T)™^ than that of Proposition 12.12. 
Writing: 

^'"•"'-"'+^Vm,;-m+i =i?i,_^+i...i?ii(TrM (m = 0,...,0 (14.389) 

we have the propagation equations (12.229) for m = 0, and (12.252), for m > 1, which we can write 
in combined form as: 

= (14.390) 

where: 

^''■■■''-"^+'^p'm,l-m+l = e^''-''--+^^,,m,l-m+l + ...i?,, (7)^771 (14.391) 

m—1 



53i?i,_^,...i?.,(T)'^A(T)™-i-V 



k=0 

l — m 
fe=0 

Here we have defined the functions: 

= ^''-''-^'^r'^.i-m+i - {Ru.^^,...RiATre)n (14.392) 

where (»i - »i-m+i)^^ i-m+i given by (12.251). The functions (n •••»!-m+i)^«^ are of order / + 1 

and contain spartial derivatives of ^ of order at most I of which at most m are T-derivatives. Exphcitly, 
for m = 0: 

= E ((i?)^^e)((i?)^^/z) (14.393) 

|S1| + |S2|=;+1,|S1|,|S2|>0 

and for m > 1: 

= E ((i?)^^e)((i?)^HT)'» (14.394) 

|si| + |s2|=i-m+l,|si|>0 

+ E ((i?)«U2^re)((ii)^=M) 

|si| + |s2|=i-m+l,|s2|>0 
m—1 I 

As in Chapter 10 we write: 

m = m^T^a) (14.395) 

and we express: 

Ri,_^,...Ri,{Trm = m^Ri,_^,...Ri,{Tr+'i;^ + (14-396) 

where: 

\si\ + \s2\=l-m+l,\si\>0 



+i?,_,,...i?,,(E ^,(^:^^, ((r)^m^)((T)-''+V.)) 
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Also, we write: 

e = el{Lijja) 

where: 

1 

V 



1 



Obviously, 

lell < C 

We then express: 
where: 

^"••"'-+^^41™+! = E ((J?)-e2)((i?)-(T)™LVa) 

|5i| + |s2|=^-m+l,|si|>0 
m I 



We define: 

'(0) 1 D. lT\"^+^ibn 

and: 

+m^i2i,_+,-i?i.(T)'"+Vi + {l + t)-',,etRi,_^^,...Ri,iTrQ7p^ 

We then have: 

_ '(0) I (ii---ii-m+i) „'(!) , 

~ Pm,l-m+l ^ fm,l-m+l ^ "'m,l-m+l 

where: 



(ii...ii_,„+i)-/ _ (ii...i!-m+i)^'(0) I (ii...ii-m+i)^5'(l) 

"■m.i-m+l ~ "■m,l-m+l ^ "■m,l-m+l 

and (14.391) takes the form: 

(ii...ii_,„+i) / _ (ii...ii-m+i) '(0) I + '(1) , '(2) 

ym,l-m+l ~ rm,i-m+l ^ ^^»n,i-m,+l ^ f'm,;- 

where: 

'(2) _ (n...'i(-™+i) 

Fm,i-m+l ~ A*Jn,(-m+l 

"'m,l-m+l ' 'm,;-m+l 
m— 1 



fc=0 
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We shall now obtain an estimate for ^^^^ term on the right in 

(14.408) is bounded in L^^") by: 

C6oil+t)-^Bi^,i+^ (14.409) 

From (14.397) we deduce: 

ll^"-''-'"+^^n2_™+illL=^(E-) < CS,{1 + t)-^W{i+,} (14.410) 
Using Corollary 11. 2. b, we deduce that ||^*^"'"~'"^^^'^^^;-m+illi:'2(St°) bounded by: 

Ci5o{l + t)-\W{i+i} + Wgj + 5o(l + t)-\{l + + 3^0 + (1 + 1)4]]} (14.411) 

Wc turn to the third term on the right in (14.408). Using Corollary 11.2.b we deduce through (14.393), 
(14.394), 

||(^-''-'")<,_„+i|L.(5,.o) (14.412) 

< c5o{[i + iog(i + t)](i + t)-Mwg} + 5o(i + t)-\yo + (1 + <)-4j,_i] + W{i})] 

Finally, the two sums on the right in (14.408) have already been estimated in L'^(T,l°) in (12.357) and 
(12.359). So we conclude that: 



3 

< CiSo{l + t)-^[l + log{l + t)] 

+ Wgj + (1 + i)"'S[m,i+l] + 3^0 + (1 + 1)4]} 
Moreover, from (14.403) and (14.404), similarly as before, we have: 



Ell(n...ii_„j) '(1) II 



(14.413) 



(14.414) 
(14.415) 



and: 



a 


..i?i,(T)™+lVa](t) 




...Ri,{T)rnQ^„]{t) 


a 





l/2(ii...i,_^j) '(0) 
/ > 11^ Pm.,l-m+l 



L=(E-) < C\e\ lY,^i[Ri,_...Ri,{T)m+ii;^]{t) 

V a 

Ell l/2(n...ii_„j) /(I) II 



(14.416) 
(14.417) 



< CSo{l + tr\ J2 [^i>-m-Rii (T)'"+iVa](t) 



+CSo{l + t)-'[l + log(l + 1)] J2 [^i.-^-^i^ (T)™QVa] (t) 
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We now integrate the propagation equation (14.390) along each integral curve of L from Eq" to 
obtain: 

X^|(*^-*'-"^Vm,(-m+i(i,w,i?)| (14.418) 



3 

2 



fe=0 

where: 



/ El^' -'-'VS-^+iKt',^^,^)^*' (14.419) 

for /c 0, 1,2. 

By (8.333) we have: 

ll^'-^'-'^l^WIU^Clo.eolxS^) (14.420) 

< /* E ll^"-'-'"VSl„+l(*')IU^([0,.o]xS^)rfi' 

Jo ^. 
We now substitute (14.418) in (14.388), noting that: 

E \RiRn_^...RiATri^\ = E 

j 3 

The borderline contribution is from - it is the borderline integral: 

C I (l + i)|TV„|('-''-'"U'j^°]_^|4i?i,_...i?i,(T)™+Va|rf«rfM^ (14.421) 

This is similar to (14.246) and it is estimated in exactly the same manner. Defining (see (14.257)): 

^'"•■''-'"^^U,/+2;a,«(t) (14.422) 
= sup {[l + log(l + i')]-^V^«(t')E^i[^'-'"-^'i(^)'"^'^«Ki')} 

*'6[0,*] 

then similarly, we obtain (see (14.266), (14.293)) that the borderline integral (14.421) is bounded by: 

^^^^ + + + i)]''^'^-"'-^eU,;+2;a,,(*) (14.423) 

The remaining contributions to (14.388) are estimated in exactly the same manner as the remaining 
contributions to (14.215). In view of (14.294) these contributions are bounded by: 

C / (l+t)|TV„|('-''-"')^2_„|4i?i,_...i?n(T)'"+Va|rfwrfM^ (14.424) 

< C(5o^^^ (*-*'-'")^g_„|te,_...i?i.(r)'"+Va|rf«c;M^ 
<C5o||(^---^'--^A'j,l„IL.(s-)Mi?i,_„...iin(T)™+ValL^(s-^ 

<c5oM;;'/'(t)i|(^^---^'-'"'<L„(Oiu^([o,.c]xs^)^f;,[,+2](i) 
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for k = 1,2, which is similar to (14.297). Here we need only consider the contribution of 

because ^^^'"^'''"^''^'ml-m besides being of lower order does not contain any leading 
terms, as is evident by comparing (14.413) to (14.237). By (14.415): 



E ll^"-"-''VS-™+iiL^(E-) < C(5o(l + t)-'[l + log(l + t)]'/'ii-'/'{t)^£'ui+,]{t) (14.425) 



we obtain: 



ll'"-''-'"^<l™(i)IU=([o,.o]xS=) (14.426) 

< cso fi-'/'im + tr'{i + iog(i + i')]'/V^;,[,+2](^')rft' 

where J'a^q{t) is the integral (14.298). Substituting (14.305) with q replaced by g + 1/2 yields: 

C / (l + i)|mi^^"-"'-'"^4S-™M^^,-™-^*i(T^)"+VaMwrfM^ (14.427) 

< c-5o^e;,[,+2];a,,W{^,A;;''-'/'(i) + c<^;+3/2(ca^o)/x-'"(i)}[i + iog(i + t)r 

Finally, we consider the hypersurface integral H[, given by (14.387). We have: 

\H[\ <C f {l + t)\4Ti;„\ V \RjRi,_^...Ri,{Trtx\\Ri,_^..Mi,{Tr+^^^\dudfi. (14.428) 

M° T 

Using 

maxsup \4Ttpa\ < C6q{1 + 1)-^ (14.429) 

we have: 

1^11 < C6o I {l + t)-^Y.\RjRi,_^..Mi,{T)"'tx\\Ri,_^..Mi,{T)"^+'^c,\dudtx^ (14.430) 
J^? j 

i 

< C5oE ll(^i^i.-^-^^i(2^)'"M)WIU=([0,.o]xS=)W{;+l}(t) 


From (14.418) and (14.420): 

E ll(^i^i.-..-^n(^)'"M)(i)IU^([o,.o]xS=) (14.431) 
j 

< C{EP.-R^,-™-^n(T^rMllL^(E;°) 

j 

+ Ell^"-''-'"^<l„.(i)IU=^([0,eo]xS^)} 
fe=0 

< C'lE l|-^J-^»!-m--Ril(^)™Mlll,2(E^0) 

i 

+E/V+0-^Eii^"--"-'"^'^'^S1-™+iII^^(^:?)'^*'} 
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Here we need only consider the leading principal contribution, namely that of 

Enih-ii-mj) l{0) II 
II P m,;-m+llli2(EjO) 

j 

This contribution to (14.431) is bounded by (see (14.414)): 



C\£\ ^ (1 + <')-V„.'/'(t')^/E^i[^«-™-^-(^)"^'^"Ki')rfi' (14.432) 



< C\i\Jgi[i+,],,Jt) / (1 + tr'f^;n''-'^'{t')[l + log(l + t')]^dt' 

J 

Substituting the bound (14.153) with q replaced by g — 1 and also the bound (14.318) for W{;+i}, we 
obtain that the leading contribution to i?( is bounded by: 



Ceo5oM-'«+^/^(t)[l + l0g(l + i)]^+'+V^0,[;+2];a,p(i)^L[Z+2];a,,W (14-433) 

the same in form as (14.319). 

We turn to the spacetime integral in (14.370), namely: 

/ (i?i,_...i?,,(r)-+Va)(i + i-){(c^/z^)(TV'a)(i?i,_...i?i,(T)'"4iM)}dt'd«'d/x. (14.434) 

As in (14.334) we have, in regard to the integrant in (14.434), 

{L + p){{u/y){T^^){R,^_^...R,,{Tr/}^^i)} (14.435) 

= (c<;H{(TV'a)(i + 2i.)(i?,,_...i?,,(r)™4iM)+fo(i?^,_„...-Rzi(r)™4^M)} 

We substitute on the right-hand side the expression (14.375) for Ri^_^...Ri^{T)'^ /^ji. Here we apply 
the following: Let X be an arbitrary S't^„-tangential vectorfield. We then have: 

(L + 2v)4yX = d/v(/iX + 2i^X) (14.436) 
To establish this we work in acoustical coordinates (t, u, : A= 1,2). We then have: 



X = X^^ (14.437) 



1 r) I r) I 



and: 



Ld/vX = (14.438) 

at 



d'^x^ dx^ d . AT— 



Now: 



l,X=[L,X] = ^^ (14.439) 
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and: 

dt 



^ log Jd^ = trx (14.440) 



We thus obtain: 

LdivX = cy'v(/z,X) + X ■ 4trx (14.441) 
In view of (14.374) and the definition of u, this is equivalent to: 

Ld/vX = d/v(/iX) + 2X -di^ (14.442) 

which is equivalent to (14.436). 

We appeal to (14.436) taking X = ''''^'"'''~"'^Ym,i-m after substituting the expression (14.375) in 
(14.437). Substituting then the result in (14.434) and integrating by parts on each St,u we obtain: 

/ (a;/i/)(r^„)(i?i,_...i?i,(T)'"+V„)(L + 2i.)d/v(^^-^'-™)F„,z_„rft'rfw'dMS (14-443) 

= - [ {u:/v){Ti,^){{t.L + 2z/)('^-''-'"V„,,_„) • mn.^-RiATr^^i'adt'du'dti-. 

- / (a;/i/)(i?i,_...i?i,(T)™+Va)((/L + 2z.)(*-*'-'")y„,,_„) • iTi^^dt' du' dii-. 

(T^Aa)(i?.,_,„-i?n(r)"+V^a) 



and we are left with: 



■{{II + 2i/)('-''— )y„,,_„) • 4{uj/iy)dt'du'dtxz 



I (w/j.)(rV'„)(i?i,_...i?i,(r)"+Va)(i + 2i/)(^^---^'-"V„,,_„dt'du'dM (14.444) 
We also integrate by parts on each 5t,„: 

/ (u;/z.)f„(i?i,_...i?i,(T)-+Va)d/v('-''-)y„,i_„dt'dw'dM^ (14-445) 
= - / (a;/i.)f„('-''-'"V„,,_„.4(i?i,_...i?n(T)™+V„)diWrfMS 

- / (a;/i^)(iii,_...iin(T)'"+Va)^'"-"'-'"^i;„,;-m • ^f^dt'du'dii-. 

- [ fa{R^,.^...R^AT^^^i^af'■■■''-'^^yrn,l-rn■4{0J/<y)dt'du'd^i, 



'w. 

and we are left with: 



/ (w/i/)f„(i?i,_...i?,,(r)™+Va)'^^-"'-'"^r„,i-mrftWd/x. (14.446) 

In view of (14.443)-(14.446) the spacetime integral (14.434) becomes: 

-K - yl - ^2 (14.447) 
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where: 



^0 = + ^0,1 



(14.448) 



= / {oj/v){Ti,^){{lL + 2v)^''-'^-"^'^Ym,i-m) ' dRi^.^-RiATr^^i'cdif du' dfi. (14.449) 



^0,1 = / i^M 



' rv r 



m,l — m y^^Hi- 



^...Ri,{T)"'+^iPadt'du'dn~. (14.450) 



(14.451) 



= / {co/u){Ri,_^...Ri,{Tr+^i,^){{lL + 2!/)('-''-'"V„,i_„) • ^Ti^^dt'du'dii-. (14.452) 

Kl= / (w/j^)(i?i,_...i?n(T)"+Va)^'""'-"^i;r»,i-m-4fa(itWd/X. (14.453) 



and: 



1^,0= / (T^a)(i?i,_...i?n(T)'"+Va) 

{((/i + 2t/)('-''-'")y„,i_„) • 4(a;/t/) 
-{i^/u){L + 2!/)('i-''-'")r„,,_„}rfi'rfu'rf/x^ 



(14.454) 
(14.455) 



^2,1=/ (i?.,_-iin(T)'"+V«)ra (14.456) 



• ik^/T^)) - {L0/iy)^''-''-'-^fm,l-m)dt'du'dlI-^ 

In the following, we estimate Vqq and V{q, seeing that the other terms are of lower order. 
We have: 

l^o,ol<C' / {l + iff\Ti,^\\4Ri,_^...Ri,{Tr+^i,^\\{lr^ + 2iy)^''---'^^^^ (14.457) 
Since according to (14.372): 

4i?i,_...iii,(T)> = ^-(^-*'-)y„,,_„ (14.458) 

and /j;,^ = 2x, we have: 

(14.459) 



^ m,l—m 
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Since 



defining: 

x' = x' -liLiogn)^ 

we then obtain: 

Substituting for LRi^_^...Ri^{T)"^iJ, from (14.390) with I + 1 replaced by I then yields: 
which implies 

2 

fc=0 

Now from (14.403) with I + 1 replaced by I: 
hence: 

ii^i/2^(n...i0p3_^ii^,^^eo) < cm + i)-y^^([i?i,_...i2i,(T)™+i^„](t) 

y a 

Also, from (14.404) with / + 1 replaced by /: 

^(n...i,_)^^i)_^ = (m° - i£)4i?i,_...i?,,(r)™+Vo 



+(1 + i)- Ve2te,_ (T)"QV^„ 
+ (^m?^)(i?,,_...i?,,(r)"'+Va) 
+(1 + i)-'(^«(MeD)(^i,-^ -^^ii {TrQi>a) 



hence, in view of the facts that: 



we obtain: 



sup l^rnJI < C5o(l + ^)"^ sup \^el\ < CSo{l + 1)"^ 



< CSo{l + tr\lj2 [Ril-m-Ri. (T)'"+lVa](t) 



+C,5o(l + t)-'[l + log(l + 1)] f( K_...iiH(T)™QVa](t) 
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Note that (14.465) and (14.468) are compatible with (14.416) and (14.417) respectively, and from 
(14.413) we have: 



•^^"■■^'-VS-™l + 2|x'P^.-,.-^n(r)>|||i.(s-) (14.469) 
< CMl + t)-^[l + log(l + mW{i+^ + W^^j 

+(1 + t)-^6[„u+i] + :yo + (1 + 1)4] } 

The borderline contribution to (14.457) is the contribution from 4^*^ ' *'""Vm°]-m- "^^^^ is the 
borderline integral: 

C [ (l+tO'|I^V'api?i,-„--.i?ixm"+Va|M^'"- ''-VS-mMi''^«^/^(» (14-470) 

<C [ (l + t')'sUp(M-l|TVa|)||M'/'4i?i,_...-Rn(T)™+Va|L2(s'0) 

Here we substitute (14.89) for sup^-^o (/i~"^|T^„|) and 

(14.465) for ||m^^^/*''"*'"'"''p'™\-™!Il2(s^")- The factors \£\ then cancel. Now the contribution of the 
second term on the right in (14.89) is in fact not borderline. The actual borderline contribution is: 

C [\upifx-'\Lf,\)Jsi[R,,_^...Ri,{T)rn+iij^]{t') (14.471) 
Jo s^o ^ 

V a 

(similar to (14.360) and (14.361)). 

We proceed to consider the contribution of 4*-*^" *'""Vm ]-m (14.457). Here we simply appeal 
to (14.90) for sups»o(/x-i|rV'a|). Substituting also (14.468) for 

||/i^/^4^'^'"*'""'''p'^'j_^j|^2(j]"0): we obtain that the contribution in question is bounded by: 

C I (l + iO'|rV'a||4i?i,_...i?n(T)'"+Va||/^"--^'-'"V'S-mM*''^^^'"^ (14-472) 

<CSo I (l + i')Mr„'(i')ll/^'/'^^^,-™-^^i(7^)"'+Va|lL2(E7) 

Jo ' 

<cte'''(0[i+iog(i+t)]2« 

•{^2(CaJo)a;,[,+2];a,,(i) + /V + t'T^l^ + log(l + i')]^Mi+2];a,,(*')rft'} 

J 

(similar to (14.362)). 

Next, we consider F/ g, given by (14.452). By (14.429) we have: 

IKo|<C(5o / |i?i,_„...i?i,(r)'"+Va||(I^L + 2i/)('^-''—V„,j_„|cit'ciwd/x^ (14.473) 
Jwi^ 

-m\\L^(S'0)dt'dudlJ.^ 

Jo * 
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Here we need only consider the contribution of ' 1-m- (14.464), 

||4("-'-'"VS_„IL.(E-) < Cj2-'/\l + t)-'.j£l^) (14.474) 
hence by (14.318) the contribution in question is bounded by 

Ceo^o^V + + log(l +i')]^+Vao,[/+2];a,p(<')eL[,+2];a,,(*')rfi' (14-475) 

This is similar to (14.364), which has already been bounded by (14.366). This completes the estimates 
for the spacetime integrals Vq,V(,V2. Thus, the estimate of the contribution of (14.57) to (14.59) is 
completed. 
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Chapter 15 

The Top Order Energy Estimates 



In this chapter, we consider the energy estimates of top order 1 + 2. Of these the most dehcate are 
those corresponding to the variations (14.52) and (14.54), to which the borderline error integrals are 
associated. 

15.1 Estimates Associated to Ki 

For each of the variations, wc first consider the integral identity associated to Ki and then the integral 
identity associated to Kq. For each variation tp, of any order, there is an additional borderline integral 
associated to Ki, contributed by Qi,3[ip] (see (5.189), (5.276)-(5.282)). This is the integral L{t,eo)[ip] 
defined by (5.388): 

L{t,eoM = [\l + tT'[i + \og{l+tT'£[mt')dt' (15.1) 
Jo 

Consider now the integral identities corresponding to the variations (14.52) and the vectorficld Ki. In 
each of these we have the borderline hypersurface integral (14.248) bounded by (14.268) and (14.295): 

^^^^ + ^TTT^^'^- + + *)]"'^"-'''^l,;+2;a,, W (15.2) 

We also have the borderline spacctime integral (14.361) bounded by (14.363): 
We also have the remaining integrals, bounded, in the case of (14.308) by: 

C,S',[1 + l0g(l + t)r''fi-'''{t)g[,[i+2];a,, (15.4) 

and in the case of (14.313), by: 

Qeo(5oA;;'"(i)[l + l0g(l + t)]'nOo,[l+2];aAt) + Sl[l+2];a,M (15-5) 

provided that: 

q>p+l (15.6) 
and (14.321) is the same as (14.313). In the case of (14.365) we have a bound by: 

CSlil-'-m + l0g(l + t)]^«t/;,[,+2];a,<,(i) (15.7) 
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and in the case of (14.368) a bound by: 

QeoSofl-^'^m + log(l + t)]^HQ[,[i+2U,,it) + Go,[i+2];a,pm (15-8) 

provided that (15.6) holds. Finally (14.370) is the same as (14.368). Combining we see that all the 
remaining integrals associated to (14.52) and to Ki containing the top order spatial derivatives of the 
acoustical entities are bounded by: 

C,,i<5oA^™"^(i)[l + l0g(l + 0]'ye;,[Z+2];a,,W+eO,[/+2];a,p(i) (15.9) 

■{Soyoio) + 4](o) + %+i](o) + 

,[;+2];a,g(*) +^0,[;+2];a,p(i)} 

The bounds in terms of initial data come from the initial hypersurface integrals and the lower order 
terms which we omitted. 

Consider now the error integrals associated to the same variations, or in fact any of the top order 
variations, and to Ki or to Kq, which contain the lower order spatial derivatives of the acoustical 
entities and are contributed by the remaining terms in the sum (14.14). Consider an arbitrary term 
in this sum, corresponding to some k G {0, ...,?}: 

(i^/,+1 + ^'^''+^^S)...{Yj,^,_, + (^n+.-.)s)(^'i+i-.''^-'^-''^ai+^.k (15.10) 

There is a total of k derivatives with respect to the commutation fields acting on '^^V(_|-i_fe. In view of 
the fact that has the structure described in the paragraph following (14.15), in considering 

the partial contribution of each term in (^Vi,;+i_fc, if the factor which is a component of ^^^tt receives 
more than {I + 1)* derivatives with respect to the commutation fields, then the factor which is a 2nd 
derivative of tpi+i-k receives at most fc — (I + 1)* — 1 derivatives of the the commutation fields, thus 
corresponds to a derivative of the tjja of order at most: 

k - (l + 1)* + I + I - k = h + 1 

therefore this factor is bounded in L°°(Sj°) by the bootstrap assumption. Also, in considering the 
partial contribution of each term in '^V2,z+i-fe, if the factor which is a 1st derivative of ^^■'tt receives 
more than (l + 1)* — 1 derivatives with respect to the commutation fields, then the factor which is a 
1st derivative of tpi+i-k receives at most k — {1 + 1)* derivatives with respect to the commutation field, 
thus corresponds to a derivative of the V'a of order at most: 

k-{l + l)* + l + l- k = U + l 

therefore this factor is again bounded in L°°{T,l^') by the bootstrap assumption. Similar considerations 
apply to (^V3,/+i_fe. We conclude that for all the terms in the sum in (14.14) of which one factor is 
a derivative of the ^^^tt of order more than [l + 1)*, the other factor is then a derivative of the ipa of 
order at most ^* + 1 and is thus bomidcd in L°°{Y1\") by the bootstrap assumption. Of those terms 
we have already estimated the contribution of those containing the top order spatial derivatives of 
the acoustical entities. The contributions of the remaining terms arc then bounded using Proposition 
12.11 and 12.12. We obtain a bound for these contributions to the error integrals associated to Ki 
and to any of the variations, up to the top order, by (recall (14.59)): 

a<5oM-"(i)[l+log(l + *)]«• (15.11) 

{(5o3^o(0) + 4](0) + B[,+i](0) + ^ei,[,+2];a,,W+^0ji+2l;a,p(i)} 

JO 

+Ci6o r J-(*[,+2] {u')du' + CM r {u')du'y/^{K^i+2] {t, eo)}'/^ 

Jo Jo 
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The last two terms contributed by the terms in (14.14) containing the top order derivatives of the 
acoustical entities of which however one is a derivative with respect to L (hence are expressible in 
terms of the top order derivatives of the '^c)- 

Here, we have defined: 

n 
m— 1 

where J"(*„(u) represents the sum of the fluxes associated to the vectorfleld Ki of all the nth order 
variations. 

On the other hand, all the other terms in the sum (14.14) contain derivatives of the ^■^-'tt of order 
at most (/ + 1)*, thus spatial derivatives of %' of order at most (Z + 1), and spatial derivatives of /x of 
order at most (/ + 1)* + 1, which are bounded in L°°(Sj°) by virtue of Proposition 12.9 and 12.10 and 
the bootstrap assumption. So we can use Lemma 7.6 to bound these contributions by: 

Ci r + Ci{ r T[\i+^^{u')du'Y/^{K^i+,^(t,eo)Yl^ (15.13) 

Jo Jo 

{ (\l + t')-^[l + log(l + i')]'(fu(+2](i') + elS^,[i+2mdt'Y'^ 
Jo 

Here we have defined: 

n 

K[n]{t,u)=Y,Km{t,u) (15.14) 

m=l 

where Kn{t,u) represents the sum of the integrals 

K[ip]{t,u) = - [ ^ujiy-^fi-\Ln)_\4tpfdtig (15.15) 

of all the nth order variations. 

Finally, for each variation ip we have the error integrals: 



/ y^QoAi^Wg^ / y^Qi.fcMt^Mg (15.16) 

JW" I 1 Jw^ I 1 

"«o k=l " "0 k=l 

from the fundamental energy estimates. According to (5.277), we have: 

/ Y,Qhk[^Wg < -\Kmt,eo) + CMmt,eo) + lm{t,eo) + f A{t')£'M{t')dt' (15.17) 
Here M[V'](<,eo) is given by (5.274): 

M[V](i,eo)=5o[V'](i)[l+log(l + i)r+ f T'M{u')du' (15.18) 

Jo 

As in Chapter 5, we will bring the term — {1/2) K[il:]{t, eq) on the left-hand side of the integral inequality 
associated to ij.) and Ki. 

Let us define, for any variation ^, in analogy with (14.109) and (14.111), 

eO;a,p[V'](i) = sup {[1 + l0g(l + t')]"'^M™ (^0^0 M (^0} (15-19) 

t'e[o,t] 

G'l;a,,mt) ^ {[1 + l0g(l + A^"(*')^i[V'](t')} (15-20) 

t'e[o,f] 
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Note that 5o;a,p[V'](i) and Gi-a,qbl']{t) are non-decreasing functions oft. 
Recalling from Chapter 8 the definition of fi„i- 

= min{/Zm(t), 1}, = min/^ = min fj,(t,u,'d) (15.21) 

we define by replacing [0, eo] x 5^ by [0, u] x S"^, or S^" by Tif: 

Mm,u(i) =min{/"m,«(i),l}, Mm,«(*) = minAi = , min, Lt{t,u','&) (15.22) 

s" (u',i?)e[o,«]xS2 

Note that fim,u{t) is a non-increasing function of u at each We then define: 

K]a,Min) = sup {[1 +log(l +t')]-'V^%(i')-^f'M(«)} (15.23) 
t'e[o,t] 



n';a,,[V'](t,^)= / ^'l;a,JV'](«')rf«' (15-24) 

Jo 



Note that "H'/.^ ^ [^] (w) is a non- decreasing function of t at each u while l^i;a,g[V'](^) ^) is a non- decreasing 
function of u at each t as well as a non-decreasing function of t at each w. We have, for each u G [0, cq]: 

/" .FrM(u')^^«' < /" a;;':- w[i + iog(i + t)rm[\a,M{u')du' (15.25) 

Jo JO 

< ji-'^:{t)[i + iog(i + t)]^«y/;„, u) 

We also define: 

^'i!H;a,,W= sup {[l + log(l+tO]-^'A^%(t')-^i]W} (15-26) 



K[n];a,,ii^^)= H'ly^^.^,^^{u')du' (15.27) 
t/ 



Then H'^ j^^j.^ ^(u) is a non-decreasing function function of t at each u, V[ j^j.^ ^(t, u) is a non-decreasing 
function of u at each t as well as a non-decreasing function of t at each u, and for each u e [0, eo]: 

^[\r.]Wu'< /i-':,(t)[l + log(l+t)]^''^;*[„,^„,,(u')rfu' (15.28) 

< A*™':(i)[l + log(l + i)?''Vl^n];a,<iii. «) 

Going back to (15.18), we have, in regard to the first term on the right, 

£o[m)= sup fo[V'](i') < {fi;r^\t')[^ + ^og{l + t')YPgo,a,pmt')} (15-29) 
t'e[o,t] t'e[o,t] 

< C[l + l0g(l + t)]'^M;;'"(i)^0;a,p[V'](i) 

(by Corollary 2 of Lemma 8.11). At this point we set: 

q = p + 2 (15.30) 

which is consistent with (15.6). Then (15.29) implies that the first term on the right in (15.18) is 
bounded by: 

C/i-2'^(t)[l +l0g(l + t)]2«5o;a,pM(t) (15.31) 

The second term on the right in (15.18) being bounded according to (15.25) with u = cq, we conclude 
that: 

M[V'](t,eo)<Ai™"(i)[l + log(l + t)]'nC^eo;a,p[V'](0 + na,,M(i,eo)} (15.32) 

< ft^n^^im + l0g(l + t)]^HCgo,il+2];aAt) + K[l+2];a,,{t, ^o)} 
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for all variations of order not exceeding 1 + 2. 

In regard to the third term on the right in (15.17), which involves the borderline integral (15.1), 
we have, by Corollary 2 of Lemma 8.11, 

m{t,eo) < Cj2-^''{t)g{.ajm) [\l+tT'[^ + ^og{l+t')]^^-'dt' (15.33) 

Jo 

Finally, in regard to the last term on the right in (15.17) we have: 

/* A{t')£'M{t')dt' < Cm-'«[1 + log(l + 1)]''' f A{t')g[,,^^mi!)dt' (15.34) 
Jo Jo 

< CA-^'^(i)[l + l0g(l + t)]'" f i(i')eM/+2];a,,(i')rft' 

J 



for all variations of order not exceeding 1 + 2. 

Wc also recall that in (5.139) (with u = eq) corresponding to the variation and to Ki we have 
the hypersurface integrals bounded according to (5.399): 

I / {l/2)Q{Loj + !Av)il>^ - I {l/2)fl{Loj + uio)^'^\ (15.35) 
JK° -^K" 

<C£oM(t)[l + log(l+t)]^ 

< Cfi-'''{t)[i + \og{i + t)]^''go.aAm) 

by (15.29), (15.30). 

We turn to the bound (15.13). Let us define: 

/[nl;a,,(i,w)= sup { [1 + log(l + t')] ""'A^^ (i', «)} (15-36) 
t'e[o,t] 

This is a non-decreasing function of t at each u. Then, in view of (15.28) with u = cq, we can bound 
(15.13) by: 

C(A-'"(i)[l + log(l + t)]^''- (15.37) 

{ [\l + i')-'[l + l0g(l + n?igo,ll+2y,aAt') + G'l:ll+2]:ajt'))di^ 

Jo 

and the last term in parenthesis is bounded by: 

S 1 

^I[l+2];a,qit^ Eo) + ^K[i+2];o,9(*' ^o) (15.38) 

for any positive constant 6 {S will be chosen below). 
Finally, (15.11) is bounded by: 

Q5oM„"^(^)[l + log(l + t)fmyoiO) + 4] (0) + S[z+i](0))2 (15.39) 

+^(5l,[i+2];a,g(*) + ^'0,[i+2];o,p(i)) + <5/[;+2];a,g(*, eo) + (1 + j)'^',[i+2];a,g(*' ^o)} 

Wc now consider the integral identity corresponding to the vectorfield Ki (5.139) with u = eq 
and to the variations (14.52) RjRii...Ri^tjja, j = 1,2,3, a = 0, 1,2,3, for a given multi-index (ii...i;). 
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Summing over j and a, we then obtain from (15.2), (15.3), (15.33), in regard to the borderUne integrals, 
and from (15.9), (15.32), (15.34), (15.35), (15.37), (15.39), in regard to the remaining contributions, 
the following: 

{Y^£[[RjRi,...RiMt) + ^J^['[RjRi,...RM{eo) (15.40) 

i,a j,a 

+ 1 ^ K[RjR,,...RMit, eo)}M^"(i)[l + log(l + 1)]"'" 



2 



+C,,lR[l+2];aAt^ Co) + C f A(t')a;,[;+2];,,,(t')'^*' 

Jo 



Here, 



R[l+2];a,q{t, Co) = I'[;+2] + Qo,[l+2];aAi) + (1 + ^)K,[!+2];o,g(*' ^o) + 5I[i+2];a,q{t, Co) (15.41) 

and 2?[i+2] is the quantity: 

T^[i+2] = .?o,[/+2](0) + ^;,[i+2](0) + {V^i+2]f (15.42) 
?'[;+2]=3^o(0)+4](0)+B{;+i}(0) 

+ ^ ||(---)X,(0)L.(S.C) + X: E ll^"-"-'"'^'m,^-rn(0)IL^(E-) 

Also, 

A{t) = A{t) + Ci{l + i)-2[l + log(l + t)f (15.43) 

It is crucial that the constant C in front of the first term on the right in (15.40) is independent of 
a,q,l. 

Now all the estimates we have made so far depend only on the bootstrap assumption and on 
assumption J, which refer to W^* , on the assumptions of Proposition 12.6, 12.9, 12.10 on the initial 
data on Eg", and on the fact that eo < 1/2. These assumptions hold if eo is replaced by any u £ (0, eo]; 
therefore all our estimates hold with eo replaced by any u e (0,eo]. With this replacement, jlm{t) 
is replaced by p,m,u{t) and, for any variation tp, £o[tp]{t) and £[[tp]{t) are replaced by [V'K^) and 
£("[V'](i) respectively. Thus Go;a,pbPW)^ Si;a,qbP]i'^) are replaced by: 

Go;aAm) = sup {[1 + log(l + t')]-'^M™.„(i')^o [V-Ki')} (15.44) 

i'e[o,t] 

G[-ajm) = sup {[l + log(l + i')]-'V^%(i')frM(i')} (15.45) 
t'e[o,t] 

respectively, and ('-'')ao,/+2;a,p(t), ^''■■■''^Qo,m,i+2;aAt), ^'"■"''^M+2;a,pW> ^'"■■''^^U,i+2;a,p(*)> ^re 
replaced by: 



(ii...il)/-;u 



0ll+2;aAt) (15.46) 



: sup {[1 + log(l + t')]-^Pfi^^^^{t')y2£S[RjRi,...RM{t')} 
t'e[o,t] 



{i-i_...il-m.)nu 



5S,m,l+2;aAt) (15.47) 



sup {[1 + l0g(l + i')]-'^M^%(i')E^O K-.-^in(3^r+Va](i')} 

t'e[o,t] „ 
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^''■■■''^Qu+2^a,,(t) (15.48) 



= sup {[l + log(l + i')]-'«/x^%(i')E^i"[^^-^^r"^HV'a](i')} 



= sup {[l + log(l + t')]-'''M^%(i')E^'i[^,-..-^n(r)'"+Va](i')} 

t'6[0,t] „ 



^'"••''-^^^Dni+2:a,,W (15-49) 

respectively. Also, 5o,[n];a,p, ^^l,[„];a,g' ai'^ replaced by: 

^o,N;a,p(*) = sup {[1 + log(l + i')]-'^M^%(i')fo,N(i')} (15.50) 
t'e[o,t] 

0[:in];ajt) = SUp {[1 + log(l + i')]-"'M™%(t')^irN (^0} (15.51) 

t'e[o,t] 

respectively. Moreover, I'[/+2] is replaced by 2?[j_|_2]- Thus in place of (15.40) we obtain, for all u € [0, eo], 
and all t e [0,s]: 

{Y,£?"[RJRH■■■R^^iJc]{t) + J2J'l{RJR^L■■■R^l^<^]iu) (15.52) 
j,o: j,a 

+lY,K[RjR,,..MiMt,u)}ff^^^{t)[l + log(l + i)]-2« 



2 



J 



and we have: 



1, 



%+2];a,«(t,«) = I'fj+S] + eo,[i+2];a,p(i) + (1 + ^ )K,[/+2] ;«,,(*, (15.53) 



where: 



= ^o,[;+2] (0) + ^;:i(+2] (0) + (^^[7+2])' (15.54) 
^[!+2]=%"(0) + ^{Ij(0) + B^Vi}(0) 



+ ^ ||(--^')x,(0)|U.(S„.) + E E ll^"-''-'"^^™,;-rr.(0)l|L^(ES) 

Keeping only the term 

Y,^'^\R2RH-RiMt) 

on the left of (15.52), we have: 

p^^^^{t)[l + log{l + t)]-^''^£[^[RjRi,...RM{^ (15.55) 

< C(i + i)(--^')e;%2;a,<,(i) + C,,f5oe;V2];a,,(*) 



+Q,ii2[«+2];a,,(i, «) + C /* A(i')e;V2];a,,(*')rft' 
J 
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The same holds with t replaced by t' e [0,t], Now the right hand side of (15.55) is a non-decreasing 
function of t at each u. The inequality corresponding to t' thus holds a fortiori if we again replace t' 
by t on the right hand side. Taking the supremum over all i/ G [0, t] on the left hand side we obtain, 
in view of the definition (15.48): 



Gui+2];ajt) < C(i + i)(^-^')e;%2;a,,(0 + C,,lSog[':^t+,],,,,{t) (15.56) 

Jo 



10 

If a and q are chosen suitably large so that: 



then (15.56) will imply: 



C(i + l)<l (15.57) 



\^''-''^Qi:i+2;a,,{t) < C,M^,^i+^y^,,,{t) (15.58) 



+Cg,l%+2];a,,{t, U) + C f ^(i')^;"/+2];a,9(*')rf*' 
J 



The actual choice of a and q shall be specified below. 

Consider now the integral identities corresponding to the variations (14.54) and Ki. In each of 
these we have the borderline hypersurface integral (14.423) bounded by (14.425): 



We also have the borderline spacetime integral (14.472) bounded by (14.473): 

^^Ya + 4)^^- + + *)]''^'"-''-"'^^U,/+2;a,,(*) (15-60) 

We also have the remaining integrals, bounded, in the case of (14.429) by (15.4), in the case of (14.435) 
bounded by (15.5), in the case of (14.474) by (15.7), and in the case of (14.476) by (15.8). Combining 
we see that all the remaining integrals associated to the variations (14.54) and to Ki containing the top 
order spatial derivatives of the acoustical entities are bounded by (15.9). On the other hand, by the 
discussion following (15.9) and (15.13), the error integrals associated to (14.54) and to Ki contributed 
by all other terms in (14.14) are bounded by (15.11) and (15.13). Finally, we are left with (15.16), 
which is bounded in a similar way. We thus obtain: 

{E [^^.-^ -^^1 (3^)™+ Va] (i) + E H'[RH-^-Ri. (7)'"+ Va] (eo) (15.61) 

OL Ot 

+ 1 E K[RH-„.-Ri. (r)'"+Va](t, eo)}M^"(i)[l + log(l + t)]-^" 

< C(i + Y'-'^~^^Q[,m,l+2;a,,{t) + C,,l5oQl^i+2y,a,,{t) 
+Cq,lR[l+2];a,q{t, eo)+C [ i(t')^i.[i+2];a,g(i')'^i' 

Jo 
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and also: 

{Y,s'nRi,_^...Ri,{Tr+'i,^m + ^^j-f [i?,,_...i?,,(T)™+Va]N (15.62) 

a OL 

+i^i^[ii;,,_...E,,(Tr+Va](i,«)}M^%W[l + log(l + t)]-'^ 
3,01 

+C,,lR[l+2];a,,{t, U) + C f ^(i')^M;+2];a,,(*')rf*' 

Jo 



Keeping only the term 



on the left of (15.62) we have: 

M^%(t)[i + iog(i + t)]-2'^5^£:;«[i?,,_...i?,,(T)-+Va](t) 

a 

+C,,,i?[;+2].,,,(t, U)+C f ^(t')^^;:[;+2];a,,(^')rfi' 

By the same reasoning as that leading from (15.55) to (15.58) we then deduce: 



{^''■■■''-^QT,ra,l+2-,a,,it) (15-63) 



< 



J 



Consider finally the integral identities corresponding to any of the other variations ^ of order up 
to Z + 2 and to K\. In each of these we have only one borderline integral (15.1) bounded by (15.33). 
Since all the remaining integrals in these identities are bounded by: 

CgM':[i+2];aAt) + C,,iRii+2y,a,,{t, u) + C f A{t')gT^^i^^^.,^^{t')dt' (15.64) 

Jo 

we obtain, for each such variation ij), the inequality: 

{fr[V'](t) + J-f [V](«) + ii^M(t,«)}M^%(i)[l + log(l +t)]-2« (15.65) 

<£^;^,,M(i) + C,,;'5o^;V2];a,,(*) 

+C,^lR[l+2U,,{t, U) + C f i(t')eMi+2];a,,(i')^^i' 
J 

Similarly, keeping only 
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on the left and noting that by virtue of the condition (15.57) the coefficient C/2q of the first term on 
the right is not greater than 1/2, we have: 

Jo 

The same holds with t replaced by any t' € [0,t]. The right hand side being a non-decreasing function 
of t at each u, the inequality corresponding to t' holds fortiori if we again replace t' by t on the right. 
Taking then the supremum over all t' G [0,t] on the left we obtain, in view of the definition (15.45), 

iG'l-ajm) < C,,lSog[",^i+,y,,Jt) (15.66) 
+Cg,lRll+2];aAi^u)+C [ A(i')a'"[;+2];a,,(i')rft' 

Jo 

Now, according to the definition of S["[i^2] (^) have: 

Sui+2]it)= $]{^fr[i?,iii,...iinVa](t)} (15.67) 

m—Oii...ii-m ^ 

where the last sum is over all the other variations ip of order up to / + 2. Noting that for non- negative 
functions xi{t), ...,XN{t) we have: 

N N 

sup Va;„(t')<E ^"(*') (15.68) 
t'e[o,t]„=i „=i«'e[o,t] 

it follows, in view of the definitions (15.45), (15.48), (15.49), (15.51) that: 

ii-.-il 

I 

+ E E ^'~"'^G'hm,l+2;a,q{t) 
m=Oii...ii_TO 

Thus, summing inequalities (15.58) over summing inequalities (15.63) over ii...i;_„i and over 

rn = 0, ....I. and summing inequalities (15.66) over all the other variations tp of order up to / + 2, and 
then adding the resulting three inequalities we obtain: 

^eM;+2];a,,W < C,,l6og[:^i+2];a,,{t) (15.69) 

+C,,lR^+2];aJt, U) + Cl f ^(i')^^i:[/+2];a,,(i')rft' 
JO 
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for new constants C;, Cg,;. Requiring then Sq to satisfy the smallness condition: 

Cg,i6o < J (15.70) 

(15.69) implies: 

G'lS+2];a,<,{t) < C,,,i?[,+2];a,<,(i, u) + Q f A{t')gT^^i^^y^,^^{t')dt' (15.71) 

Jo 

By (15.43), (5.389) and Proposition 13.1, we have: 

/ A{t)dt < Ci : independent of s (15.72) 

^0 

Since -R[;+2];a,g(*) w) is a non-decreasing function of t at each u, (15.71) implies: 

^;V2];a,,(i) < C',,;ii[i+2];„,g(t, u) (15.73) 



hence also: 



I ^(t')eM;+2];a,,(*')'^i'<^?«,i^[i+2];a,,(i,«) (15-74) 
JO 



for a new constant Cq^\ 



Substituting (15.73), (15.74) in the right-hand sides of 15.52), (15.62) and (15.65), omitting in each 
case the first term in parenthesis on the left, we obtain: 

J-f [i?,iii,...i?i,Va](w) + \Y,K[RjRu...RM{t,u)} (15.75) 



2 



•M™,„(i)[l + log(l + 0]-'^ 

< Cq,lR[l+2];a,q{t,u) 

{^J-f [i?,,_...i?,,(T)™+V«](«) + \Y.^[Ri,_^...RiATr+'^l^a]{t,u)] (15.76) 

a a 

•/2^%(i)[l + log(l + t)]-^'' 

< C'g,i-R[;+2];a,g(*! W) 

mM{u) + ^i^[V](i,u)}A^«„(i)[l + log(l +t)]-^« (15.77) 

< C'g,;-R[i+2];a,g(*) W) 

Summing then as in (15.67), yields: 

{^Ui+2]{u) + ii^[,+2](t,n)}M^%(i)[l + log(l + 1)]-^'^ (15.78) 

< Cq^lR[l^2];a,q{t,u) 

for a new constant Cg,;. Now the definition (15.53) of R[ij^2];a,q{t,u) reads: 

R[l+2\;a,q{t, u) = SI^i+2\;a,q{t, u) + iV[i+2];a,g(i, u) (15.79) 
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where: 

N[l+2];aAt^ U) = + ^0,[;+2];a,p W + (1 + ^)n'[/+2] (15-80) 

Keeping only the term {l/2)K[i_^_2]{t,u) on the left in (15.78) we have: 

^A^%(i)[l + l0g(l + i)]-2«J^[;+2](i,«) < C,,(^/[,+2];„,,(i,«) + C,,;7V[;+2];„,q(t, W) (15.81) 

The same holds with t replaced by any t' G [0,t]. The right hand side being a non-decreasing function 

of t at each u, the inequality holds a fortiori if we again replace t' by t on the right. Taking then the 
supremum over all t' G [0,t] on the left we obtain, in view of the definition (15.36), 

^I[l+2];a,q{t,u) < Cg,l6I[i+2];a,q{*^ ^) + Cq,lN^l+2]-a,q{t,u) (15.82) 

We choose 5 according to: 

Cg,i<5 = ^ (15.83) 

Then (15.82) implies: 

J[i+2];a,9(*, u) < Cq^lN{l+2];a,qi*^ (15.84) 

Substituting the estimate (15.84) in (15.79) and the result in (15.78), and keeping only -^f [;_|_2]('") 
on the left of (15.78), we obtain: 

M^%(i)[l+l0g(l+t)]-2«.F(*[,+2](«) < C,,KQ[Z+2];a,p(t,w) + K[;+2];a,,(i>")) (15-85) 

for a new Cq^i, where: 

0[/+2];a,p(<, U) = + 5o,[J+2];a,p(i) (15-86) 

Seeing that the right hand side of (15.85) is a non-decreasing function of t at each u, the previous 

reasoning applies and we deduce: 

^'l![/+2];a,,(«) < CgAQ[l+2]:a,p{t,u) + ^'^ [,+2] ;«,«(*, ")) (15-87) 

In view of the definition of V( [;_|_2].a g{t, u), this reads: 

K[l+2];a,qi^) < Cq,lQ[l+2y,a,pit, u) + Cg,l [ V-'l^i+2];a,qW)du' (15.88) 

Jo 

Defining the functions: 

^0"N;a,p(i)= sup <H;a,p(*) (15-89) 

ii'e [o,ti] 

which are non-decreasing functions of u at each t as well as non-decreasing functions of t at each u, 
we may replace Q[i+2];a,p(*)^) oii the right in (15.88) by: 

Q[l+2];aAt^ = T^[l+2] + ^o" [/+2] ;a,p (0 (15-90) 

which is also a non-decreasing function of u at each t as well as a non-decreasing function of t at each 
u. Recalling that [0,eo] is a bounded interval, (15.88) then implies: 

■^l,[i-K2];a,q(«) < Cq,lQ[l+2]-a,p{i,u) (15.91) 
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for a new constant Cq^i . Hence also: 

K[i+2];a,g(*. < C'9,ie0<9[;+2];a,p(t, u) (15.92) 

Substituting this in (15.80) and the result in (15.84) we obtain: 

I[l+-A;a,q{t, u) < CqjQ[i+2]:a,p{t, u) (15.93) 

for a new constant C,^;. Substituting finally this in (15.79) and the result in (15.73) yields: 

^lV2];a,« W ^ C,,lQ[l+2];aAt^ (15-94) 

for a new constant C,^;. 

15.2 Estimates Associated to Kq 

Consider now the integral identities corresponding to the variations (14.52) and to the vectorfield Kq. 
In each of these we have the borderline integral (14.97), bounded by the sum of (14.102) and (14.107): 

+ + l0g(l + t)f'^''-^^^Q0,l+2;aAt) (15-95) 

We also have the remaining integrals, bounded in the case of (14.115) by (14.132), hence by: 

Cg^oM-2°(i)[l + log(l + t)fnQHi+2];aAt) + ^M/+2];„,g(i)} (15-96) 

and in the case of (14.157) by (14.158), hence by (15.96) as well. Also, the integral (14.161), bounded 
by (14.162), hence by: 

Cp,5o/i„2"(i)[l + log(l + i)]'^P[;+2] ^JQo,[l+2]■,aA^) (15-97) 

Combining we see that all the remaining integrals associated to (14.52) and to Kq containing the top 
order spatial derivatives of the acoustical entities are bounded by: 

Cp,/'50M™'"(i)[l + l0g(l + t)f^^go,[l+2]-,aAt)+Qui+2\,aM (15-98) 
{P[l+2] + ^jQo,[l+2];aA^) + Ql,[l+2];a,q'y^)} 

By the discussion following (15.9), the contribution of the terms in (14.14) of which one factor is a 
derivative of '^'fr of order more than (Z + 1)*, but which do not contain top order spatial derivatives 
of acoustical entities, are bounded using Proposition 12.11 and 12.12 and the bootstrap assumption. 
We obtain a bound for these contributions to the error integrals associated to Kq and to any of the 
variations, up to the top order, by: 

ClS^n^n^m + l0g(l + t)nV^l+2] + ^e;,[i+2];a,,(*)+e0,[i+2];a,p(i)} (15-99) 
-{ r(l+t')-=^/%,[;+2](i')rfi'+ r H,[l+2]W^'y^' 

Jo Jo 
+C1S0 ^ (1 + t')-^/^£o,[i+2]{t')dt' + CiSo ^ " Po,[l+2]W^' 

+a{.?-(*[;+2](«0dn' + ^[,+2](i,eo)}^/'{ Al+*')-'/%,[i+2](t')rfi'+ r n,li+2]{n')dn'V^' 

Jo Jo 
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The last three terms are contributed by the terms in (14.14) containing the top order derivatives of 
the acoustical entities of which however one is a derivative with respect to L (hence are expressible in 
terms of the top order derivatives of the tpa)- Here: 

n 

•^o,mW= E•^o,„^H (15-100) 

m=l 

where Jq „(u) represents the sum of the fluxes associated to the vectorfield Kq of all the nth order 
variations. Also: 

K[n]i^) = + + t')]~'j"i[n]i^)} (15.101) 

K[n]{t,u) = sup {[l + log(l+0]"^^H(^',u)} (15.102) 
t'e[o,t] 

On the other hand, all the other terms in the sum (14.14) contain derivatives of the '■^■'tt of order 
at most (/ + 1)«, thus spartial derivatives of x' of order at most {I + 1)* and spatial derivatives of fi 
of order at most {I + 1)* + 1, which are bounded in L°°(S(°) by Proposition 12.9 and 12.10 and the 
bootstrap assumption. The contributions of these terms are bounded according to Lemma 7.6: 

Ci j\l+tT'^'£o,iL+2]{t')dt' +Ci p Fl^,^^^{u')du' 

(15.103) 

From the definitions (15.26) (15.36) and also the relation (15.30), we have, for all t' e [0, t]: 

[1 + log(l + t')]-^F[%,^{u) < fi;^':{t')[l + log(l + t')]'^^'i*,H;a,,(«) (15.104) 

[1 + l0g(l + t')]-'Kln] {f',u) < M-^:(t')[l + l0g(l + t')]^''I[l+2];a,,{t, u) (15.105) 

taking the supremum over t' E [O.t], we obtain, in view of Corollary 2 of Lemma 8.11, 

.f;*[„](^.) < Cfi;^':m + ^og{i + t)fpn'l[^y^,ju) (15.106) 

%](t,u) < C/2-22(t)[l + log(l+t)]2p/[„]^„^^(t,^,) (15.107) 

In view of the definition (15.27) and the fact that iJ,rn,u{t) is a non-increasing function of u at each t 
we then have: 

/" ^'l][n]{^')du' < CM-^:(t)[l + l0g(l + i)]'^KH;a,«(i, (15-108) 
JQ 

We also define: 

^o,H;a,p(") - sup {[1 + log(l + t')]-'^A^%(i'KH(^)} (15.109) 

t'6[0,f] 

Vo,H;a,p(i,w)= / K,in];a,p{^')du' (15-110) 

Jo 

Then Hq j^j.^ ^(u) is a non-decreasing function oft at each u, Voj„];o,p(t, u) is a non-decreasing function 
of u at each t as well as a non-decreasing function of t at each u, and for each u G [0, eo]: 

/•U PU 

/ T*^^„^{u')du' < /2-2:,(t)[l + log(l + t)]2f^*,[„]^,,p(«')rf«' (15.111) 
Jo Jo 

< M;;':(i)[l + l0g(l +t)]'*'Vb,M;a,p(i,w) 
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So we can bound (15.99) and (15.103) by: 

Cl5o}l-^''{t)[l + l0g(l + t)]'P ■ {{V[i+2]f + S'{g\,[l+2];aAt) + ^0,[i+2];a,p(i)) (15-112) 
1 /■* 

+ (1 + ^)( (1 + t')-^^^G0,[l+2];a,p{t')dt' + V0,{l+2];a,p{t, ^o)) 
+^'{Kll+2];aJt, ^O) + I[l+2];a,g{t, eo))} 

for any positive constant 6' {S' will be chosen below). 

Finally, we have to deal with the first of (15.16). According to (5.415)-(5.420) we have: 

/ y2Qo[^Wg< I {i+t')-^[i+\og{i+t')]''B,{t')£[mt')dt' (15.113) 

Jo 

+cvomt,^o) 

Jo 

+c [\i + tT^[i + iog(i + t')]^v;mt', ^o)dt' 

Jo 

+CKmt, eoy/\ f\l + t')-'[l + log(l + t')]-^So[m')dt'Y/^ 
Jo 

+C^M(t,eo)i/2(yoM(t,eo))i/2 

It follows that: 

/ y^Qoli'Wg < [* Bs{t'WiMt')dt' (15.114) 

fc=i 

+C(1 + 1){ y (1 + i')-Ml + log(l + t')]-^£omt')dt' + Vom{t,eo)} 

+C [ (1 + t')-^[l + log(l + t')]^Vimt', eo)dt' 
Jo 

+S'Kmt,eo) 



where: 



Since 



Bs{t) = (l + t)-2[l + log(l + t)]4B,(t) + C(l + t)-i[l+log(l + t)]-2 (15.115) 



£[[m)= sup {[l + log(l + t')]-^<^^i[V'](i')} (15.116) 
t'e[o,t] 

< sup {/x-2«(t')[i + iog(i + t')r''g[.,ajm')} 

t'e[o,t] 

the first term on the right in (15.114) is bounded by: 

C/i-2«(i)[l + log(l+t)]2^ f Mt')g[.,a,Mit')dt' (15.117) 

Jo 
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In regard to the second term on the right in (15.114) we have: 

f\i + + iog(i + t')]-^£omt')dt' 

Jo 

< CM-2«(t)[i + iog(i + [\i + t')-'[^ + iog{i + t')]-^go;aAm')dt' 

Jo 

Moreover, defining: 

K,a,pmiu) = sup {[1 + l0g(l + t')i"'^/i^%(i')-^o'M(«)} 

t'e[o,t] 

Jo 

we have, in analogy with (15.111): 

Vomt,u) = r nWu' < /X-2^(i)[l + l0g(l +t)]2fyo;a,p[V'](i, 

Jo 



(15.118) 



(15.119) 
(15.120) 



(15.121) 



In regard to the third and fourth term on the right of (15.114), recalling from Chapter 5 that: 



y/[v](i,«)= / F['mu')du' 



(15.122) 



(15.123) 



(15.124) 



we have, using an inequality similar to (15.106), 

vimt,u) < cfi-^^:m+\og{i+t)]'wi.^jm,u) 

hence also: 

f\l + t')-^[l + log(l + t')]'^i'M(*', eo)dt' 
Jo 

< CM-2«(t)[l +log(l + 0]'^ [\l + t')-'[i + log{l+t')fv;.^,Ji,]{t',eo)dt' 

Jo 

Finally, in regard to the last term, we have, in analogy with (15.107): 

K[m,^o) < CM-2'^(t)[l + log(l + t)]^^'/a,,[V'](t,eo) 

where: 

Ia,M{t,^)= sup {[l + l0g(l + t)]-2«/i^«„(t')^[V'](i',«)} 

t'e[o,t] 

Substituting the above in (15.114) we obtain: 

/ J2 Qoi^Ws < Cm™ + log(l + 1)]'^{ /* Mt')G'i;aAm')dt' + (1 + jj) (15.127) 

[ [ {l + t')-'[i + iog{l + t')]-^go.a,pm{t')dt' + K);a,p[V'](t,eo)] 

Jo 

+S'Vl;a,M{t, eo) + / (1 + t'r'ii + log(l + n'Vl.ajm', ^o)dt' + 5'Ia,,mt. eo)} 
Jo 

We now consider the energy identity corresponding to Kq ((5.140) with u — eg) and to the variations 
(14.52) RjRii.-.Ri^tpa, j = 1,2,3, a = 0, 1,2,3, for a given multi-index 



(15.125) 
(15.126) 
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(15.128) 



Summing over j and a we then obtain from (15.95), (15.98), (15.112) and (15.127): 

+Cp,iJo{5o,[Z+2];a,p(i) + ^l,[;+2];a,g(*)} 

+C t B,{t')G[,[i+2];aJt'W 

JO 

+C f\l + t'r'il + log(l + i')]'V^i',[;+2];a,,(i', ^o)dt' 

J 

+Ci{l + + + log(l + t')]-^Qni+2haAt')dt' + 14),[;+2];a,p(i, eo)} 

+a'5'{K[;+2];a,g(i' eo) + ^[i+2];a,g(i, fo)} 

We substitute (15.92)-(15.94) to obtain: 

£o[RJR^,...RM{t) + H[RjRh-RM (eo)}M^"(i) [1 + log(l + t)]-'^ 

i,oi j,a 

- + lf'-''^G0,l+2;aAt) + Cp,l{50 + ^')^0,[J+2];a,p(i) 

Here we have used the fact in Proposition 13.2: 

/ Bs{t)dt < C : independent of s 
Jo 

It is crucial that the constant C in front of the first term on the right of (15.129) is independent of 
a,p,l. Moreover, (15.129) holds with eo replaced by any u G (0,eo], that is, we have, for all u G (0,eo] 
and all t e [0,s]: 



(15.129) 



(15.130) 



{5]fo"[^J^.,---^.i^a]W + E-^o[^.-^»z---^iiV'a](t^)}/i^%(i)[l +l0g(l + 0]"'^ 

j,a 

- + lf'-''^S0,l+2;aAt) + Cp,l{So + <5')ao",[;+2];a,p (*) 



(15.131) 



Keeping only the term 

^0 [Rj Rii—Riii^a] 



(15.132) 



on the left of (15.131), we have: 



M^%(t)[l + log(l + t)]-2f ^£:«[ii,.i?,,...iii,Va](t) (15.133) 



< C(i + i)(^-*')eo"z+2;a,p(i) + Cp,l{5, + (5')e"o",[,+2];a,p(i) 
+Cp,/(1 + ^){H+2] + m')Q^,[l+2];aA^')dt' + ^0,[/+2];a,p(i, «)} 
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The same holds with t replaced by any t' E [0,t]. Now the right hand side of (15.132) is a non- 
decreasing function of t at each u. The inequality corresponding to t' thus holds a fortiori if we again 
replace t' by t on the right hand side. Taking then the supremum over all t' € [0, t] on the left we 
obtain, in view of the definition (15.46), 

,[l+2];a,p{t>u)} 

If we choose a and p suitably large so that: 

C{- + -)<l (15.135) 
a p 2 



then (15.133) imply: 



1^- 



{ii...il)nu 



2 'Qh+2;a,p{t) < CpA^O + S')g^,[l+2];a,pit) (15.136) 

+Cp,Kl + l;)m+2] + Mt')gill+2];a,pit')dt' + Vo,[l+2];a,p{t, u)} 

Consider now the integral identities corresponding to the variations (14.54) and Kq. In each of 
these we have the borderline integral (14.180), bounded by (14.181), 

C(^ + ^)A„'"(t)[l + l0g(l + t)r'^''-^'-^go,m,l+2;a,p{t) (15-137) 

Wc also have the remaining integrals, bounded in the case of (14.185) by (15.96) and in the case of 
(14.198) by the sum of (14.158) and (14.199), hence also by (15.96). We also have the integral (14.201) 
bounded by (14.202), hence by (15.97). Combining we see that all the remaining integrals associated 
to (14.54) and Kq containing the top order spatial derivatives of the acoustical entities are bounded by 
(15.98). On the other hand, the error integrals associated to (14.54) contributed by all the other terms 
in (14.14) are bounded by the sum of (15.99) and (15.103), hence by (15.112). Finally, the contribution 
from the first of (15.16) is bounded by (15.127). 

Consequently, the integral identities in question yield: 

{^fo[i?i,_...i?n(r)™+Va](t)+^.F*[i?i,_...i?i,(r)™+Va](eo)} (15.138) 

a a 

- J + lf'-''-"'^So,mS+2];aAt) + CpA^O + '5')^0,[;+2];a,p(t) 
1 /■* ^ - 

,[l+2];a,p{t')dt' + V"o,[i+2];o,p(i) Co)} 



and 



{^£:o"K_...^iu(2^r+Va](t)+E-^«[^^-".-^"(^)'"^'^«](^)} (15.139) 

a a 

•M™%(i)[l+log(l + 0]-'^ 

< C(i + ^)(^-^'-'")eo",„,[,+2];a,p(i) + CpASo + mS+2U,p{t) 
+CpA^ + l;){m+2] + I Mt')Gl[l+2];a,p{t')dt' + 1^0,[/+2];a,p(«, ^)} 
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< 



Keeping only the term 

5]fo«[i?,,_...i?,,(T)™+Va] 

a 

on the left in (15.139), we have: 

+ log(l + 1)]-'^ W (15.140) 

a 

-Ss(i')^'0,[Z+2];o,p(*')<^*' + ^0,[i+2];a,p 

Seeing that the right hand side of (15.140) is a non-decreasing function of t at each u, the previous 
reasoning apphes and we deduce: 

^''■■■''-^Go,m,l+2;a,pit) (15.141) 

p,i{^+l^m+2]+l Bs{t')Qo,[i+2];a,pi't')d't' + Vb,[;+2];o,p(i, «)} 
Choosing a and p sufficiently large so that (15.135) holds this implies: 

l^''-"-^eO,m,l+2;aJt) < CpA^O + 5')^0,[;+2];a,p(*) (15-142) 
+<^P,K1 + j7){^[;+2] + £ ^«(*0eo,[i+2];a,p(i')rfi' + ^•,[;+2];a,p(i, H)} 

Consider finally the integral identities corresponding to any of the other variations ip of order up 
to / + 2, and to Kq. These identities contain no borderline integrals and all error integrals involved are 
bounded by: 

Cp,K^0 + ^')^0,[i+2];a,p(*) (15-143) 

+Cp,/(1 + ^){^+2] + I BAt')Ql[l+2]-,a,p(t')dt' + V^),[i+2l;a,p(i,«)} 

We thus obtain, for each such variation the inequality: 

{£m{t)+nmu)]jitAt)[i + iog(i + d] 

< Cp,i(^0 + ^')^0,[;+2];a,j 
+Cp,Kl + ^){^l+2] + [ Mt')Glil+2];a,pit')dt' + Vo,[l+2];u,p{t, u)} 

Keeping only the term 

on the left in (15.144) and applying the above reasoning we deduce: 

Go;a,pmt) < CpA^O + ^')^0,[i+2];a,p(i) (15-145) 
+Cp,Kl + li)m+2] + ^,(t')eo",[,+2];a,p(i')rfi' + Vo,[l+2];a,p{t, u)} 
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l-2p 



(15.144) 



Now according to the definition of £q ^f_^2] (*) have 

^o,[;+2](i) = E {Y^mRn-RMm (15.146) 



I 



m=Oii...ii-rn. a 

+ E^o[V'](i) 

where the last sum is over all the other variations ip up to order 1 + 2. By (15.68) we then have: 

t/0"[^+2];a,pW < E ^'"■■''^^0V2;a,pW + E E ^'"••''-"^^oV;+2;a.p(i) (15.147) 
i-L...il m=Oii...ii-m 

+ E^O;a,p[V'](i) 

V- 

Thus, summing (15.135) over summing (15.142) over ii...ii-m and over m = 0, I, and summing 

(15.145) over all the other variations ip of order up to Z + 2, we obtain: 

^^0,[/+2];a,p(i) < CpjiSo + ^')^0,[i+2];a,p(i) (15-148) 

,[l+2\;a,p{t,u)} 

for a new constant Cp^i . Requiring 5q and 5' to satisfy the smallness condition and equation respectively: 

Cp,i5o < ^, Cp^iS' = i (15.149) 

(15.148) implies: 

\Ql[l+2];a,pit) < lSo,ll+2];aJt) (15.150) 
+Cp,i{2?[l+21 + / 4(i')^o"[,+2];a,p(i')c;i' + ^0,[;+2];a,p(t, «)} 

Jo 

for a new constant Cp^i. The same holds with u replaced by any u' G [0,u]. Now the right hand side 
of (15.150) is a non-dccrcasing function of u at each t. The inequality corresponding to u' thus holds 
a fortiori if we again replace u' by u on the right. Taking then the supremum over all u' € [0,u] on 
the left we obtain, in view of the definition (15.89), 

lSo,[l+2];a,pit) ^ ^pAH+2] + Mt')Glll+2];a,pit')dt' + ^•,[i+2];a,p(i, «)} (15-151) 

In view of (15.130), since Voj;+2];o,p(i) "") is a non-decreasing function of t at each u, (15.151) implies: 

^0,[i+2];a,p(i) < CpA^+2] + Vo,[l+2];aAt^ u)} (15.152) 

hence also: 

/* Mt')Gl[l+2];a,p{t')d*' ^ <^pA'^ll+2] + Vo,[l+2];a,pM} (15-153) 

Jo 
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Substituting (15.152) and (15.153) in the right-hand sides of (15.131), (15.138) and (15.144), omit- 
ting in each case the first term in parenthesis on the left we obtain: 

/i^%(t)[l + log(l + t)]-^PY.^l[R^^,,...RM{u) (15.154) 
M^%(i)[l + log(l +t)]-2^'5^7;S[^.-^i,-.-^in(r)'"+Va]M (15.155) 

< Cp,/{r'[J^2] + ^0,[/+2];a,p(i, w)} 

/i^%(t)[l + log(l+i)]-2^^J-*M(u) (15.156) 

hot 

Summing as in (15.146) yields: 

/X^%(f)[l +l0g(l +t)]-^^'7-*,[;+2]W < C-p.^Pll+Z] + V^,,[/+2];a,p(i,w)} (15.157) 

Since the inequality holds with t replaced by any t' & [0, t] and the right hand side is a non-decreasing 
function of t at each u, the inequality corresponding to t' holds a fortiori if we again replace t' by t on 
the right. Taking then the supremum over all t' e [0, t] on the left we obtain, in view of the definition 
(15.109), 

K[l+2];aM < Cp.im+2] + 1^0,[i+2];a,p(<, u)} (15.158) 

Recalling the definition of io,[i+2];a,j>(^? this is: 

K,[l+2];a,p{^) < Cp,lVfi+2] + Cp,l / Hlll+2];a,pWu' (15.159) 

Jo 

Since [0, eg] is a bounded interval and 2?[j_)_2] is a non-dccrcasing function of u, (15.159) implies: 

K[i+2ha,p < Cp,iVl^2] (15.160) 

hence also: 

Vo,[;+2];a,p(i, u) < Cp,ieoV^i+2] (15.161) 
Substituting this in (15.152) we obtain: 

^0,[i+2];a,p(i) < Cp,l-D[l+2] (15.162) 

Substituting finally (15.161) in (15.90) and the result in (15.91), (15.93), (15.94) yields: 

Sui+2];a,,it), K,[l+2]-a,,{u)^ I[l+2];a,,{t,u) < Cp,lVl^2] (15.163) 

This completes the top order energy estimates. 

At this point we shall specify the choice of a and p (recall from (15.30) that q = p + 2). We also 
take a to be the form: 

a = [a] -I- ^ (15.164) 

where [a] denotes the integral part of a. We then choose [a] to be the smallest positive integer so that 
with C the largest of the two constants in (15.57) and (15.134) we have: 
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We then choose p so that with the same constant C we have: 



- = - (15.166) 

Then the conditions (15.57) and (15.134) are both satisfied and thereafter a,p and q are fixed. We 
then fix I so that: 



/*>[a]+4 (15.167) 

We shall sec the reason for this in the following. So I is thenceforth fixed as well, therefore wc shall 
not denote the dependence of the constants on a,p, q, I. Actually, the constants shall now depend only 
on the the function H. We shall still require to be suitably small in relation to these constants. 
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Chapter 16 

The Descent Scheme 



We now consider again the estimates for the energies fo,[(+i] and £[ associated to Kq and Ki 
respectively. We shall presently obtain improved estimates for these next to the top order energies, 
using the estimates for the top order energies just obtained. We shall show that the next to the top 
order quantities satisfy estimates similar to (15.160), (15.162) and (15.163), but with a replaced by 



p replaced by 0, and, accordingly, q replaced by 2. 

Let us first consider the error integrals associated to the variations of order l+l and to Ki, involving 
the highest spatial derivatives of the acoustical entities. The leading contributions are: 

1) The contribution of (14.56) with l + l replaced by I to the corresponding integral (14.59), namely 
the integral (14.202)with I replaced by Z — 1: 



2) The contribution of (14.57) with I replaced by Z — 1 to the corresponding integral (14.59), namely 
the integral (14.369) with I replaced by Z — 1: 



b = a-l 



(16.1) 




{co/i^){Ri,...Ri,tTx'){T^IJo,){{L + v)Ri,...Ri,i^oc)dt'du'dix~. 



(16.2) 




...Ri,{Tr^ti){{L + ,y)Ri, 



...Ri,{T)"-'+^i;c,)dt'du'dtxz 



(16.3) 



for m = 0, I — 1. 

By the bounds (14.294) the integral (16.2) is bounded by: 




{l+t')\Ri,...Ri, trx' 1 1 (L + I/) . . Va I dt'du'dii^ 



(16.4) 





1/2 



Now the last factor is bounded by: 




(16.5) 



while the first factor is: 




(16.6) 
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which is bounded in terms of: 

{ f\M^}{t')fdt'Y'^ (16.7) 
Jo 

Here {t) is defined by replacing the norms over Ej" in the definition of ^J^j [t) by norms over 
S". Proposition 12.11 appUes with eo replaced by u, giving a bound for by: 

C(l + t)-' j\l + i')-MW["+2](*') + (16.8) 

Now we have: 

W[T+2] it) + >V[?+i] (i) < cn-Jl^ v^^iw^ (16-9) 
< c^m;;':^ W[i + iog(i + i)] Ve;v2];a,« w 

Therefore (16.8) is bounded by: 

C(l + t)-yc;-^2];a,,W Al+i')-'&-'/'(0[l + log(l + 0]'c^i' (16.10) 

t/ 

< C(l+t)-ye;«[;+2];a,,(*)-^aVl(*) 

< C(l + i)-Ml + log(l + i)]''+^&+V2(t)^/^ 

Here Ja,g{t) is the integral (14.147) with eo replaced by u and we have used (14.153) with eo replaced 
by u as well as the bounds (15.163). It follows that the contribution of (16.8) to (16.7) is bounded by: 

f^^ + + + t')]''^'i^^':^'(t')dtr^' (16.11) 



the last integral being estimated by following an argument similar to that used to estimate (14.115) 
(with eo replaced by u). By (15.28) with a replaced by b and g by 2 we have: 

r J"i,ii+i]W^' < fi^^'uim + log(l + t)]X,[i+iy,b,2M (16.12) 
Jo 

we conclude that (16.4) is bounded by: 

CSofi-Hm + log(l + ^)]'^/^^^i',[,+i];5,2(*'«) (16.13) 

where b is defined by (16.1). 

By (14.294), (16.3) is bounded by: 

CSo [ (l+iOl^?ii-i-„....^ii(Tr4^Mll(i + '^)^ii,-i-„....^ii(2'r+Va|rfi'<iw'd/i. (16.14) 
Jw* 

< CSo{ [ \Ri,_,_^...Ri,{TrMHt'du'dii.Yl^ 
Jw* 

■{ [ {1 + t'f\{L + u)Ri,_^_^...Ri,{Tr+'i,c.\^dt'du'df,.y/^ 

Jw* 

Now the last factor is bounded by (16.5) while the first factor is: 

{ r ||i?i,_,_...i?.,(T)'"^Mlli2(E",)rft'}'/' (16.15) 
Jo ' 
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which is bounded by: 

{Al + i')-'(S[„M+i](i'))'rfi'}'/' (16.16) 
Jo 

Here the quantity (^) is defined by replacing the norms over S^" in the definition of the 

quantity B[rn,i+i]{t) by norms over S". Proposition 12.12 apphes with cq replaced by u, giving a 
bound for terms of: 

C{1 + 1) j\l + t')-HW{V2}(i') + y\'^il^^{t')}dt' (16.17) 

Now we have: 

W{%2}W + wSi}W (16.18) 

^ C^^m,u { \J^'l,[l+2] (*) + \J^0,{l+2] (*)} 
< C&-'/'(*)[l + l0g(l + Oiny^i^WW*) + \/^0,[;+2];a,p(*)} 

Therefore (16.17) is bounded by: 

c{i + t){Jg 

lji+2];a,g(*) + V ^0,[i+2];a,p(0} (16.19) 

. /V + t')-'/«™%-'/'(i')[l + log(l + t')Ydt' 
Jo 

< C(l + + \/^0"[Z+2];a,p(0}-^:,,-l 

< c(i + t)[i + iog(i + t)]'^+'fi;;:+'/'{t)^/v^^ 

where we have used (15.162), (15.163). It follows that the contribution of (16.17) to (16.16) is bounded 
by: 

c7^{/(l+i')-'[l + log(l + t')]"^+'M-2„"+'(i')rft'}'/' < ^/^M-%+i(i) (16.20) 
In view of (16.12), (16.14) is bounded by: 

CSofi-Hm + log(l + *)]'V^^^K,[;+1];6,2(*'^) (16-21) 

where b is defined by (16.1). 

Wc proceed to consider the error integrals associated to the variations of order I + 1 and to Kq, 
involving the highest spatial derivatives of the acoustical entities. The leading contributions are: 

1) The contribution of (14.56) with l+l replaced by I to the corresponding integral (14.62), namely 
the integral on the left in (14.63) with / + 1 replaced by / (and eo by u): 

[ \R,,...R^,trx'\\Tij^\\LRi,...RMdt'du'dii~^ (16.22) 
Jw* 

2) The contribution of (14.57) with I replaced by Z — 1 to the corresponding integral (14.62), namely 
the integral (14.162) with I replaced by Z — 1: 

/ |i?i,_,_...iii,(T)™AMl|rVa||ii?i,_i_...J?n(T)'"+VaMt'rf^^'rfMi (16.23) 
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By (14.294), (16.22) is bounded by: 

C5o [ {l + t')-^\Rir-Rht^x'\\L.Ri,...Ri,^IJa\dt'du'dn. (16.24) 

<C5o / {l+t')-^\\Ri,...Ri,trx'\\ 

Jo * ' 

Substituting (16.10) for the first factor in the integrant on the right and noting the definition (16.1) 
of b and the fact that: 

|lLi?i,...i?i,Va||L^(En < C^/Sl^^) < C/X„^„(i)^eo,[i+I];b,o(0 (16-25) 

we obtain that (16.24) is bounded by: 

^'5oy^V^eo,[;+i);6,oW/V + tT'i^ + log(l + t')]^+'fi;r^l-'^'{t')dt' (16.26) 

the last integral being estimated in a similar manner as (14.115). 
By (14.294), (15.23) is bounded by: 

C5o [ (l + t')"'|i?i,_i_„-^n(r)'"4^/x||Li?i,_,_...i?i,(r)™+VaMi'c;«'rfM^ (16.27) 
Jw* 

< CSo Al+f')"'Pi,-i-™-^?n(2^r4iMlU^(S",) 
Jo ' 

■\\LR,,_,_^...Ri,{Tr+'ija\\ms^,)dt' 

Substituting (16.19) (multiplied by C(l + for the first factor in the integrant and noting again 
the definition (16.1) and the fact that: 

||Mi,_,_...i?n(T)™+ValU^(E«) < C,Jq^^) < Cii;^\{t),Jgi^^^^) (16.28) 

we obtain that (16.27) is bounded by: 

Cdo^fu^^^jgi^^^) j\i + t')-'[i + iog(i + i!)Y^'ii;^^'-"\t')dt' (16.29) 

< c5o/x-^r^/'(t)y^^t/o",[,+y;,,o(o 

a bound of the same form as (16.26). 

Consider now the error integrals associated to the variations of order I + 1 and to Ki or Kq, 
which contain the lower order spatial derivatives of the acoustical entities and are contributed by the 
remaining terms in the sum (14.14) with / + 2 replaced by Z + 1. By the discussion following (15.9), 
those contributed by the terms in which one factor is a derivative of the ^^^'tt of order more than (Z + 1), 
are bounded, using Proposition 12.11 and 12.12 and the bootstrap assumption, by (15.11), hence by 
(15.39), with {[I + 2]; a, q) replaced by ([/ + 1]; 6, 2) (and eo by u), thus by: 

^o,[;+i];6,o(*)) (16.30) 

+'^^[i+l];f,,2(^,u) + (1 + ^)^^l',[J+l];6,2(^:W)} 
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in the case of the error integrals associated to Ki, by (15.99), hence by (15.112), with {[I + 2];a,p) 
replaced by {[I + l];b, 0) (and eq by u), thus by: 



C;<5oM™f*(t){2?fl+2] + S'{g[:ii+,y^,,2it) + gi[i+i].,t,oit)) (16.31) 
+(1 + j7)(/V + i')"'/'eo,[/+i];6,o(i')rfi' + Vos+i]-AoM) 

+s'{v; 

in the case of the error integrals associated to Kq- In (16.30). (16.31), the arbitrary positive constants 
S, 5' shall be chosen appropriately below. In fact, (16.30) and (16.31) also bound the error integrals 
associated to Ki and to respectively, and to any of the variations of order up to I in which one 
factor is a derivative of ^^'tt of order more than (/ + 1)«. 

On the other hand, the error integrals associated to any of the variations of order up to Z + 1 
contributed by the terms in the sum (14.14) containing derivatives of the '■^-'tt of order at most {I + 1)* 
are bounded by (15.13) with [Z + 2] replaced by [Z + 1] (and eo by u): 

C r,\i+,^{u')du' + C{ T[\i^^^{u')du'Yl^{K^i+^^{t,u)Y'^ (16.32) 
Jo Jo 

+C{ r F[\i^,^{u')du'Y'^- 
Jo 

+ tr^[i + iog(i + t')]'(^;r[Hi](*') + uHi^^^.^imfy'' 

< CA-^(t)[l +l0g(l +i)]'{n',[/+l];M + (K[;+l];M(*'"))'^'(^[m];6,2(t, «))'/' 

+(K[;+i];m(*'«))'^'- 

( [\i + t')-'[i + iog(i + t')]'(e;"[;+i];6,2(i') + Gm,,,o{t'))dt'y''} 

Jo 

in the case of Ki, and by (15.103) with [/ + 2] replaced by [/ + 1] (and cq by u): 

C [\l + t')-'^'£l^i+i]{t')dif + C /V*,[;+i](u')d«' (16.33) 

Jo Jo 

Jo Jo Jo 

rt ru 

< Cfl-',i{t){ r(l + i')-'/'eo,[/+i];M(i')rfi' + K.,[m];6,o(i,«) 
Jo 

+(K[i+i];6,2(<,«) + Ili+iy,bAtM)'^'{ / (1 + tT'^'Go,[i+i]-Ao(t'W + Vo,[i+iy,b,o{tM)'^'} 



1/2 
,1/2 



in the case of Kq. 

Finally, for each variation ^ of order up to ? + 1, we have the error integrals (15.16). Consider first 
the second of these integrals, which is associated to Ki. Summing (15.17) over all such variations we 
obtain: 

H / ^Qi,feMc!/Xs < -ii^[,+i](t,u) +CM[;+i](t,M) + ^L[,+i](t,w) (16.34) 

+ f A{t')£T^^,^,^{t')dt' 
Jo 
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Here, 

M[i+i](i,u) = J2Mmt,u), = (16.35) 

From (15.18) and (15.29) with {a,p) replaced by (6,0), noting the fact that there is a fixed number of 
variations under consideration, we obtain: 

M[,+i] {t, u) < C[l + log(l + t)f sup ^o" it') + / {u')du' (16.36) 

t'e[o,t] Jo 

< fi-^'^m + iog(i + t)ncg^;b,oit) + Kii+iyA2M} 

Also, from (15.1): 

L[i+i](t,M) = f\l+tT'[l + log{l + t')]-'£'i:[i+i]it')dt' (16.37) 
Jo 

To estimate this borderline integral appropriately, we must use the following variant of Corollary 
2 of Lemma 8.11: 

Variant of Corollary 2: Let 6 be a positive constant and k any constant greater than 1. Then 
if 5f) is suitably small, depending on an upper bound for b and a lower bound greater than 1 for k, we 
have, for all t' G [Q,t], t G [1, s], and u S (0, eg]: 

To prove this, we revisit the proof of Corollary 2. In the following, wc shall take the constant a in the 
proof of that corollary to be a suitably large constant, having nothing to do with the choice of a which 
we made above in relation to the top order energy estimates. In Case 1 of this proof (8.322) holds, 
hence: 

^^^^ < (1 - Cdo)-'' < k (16.38) 

provided that is suitably small, depending on an upper bound for b and a lower bound greater than 
1 for k. In Subcase 2a the lower bound (8.273) holds (with eo replaced by u) for any given a, provided 
that a6o is suitably small, hence: 

fl!^^ < (1 _ < (16.39) 

if a is suitably large, depending on an upper bound for b and a lower bound greater than 1 for k. In 
Subcase 2b the lower bound (8.303) as well as the upper bound (8.312) hold (with eg replaced by u) 
for any given a, provided that a^o is suitably small, hence: 

M^'Jt') ..l-|.-6,l-'5ir,. ,l-f,_, 



< ( — !)-"(- — -^y < ( — 1)-" < k (16.40) 



if a is suitably large, depending on an upper bound for b and a lower bound greater than 1 for k. We 
have thus established the variant of Corollary 2. 
We now set: 

k = S (16-41) 
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in the above variant of Corollary 2, and we proceed to estimate L^_^_^{t,u). We have, from (16.38) 
and the definition (14.111) with (a, g) replaced by (6,2), 

L[;+i](t,«) < /V + log(l + i')]'M™''^M;+i];6,2(i')'^i' (16.42) 

< + iog(i + i)ra;Vi];M w 

Consider now the integral identity (5.73) corresponding to Ki and to the variations ijj of order 
up to / + 1. In each of these identities we also have the hypersurface integrals bounded according to 
(15.35) with {a,p) replaced by (6,0) (and eo by u) by: 

CM-^^(i)[l + log(l + i)]X[;+i];6,o(i) (16.43) 

Summing over all such variations we then obtain, from (16.42), and from (16.13), (16.21), (16.30), 
(16.32), (16.34), (16.36), the following: 

{£ui+i]{t)+K[i+i\('^) + lK[i+,^it,u)}flZum + log{l+t)]-' (16.44) 

<^eM/+i];M(i) + t^^o5e;Vi];,,2(0 
+CR[i+^y,t,4t,u) + cj^ ^(t')^;:[;+i];6,2(*')rft' 
Here, S is any positive constant {5 shall be chosen below), and: 

Rll+l];b,2 = + ^?0,[Hll;6,o(*) + (1 + ^)K[i+l];6,2(i, + SI[l+l];b,2it, u) (16.45) 

Keeping only the term £'j^[l_^_lj{t) in parenthesis on the left in (16.44) we have: 

/i^^,„(i)[l + log(l + t)]-'^i"[;+i](i) < lGui+i];b,2it) + ^?^o'5^i.Wi];m(*) (16.46) 

+^%i];M(*'") + C_^*^(*')^Mm];M(*')^^i' 

Since the right-hand side of the above is non-decreasing in t, applying the previous reasoning we 
deduce: 

^^U/+i1;m(^) ^ CR[i^i];b,2M + C J^A{t')g'-^i^,y^,^,{t')dif (16.47) 



provided that: 



C6o6 < i (16.48) 



Prom this point we proceed as in the argument leading from (15.71) to (15.73), (15.74), to obtain: 

^UH1];6,2(*) < C^^[;+i];6,2(i, u) (16.49) 

/ ^(t')^i,Wi];b,2(*')'^i'<^?^[i+i];6,2(i.w) (16.50) 
Jo 
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Substituting these in the right-hand side of (16.44) and omitting the first term in parenthesis on the 
left, we obtain: 

{•^Um]M + +log(l < Ci?{;+i]^,,2(t,u) (16.51) 

From this point we proceed as in the argument leading from (15.78) to (15.91)-(15.94), choosing S 
according to: 

C(5 = i (16.52) 

We obtain in this way the estimates: 

'^'i*,[i+l];6,2(")' ^[i+l];b,2(<,u) < CQj,+i].b2(i,M) (16.53) 

K[;+i];(.,2(i, u) < CeoQ[i+i];(,,2(*, u) (16.54) 

where: 

Q[i+m2it, u) = + ao"jz+i];M W (16.55) 
Consider finally the integral identity corresponding to Kq and to the variations ?/) of order up to 
l + In each of these identities we have the first of (15.16). Summing (15.127) over all such variations 
we obtain (there is a fixed number of variations under consideration): 

E / E QoM^Ms <C f B,{t')G[^[i+iyA2it')dt' (16-56) 
+(1 + ]7){/(l + *')-'[! + log(l + t')]-^Glii+^.,,,oit')dt' + Vo,[;+i];6,o(t, u)} 

J 

I^+^,^,^2{t,u) 

Here, as in (16.31), 5' is an arbitrary positive constant which shall be chosen appropriately below. 
Summing over all such variations we then obtain, from (16.26), (16.29), (16.31), (16.33), (16.56), the 
following: 

{^l[i+i]{t) + J-^,[i+i,(i)}M^^(i) (16.57) 

< C(5o(5'(t/o"[;+i];M(*) + Qui+i];bM + ^(1 + 

+c{i + i) j\i + tr'[i + iog(i + t')r^Qiii+^,,,o{t')dt' 

+C^'K,[;+1];6,2(*, + + + l0g(l + *')]'K,[;+1];6,2(*', n)dt' 

+C(1 + j,)Vo^[i+i];bfl{t,u) + C(57[i+i].f,,2(i,u) 
Substituting on the right (16.53)-(16.55) yields: 

{^o,[/+il(i) + •^o,[i+i](«)}M^^W (16.58) 
< C5'ao",[;+i];6,o(t) + C(l + |)2^[/+2] + C(l + \,) Mt')Qlii+iy,,,o{*')dt' 

+C{l + ^)Vo,[i+i].,b,oit,u) 



424 



Keeping only the term £Q^i_^_i^{t) in parenthesis on the left in (16.58), and noting that the right-hand 
side is a non-decreasing function of t at each u, we may replacet by any t' € [0, t] on the left while 
keeping t on the right, thus, taking the supremum over all t' G [0, t] we obtain, in view of the definition 
(15.50), 

5o.li+i];bAt) < ^'5'^o"[;+i];5,o(i) + C{1 + j)^+2] (16.59) 
+C{1 + jy) B,{t')gi^i^,y^,^^{t')dt' + C{1 + ^)yo,[;+i];6,o(i, u) 



We now choose 5' such that: 



C5' = ^ (16.60) 



Then in view of the fact that the right-hand side of (16.59) is non-decreasing in u, (16.59) implies: 

^^o,[i+i];6,oW < + cj^ ^,(i0^o",[i+i];(„o(i')rfi' + CI^o,[/+i];m(*'«) (16.61) 

for new constants C. Prom this point we proceed as in the argument leading from (15.151) to (15.160)- 
(15.162) to obtain the estimates: 

Ol[i+i];bAt), ^o,[i+i];M(") < (16.62) 
Substituting finally (16.62) in (16.55) and the result in (16.53) yields: 

Sui+iy,b,2it), W;*[;+i].,,2(u), /[(+ii;6,2(t,u)<CI?fl+2] (16.63) 

We have thus obtained improved energy estimates of the next to the top order, namely of order l + l. 
We proceed in this way, taking at the nth step 

Un = a — n and 6„ = a„ — 1 = a — (n + 1) = a„+i (16.64) 

in the role of a and b respectively, the argument beginning in the paragraph containing (16.1) and 
concluding with (16.62), (16.63), being step 0. For n > 1 we have 2 and in the role of q and p 
respectively. The nth step is otherwise exactly the same as the 0th step as above, as long as 6„ > 0, 
that is as long as n < [a] — 1. In estimating the integrals J"^ ^ in (16.10), (16.19), as well as the 
integrals 



/■*(! +log(l +i')]6^-2a„+l(i/)rfi/ (16.65) 



for n > 1, wc follow the argument leading from (14.147) to (14.153) in the case of J" j^, the argument 
leading from (14.115) to (14.131) in the case of (16.65). When referring to Lemma 8.11 in these 
argmnents, we now mean Lemma 8.11 with a set equal to 4 in that lemma. Then in Case 1, (14.116) 
holds which implies: 

Ji^^,l--\t) < C (16.66) 

for all t S [0,s], as the a„ have a fixed upper bound a. Also, the subcases of Case 2 are defined 
according to: 

= - 1 (16.67) 
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and in Subcase 2a we have the lower bound: 

/I™ Jf!^ > ^ 



flm,u{t') > I (16.68) 



in place of (14.121), hence again: 

/i™':""'(t')<C (16.69) 
while in Subcase 2b we have the lower bound: 

fim,u>l{l-SiT'), r'=log(l + t') (16.70) 

in place of (14.124), as well as the upper bound (8.312): 

/i™(t) < |(1-5it) (16.71) 

from the proof of Lemma 8.11 with a set to equal to 4, which implies: 

M™> > ^(1 - Sit)-'"" r = log(l + t) (16.72) 
noting again that the a„ have a fixed upper bound. We thus obtain in Subcase 2b, in place of (14.151), 

J^^t) - •^a„,i(*i) ^ Cil+rf j\l - 6,T')-''--'^'dr' (16.73) 

\2 



<5i (a„ - 2) 

[l+]0g(l + i)]3 + 

K - 2) 

noting that the role of o„ is different from that of a. 
Since for any n < [a]: 

1 13 11 , , 

«„-->«[.]-- = --- = - (16.74) 

the denominator in (16.74) is bounded from below by a positive constant even for n = [a], hence 
combining with the results for Subcase 2a and for Case 1 we conclude that: 

W < C[l + log(l + t)fil-':-+'/' (16.75) 

for all n = 1, [a] 

Also, for n< [a] — 1, so that a„ > 7/4, we have in Subcase 2b, in regard to the integral (16.65), in 
place of (14.126), 

f\l + tT^[l + log(l + t')]'(l - 5iT')-^''-+Ht' (16.76) 

< (7(1 + ti)-i [1 + log(l + ti)f j\l - 5lT')-'''"+'dT' 
.i[l + log(l + ti)]6 (1 - 5ir)-2«"+2 



< C(l + ii)- 



Si 2(a„ - 1) 

2(o„-l) 



<c(i+ti)-Mi+iog(i+ii)r^^-^ 

2(a„ - 1) 



< Cfi. 



2(a„-l) 
m.u 
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hence combining with the results for Subcase 2a and for Case 1 (where (16.65) is simply bounded by 
a constant) we conclude that (16.65) is bounded by: 

(16.77) 

for all n = 1, [a] — 1. 

Obviously, in (16.26) and (16.29) we may replace the integrals on the left by the integral (16.65) 
and we obtain the bounds at the nth step by: 

CSo^;n'tit)^/^^]^Gl^l+^.r.]■,K,oit) (16.78) 
Following then the argument of step 0, we obtain at the nth step, for n = 1, [a] — 1, the estimates: 

ao"[,+i_„];b„,o(i), ^0,[i+l-n];6„,o(") < ^^^[1+2] (16.79) 
^l?[(+l-«];(,„,2(0: '^'i*,[i+l-n];6„,2(")! I[l + l-n];b^,2{t,u) < CT>y,_^_2-^ 

for all {t,u) e [0,s] x [0, eo]. Here the constants C may depend on n, but n is in any case bounded. 

3 
4 



We now make the last step n = [a]. In this case, we have = flfoi = | and (16.75) reads: 



^3/4.1 (^) ^ ^[1 + l0g(l + t)?fi;nT (16-80) 

while in regard to (16.65), we now have, from (16.76), in Subcase 2b, since — 2a[„] + 1 = —1/2: 

f\l + t')-^[l + log(l + t')fil - 5iT')-^/^dt' (16.81) 

< C{1 + ti)-l[l + log(l + h)f f{l - S,T')-'/'dT' 
.l[l + l0g(l + fi)]6 (l-5iTi)l/2 



<C(l + ii)- 



^1 1/2 



< C{1 + hr'[l + log(l + ii)]'^^^ < C 

hence combining with the results for Subcase 2a and for Case 1 (where (16.65) is in any case bounded 
by a constant) we conclude that (16.65) is in the case n = [a] simply bounded by a constant. We can 
thus set: 

bn = 6[a] = (16.82) 
in the last step, and proceed exactly as in the preceding steps. We thus arrive at the estimates: 

^O,[i+l-[o]];0,o(*)' '^0,[;+l-[a]];0,o(") - ^^[/+2] (16.83) 
^l"/+l_[a]];0,2(*)> '^l,[i+l-[a]];0,2('")> .'^[;+l-[a]];0,2(*, «) < C'P[J_,_2] 

for all {t,u) e [0, s] x [0, eo]. 

These are the desired estimates. Because from the definitions, 

^0,[/+l-[a]];0,0(i) = sup {fo",[;+l-[a]] (*')} (16-84) 

t'e[o,t] 

^0,[Z+l-[a]];0,o(«) = ^^P {-^o![m-[a]](")} (16-85) 

Gui+l-la]];0,2it) = sup {[1 + l0g(l + i')]"'fr[/+l-[a]](^')} (16-86) 

t'e[o,t] 

^'l![i+l-[a]];0,2(«) = sup {[1 + log(l + i)]-'^S,+i_H] («)} (16-87) 

t'e[o,t] 

I[i+i-[a]];o,2{t^u) = sup {[l + log(l + i)]-^i^[i+i_[„]](i',n)} (16.88) 

t'e[o.t] 

and the weights j2m,u have been eliminated. 
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Chapter 17 

The Isoperimetric Inequality. 
Recovery of Assumption J. 
Recovery of the Bootstrap 
Assumption. Proof of the Main 
Theorem 




17.1 Recovery of J-Preliminary 

We now establish assumption J on the basis of the bootstrap assumption. We consider the first order 
variations: 

(17.1) 

To these Theorem 5.1 apphes and we obtain, in particular: 

fo"[^"Vi]W < Cfo"^"Vi](0) (17.2) 

for all {t,u) G [0,s] x [0,eo]- 

(a) ~ 

We also consider the higher order variations, corresponding to the first order variations ipi: 

i,n=Y,^....yi."''^. (17.3) 

We require the multi-indices (/i.../„_i) to be of the form specified in the paragraph following (14.4) 
and concluding with (14.5). We consider all such variations of order up to 4. We denote by S^^^it) 
the sum of energies corresponding to Kq, E", and to all such variations of order up to 4. Now the 
integral identities corresponding to the variations in question and to Kq and Ki contain derivatives 
of ^^^TT of order at most 3, which, in view of (15.167), are bounded in L°°(I](°) by Proposition 12.9 
and 12.10 and the bootstrap assumption. The error integrals involved are then bounded exactly as in 
Chapter 7 and in accordance with the remark following Lemma 7.6 can be all absorbed in the error 
integrals of the fundamental energy estimate. Consequently, the conclusions of Theorem 5.1 hold for 
the variations in question and we obtain, in particular: 

4«f4j(t) < (17.4) 
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for all {t,u) e [0, s] X [0,eo]- Here we denote: 

^r4l =4"[4](0) (17.5) 
Applying Lemma 5.1 we then conclude that: 

S[4]{t,u)<CeoDf^] (17.6) 

for all {t,u) e [0,s] X [0,eo]. Here we denote by iS[4] the integral on St.u (with respect to dfi^) of the 
sum of the squares of all the variations under consideration. In particular, we have: 

/ {\S^\' + J2\RnScP\^ + J2 \Rj.RnS^\'}dfi^ < S[,]{t,u) (17.7) 

/ ^ |i?,^i?,^A,0|2}dAi^ <5[4](i,u) : 1 = 1,2,3 (17.8) 

31 h,h 

St,u ^ ^ A 



(17.9) 



J {\TR,^\^ + Y,\RjiTRr(b\^ + Y.\Rj,RnTR,q^\^}dfi^ <S[i^^^^ :i = 1,2,3 (17.10) 

■^'■^ jl ii,h 

We are now in a position to apply the following lemma. Lemma 17.1 Let / be a function on St^u 
with square-integrable derivatives up to 2nd order. We denote: 

S[2][n = j {\f? + E \^nf? + E \RnRnf?}dp^^ 

jl 31:3-2 

Then / G L°°{St.u) and there is a positive numerical constant C such that: 

sup|/|<C(l + <)-i(5[2][/])i/2 

St,u 

Proof: By (8.332) we have: 

C-^{l+tf <A{t,u)<C{l + tY (17.11) 
where A{t^u) is the area of St^u (by (8.332)). By Corollary 12. 2. a we have: 

/ (i/p+Ei^^/n'^/^^+^(^'«) / (M/i'+Ei^^^/i')'^/^^^c'5[2][/] (17.12) 

To continue with the proof of the lemma, we need the isoperimetric Sobolev inequality. 

17.2 The Isoperimetric Inequality 



(See p], If g is an arbitrary function which is integrable and with integrable derivative on St^u, 
then g is square-integrable on St.u and, denoting by g the mean value of g on St.u 



1 



A{t,u) 



gdfi^ (17.13) 
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we have: 



/ {g - gfdfi^ < I{t,u){ [ (17.14) 

where I{t,u) is the isoperimetric constant of St,u- 

min{Arca(?7),Area(t/°)} 
~ T (Pcrimeter(9C/))2 ^^^'^^^ 

where the supremum is over all domains U with boundary dU in St,u, and = St,u \ U denotes 
the complement of U in St^u- 
Since: 

||5|U.(5,„) = \g\A''\ \-9\ < (17.16) 

||5lU^(s,,„) < v7^ll5llw,Hs.,„) (17.17) 

\\9\\wl(s,,^) = U9\W{S,,^) + ^"'^'II5||li(s,,„) (17.18) 

J' = max{J,l} (17.19) 



It follows that: 



where: 



and: 



We have: 



11/ 



\w}is,,„)= [ \Kf)W^+A-'l^ j Iffdf,^ (17.20) 



and, since = 2/4/, 



/ \t{f)\dix^<2{j \f\^dix^f'\j W?dn^f'^<CA-'/^S^^^[f] (17.21) 

by (17.12). Since the second term on the right of (17.20) is similarly bounded, we obtain: 

\\f\\wiis.,^)<CA-y%,][f] (17.22) 

We have: 

\\T.\^ifnwlis,^)= j \4iY^\Rifn'di,^ + A-'/^ [ (17.23) 

and, since l^i/H = 2 Ei(i?i/)4(i?./), 

/ \^{Y,\Rif?)W0<'^{j Y.\Rif\'dt,^y/'{f Y.\^Riffdt,^y/' <CA-y'S^,^[f] (17.24) 

by (17.12). Since the second term on the right in (17.23) is similarly bounded, we obtain: 

\\Y.\Rif\''\\wlis.,^)<CA-'l%^^[f] (17.25) 
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We now apply (17.17) first taking g = and then taking g — to obtain, in view of (17.22), 

(17.25), 

{ / + (E \RdmdHy^^ ^ [/] (17.26) 
Then by CoroUary 12.2.a, 

< CV7^A-3/25j2][/] (17.27) 
where for an arbitrary function / on St,u we denote: 

ll/llv^^(5.,„) = UnW(S,.^) + (17.28) 
We shall now use an argument found in ISj. We rescale the metric ^ on St^m setting: 

^ ^ A~'^^ so that dpL'^ = A^^dfi^ (17.29) 
to a metric ^ of unit area. Taking account of the fact that relative to the new metric we have: 

= CfY'^dsfdcf = Aif^f^dBfdcf = AW\) (17.30) 

we have: 

\\f\\wtis,^4)^A-^"\\f\\wHs.,^4) (17.31) 

where 

\\f\\wUSt.^4) = Uf\\Lv{s,,.4) + II/IIlp(s*,„,^) (17.32) 

hence (17.27) reads: 

||/C4(s^„,^)<Cv^^-^2][/] (17.33) 
Moreover, from (17.17), (17.18) relative to ^, 

llffllL^(5.„,^) < ^Mwlis.,^:^) (17.34) 



We now set: 

Then / > and taking g = f^,k>l, in (17.34) we obtain: 

?fc 1 1 ^ , m 1 1 -f fc 



(17.35) 



\\nv^i^s..^:t)<^nnwii^s..^4) (17-36) 

Since ^(/''') = kf''~^4f we have, 

IM(/')IIl1(5,„,^) < fc|l/'"'llL^/3(5,„,^)M/llL^(5,„,^) (17.37) 



and: 



ll./" llii(St.„,^) - 11/ /llLi(St,„,^) ^ 11/ llL*/3(St.„,^)ll/llL4(St,„,^) (17.38) 



432 



hence: 

^ 1,11 fk-l 



\\n\wiis.,.r0 < ^llr"1lLV3(5,,„,^)||/IU4(5^,,,^) (17.39) 
Now by (17.35) we have: 



(17.40) 



Substituting (17.39) and using (17.36) yields: 

ll/'llL^(5,„.^)<fc|l/'"'lL^/3(5,„,^) (17.41) 

which is equivalent to: 
This implies: 

< fc'^ll/lli^^i'!^,,^,^) (17-43) 

This is because, by virtue of the fact that St,u has unit area with respect to ^, the norm HsH/^pfg^ ^ 
is a non-decreasing function of the exponent p, for any given function g. The ratio of the exponent on 
the left in (17.43) to the exponent on the right is 3/2. We now set: 

fc=(^)" :n = 1,2,3,... (17.44) 

For n = l the exponent on the right in (17.43) is 2, and taking g = f m (17.34) we obtain, by (17.35): 



Then by (17.45) and induction on n we get: 



< V?II/IU,,5.,„» = < I (17.45) 



L.(3/.,.(5,,„i)<(|)^--'"(^/^'"'" (17.46) 



Taking the limit n — > oo we obtain: 



sup/<c (17.47) 



where 



e=(3)E~..".(3/2)-'"^(3^6 



In view of (17.35), (17.47) is equivalent to: 



sup|/|<c^/F||/||^4(5^^_^) (17.48) 

St,u 



Substituting finally (17.33) yields: 



sup I /I < cCI'^/^A-'/\S[2] [/])'/' (17.49) 

St,u 
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To complete the proof of the Lemma 17.1, what remains to be done is to obtain an upper bound 
for I{St,u), the isoperimetric constant of St,u- The integral curves of T on a given Sj° define a 
diffeomorphism of ^t^o onto each St^u, u € [0,eo]. A domain [/„ C St^u with boundary dUu is 
mapped by the inverse onto a domain Uq C Stfi with boundary BUq. Consider the image Uu' of 
the domain Uq on each St^u'-, u' S [0,u], under the diffeomorphism. Then from the definition 

i,T$ = 2ne 

we have: 

-^Area(J7„/) = / KtrGdiia (17.50) 



and: 

_d_ 



- Perimeter (Oi7„.) = / Ke{V,V)ds (17.51) 



where V is the unit tangent vectorfield and ds is the element of arc length of dUu'- Here, u is the 
parameter of the integral curves of T. Since the bootstrap assumption implies: 

k\0\ < C(l + t)-^[l + log(l +t)]<C (17.52) 

from (17.50) and (17.51) we obtain: 

|^Area(Z7„/)| < CArea(?7„/) (17.53) 
|^Perimctcr(a[/„OI < CPerimeter(at/«/) (17.54) 
Therefore integrating with respect to u' on [0, u] yields: 

C-^Area(C/o) < Area(C/„) < CArea(Uo) (17.55) 
C"^Perimeter(aUo) < Perimeter(aJ7„) < (7Perimeter(9[/o) 

for all M e [0, eo]- 
It follows that: 

C-^I{St,o) < I{St,u) < CI{St,o) (17.56) 

for all u e [0, eo]. 

Since ^t^o is a round sphere in Euclidean space, we have: 

So we obtain an upper bound for I{St,u) by a numerical constant. In view of (17.11), the lemma 
follows from (17.49). □ 

17.3 Recovery of J-Completion 

Noting from (17.7)-(17.10) that: 

5[2][^0] <5[4](t,u) S[2][Rr4>]<S[4]{t,u) : z = 1,2,3 (17.57) 
<S[2][T5(/.] <5[4](i,u) S[2][TRi<l>]<Siii{t,u) : i = 1,2,3 
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then by Lemma 17.1 and (17.6) we have: 



sup\S(t>\<C{l+t)-'^Jf)^^ svip\Ri(t>\<C{l + t)-'^.J£)^^ : i = 1,2,3 (17.58) 



sup|T5.^| <C(l+i)-iy^ sup|T^i(A| < C(l+i)-iy^ : i = 1,2,3 
it follows that if: 

< C6o (17.59) 

then assumption J holds on W/^j. We thus have established assumption J. 

17.4 Recovery of the Final Bootstrap Assumption 

We are now ready to recover the bootstrap assumption and proceed to the proof of the main theorem 
of this monograph. Let us denote by {t, u) the integral on St^u (with respect to d/U^) of the sum of 
the squares of all the variations (14.4), of order up to n. By Lemma 5.1 we have: 

Sii+i-[a]]{t, u) < Ceofo"[;+i-[a]] W ■■ for aU {t, u) e [0, s] x [0, eo] (17.60) 

Hence, in view of (16.83) and (16.84): 

{t, u) < Ceo2?[J+2] : for all {t, u) € [0, .s] x [0, eq] (17.61) 

Now, for any variation tp of order up to / — 1 — [a] we have: 

<5[2]M<5[,+i_[„]] (17.62) 

This is because psi,Rj^ip : ji = 1,2,3, Rj^Rj^tp : j\,j2 = 1,2,3 are themselves variations included in 
<S[;+i_[a]]. Then by Lemma 17.1 and (17.61), (17.62), we obtain: 



sup IV'I < C(l + i)"' j2?|l+2] : for ah {t, u) G [0, s] x [0, eo] (17.63) 

St,u ' 

That is, we obtain: 

max max ||i?i„...i?i,(r)'"(Q)3'("Vi|Loo(s»o) < C(l + t)-iy^. /P[,+2] (17.64) 

for all p + m + n < i — 2 — [a] and all t € [0, s] . 
Prom (15.167), we have: 

/ - 2 - [a] > (Z + 1)* + 2 

since I = h + {I + 1)*. So if 



< So (17.65) 
then we recover the bootstrap assumption E{{(;_|_i)^_|_2}}- 
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17.5 Completion of the Proof of the Main Theorem 



Let now s* be the least upper bound of the set of values of s in the interval [O,t*co] such that the 
bootstrap assumption holds on W^^ . We recall from Chapter 2 that t^,^g is defined by: 

t^,eg — inf t^,{u) (17.66) 
«e[o,co] 

where t^,{u) is the greatest lower bound of the extent of the generators of C„, in the parameter t, in 
the domain of the maximal solution. We note here that Cu do not contain cut loci. This follows from 
the fact that the angle between the outward unit normal — T to the surface St^u with respect to the 
Euclidean metric on St and the outward unit normal N to the Euclidean coordinate spheres does not 
exceed a fixed constant times 6q, as follows from the estimate (12.19). In view of the bound on x, the 
second fundamental form of the sections St,u relative to Cu, the Cu do not contain focal points (that 
is, points along a generator of C« which are conjugate to Sq^u) either. The absence of cut locus or 
focal points implies that a bicharacteristic generator of Cu cannot leave the boundary of the domain 
of dependence, in the domain of maximal solution, of the exterior of the surface Sq^u in the initial 
hypejiplane Sq. (for the notion of cut locus and of focal or conjugate points in Riemannian geometry, 
see Ipj. For the corresponding notions in Lorentzian geometry see |'7T) Thus, unless t^e^, = oo, there is 
on at least one point which belongs to the boundary of the domain of maximal solution and not 
to the domain itself. We shall presently show that in fact coincides with t+e^ under the condition 
(17.65). For, otherwise, that is if s* < t*eo, then by continuity the bootstrap assumption holds on 
W^^ as well, hence by the above, (17.64) holds with I ~ 2 ~ [a] replaced by (/ + 1)* + 2 and s replaced 
by s*. By (17.65) and continuity however the bootstrap assumption must also hold for some s > s*, 
contradicting the definition of s*. We conclude that = t^^g and (17.64) holds for all t G [O,^*,:;,). We 
thus have uniform pointwise estimates for the ipa on W*^^ up to order {1 + 1)^+2. Proposition 12.9 and 
12.10 then give uniform pointwise estimates for x' up to order (/ + 1)^ and for fi up to order (/ + 1)* + 1. 
It follows that the t/'q, x' ^-nd /i thus also k and the induced acoustical metric ^, extend smoothly 

in acoustical coordinates to and We"" ■ Also the rectangular components g^j^^, of the acoustical 

spacetime metric, being functions of ipa, likewise extend. Moreover, since the bootstrap assumption 
holds on VFg* , all the estimates we have derived, in particular the energy estimates (16.83), (16.79), 
(15.160)-(15.163), and the acoustical estimates of Proposition 12.11, 12.12, as well as the top order 
acoustical estimates, hold for all t £ [O,t*eo). The estimates not containing the weights flm,u, such as 
the estimates (16.83), then extend to t = t^,^g as well. Now, we must have: 

Mm(t«o)=0 (17.67) 

For otherwise the Jacobian determinant A of the transformation from acoustical to rectangular co- 
ordinates has a positive minimum on ^1°,^ j therefore the inverse transform is regular and the ipa 
extend smoothly in rectangular coordinates to Ej° . However, once the Tpa extend to functions of 
the rectangular coordinates on Ej" which belong to the Sobolev space H^, then the standard local 
existence theorem applies and we obtain an extension of the solution to a development containing an 
extension of all the characteristic hypersurfaces Cu, u £ [0, eo], up to a value ti oft for some ti > t^, in 
contradiction with the definition of We conclude that there is at least one point on Ej°^^ where fj, 
vanishes. By the same argument, at each point a:* G '^tltg which lies on the boundary of the domain of 
the maximal solution, fj,{x^) — 0. For, otherwise, fi has a positive minimum in a suitable neighborhood 
of , hence the solution is locally extendible at in contradiction with the fact that lies on the 
boundary of the domain of the maximal solution. 
Now, from Proposition 8.6, taking t — s we have: 

As (s, M, i9) = 1 + Es (u, ^) log(l + s) (17.68) 

and we recall that: 

^,{s,u,^)^ y \ , E,{u,^)= ; 17.69 
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and that /Lt[i]^s(u, ??) is bounded from below by 1/2. We also recall that according to (8.226): 

\E,{u,i3) - ^£Ps{u,i9)\ < CSo{l + s)-^! + log(l + s)] (17.70) 
where, from Lemma 8.10: 

P,{u, ^) = (1 + s)(LVo)(s, u, 1?) (17.71) 

Now by (17.64) we have: 



\Psiu,i})\<C^^Vii+2^ (17.72) 

Hence we obtain: 

\Es{u,^)\ < C\£\^^V^i+2] + CSoil + s)-'[l + log(l + s)] (17.73) 

Since 

log(l + s)[l + log(l + s)] 

this implies: 



< C 



log(l + s)\E,{u,i»)\ < C\£\^^V[i+2] log(l + s) + C6o (17.74) 
Substituting in (17.68) then yields: 



fisis, u,i^)>l- C6o - C|^|v^^I?[,+2] log(l + s) (17.75) 

It follows that: 

(for a new constant C), because otherwise i/ would be bounded from below by a positive constant on 
T,l° contradicting the conclusions of the previous paragraph. 

ft remains for us to analyze the requirements on the initial data. We recall from Chapter 2 that u 
on Eo is defined by: 

u=l-r (17.77) 
Thus, in rectangular coordinates we have on Eq: 

diu = -N\ N' = — (17.78) 
r 

where A'' is the Euclidean outward unit normal to the Euclidean coordinate spheres. Since k is defined 
by: 

= {g-y^diudjU (17.79) 

and gij = 6ij, on Eq we have simply: 

K = 1 (17.80) 
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and 



According to (2.27) we have: 



then on Sq, 



Then by (2.55), L is given on Eq by: 



M = r? (17.81) 
f' = KdiU (17.82) 
T' = -N' = T' (17.83) 



^=^ + (^A^^-^0|, (17.84) 

On So, Q = L. Consider next the orthogonal projection to St,u in ^t, relative to g. It is given in 
rectangular coordinates by: 

ni = 5l- f°-f^ (17.85) 

The level surfaces Sq^u of u on Sq being Euclidean spheres centered at the origin and the vectorfields 
Ri being tangential to these spheres, the commutation fields Ri coincide on Sq with Ri: 



R, = nk, = R, = e,jkx^ (17.86) 



Moreover, the functions Aj defined by (12.12) vanishes on Sq: 

Ai = -KN^eijkX^ = (17.87) 

in view of (17.83). 

Since the So,u are Euclidean spheres of radius r with inward unit normal T, we have: 

eah = --{Sab-f''f^) (17.88) 

r 

Then from (3.27), 

Xab = -viOab - hb) (17.89) 

where 

= -v-'KUidiijj (17.90) 

Consider now the initial data for the nonlinear wave equation (1.23). The functions ipa ■ ct = 
0, 1, 2, 3 are given in the exterior of the sphere of radius 1 — eo with center at the origin and satisiy 
ditpj = dj-ipi. Outside the unit sphere with center at the origin, the initial data coincide with those 
of a constant state ^pa = ■ a = 0,1,2,3. We assume that ^pa ■ a = 0,1,2,3 are, in rectangular 
coordinates, functions belonging to the Sobolev space Hi+2{^o°) with vanishing traces on the unit 
sphere. We set: 

D[,+2]=^||5,Va||^,^^(j:.o) (17.91) 

The nonlinear wave equation in the form: 

{g-^r''d^ij,=0, d^i;,=d,i;^ (17.92) 



438 



allows us to express doijjo and QoV'i in terms of diipo and ditjjj, for, SoV'i = ^iV'o and we have: 

{g-'r = -v-^ (17-93) 

We can then express recursively dQ-tpa ■ a = 0, 1, 2, 3 for = 1, i + 2 in terms of the data di^...di^ tpa 
: a = 0, 1, 2, 3; ii, in = 1, 2, 3. Now the standard Sobolev inequalities yield: 

max max ValL-^fE'oi (17.94) 



< Cye^^£'[;+2] : for n=l,...,Z-l 

It then follows that also: 

max max ||5i„---9ii9oV'7 llr,oofy;«oi (17.95) 



< C'-\/eo Y -for n,k>Q,n + k<l — l 

Here, the constant ,Jeo comes from using Lemma 5.1. 

Now from (17.83), (17.85) and (17.87) the rectangular components of T, L and Ri are on Sq° 
smooth functions of the rectangular coordinates and the V'a- It then follows that: 

^o,[;+2](0) , f;,[i+2](0)<C£>[,+2] (17.96) 
From (17.94) and (17.95) we have: 

llx'llcx>,{i-2},E^'' < (17.97) 

The assumptions of Propositions 12.3, 12.6, 12.9, 12.10, on the initial conditions are then recovered 
provided that: 



On Eq°, we have = 0, hence 



Moreover, 



^y^ji^ < C-'do (17.98) 



3^o(0) = (17.99) 



fi{j+i}(0)<C^i?[,+2] (17.100) 
A[i]{0)<C^D[i+2] (17.101) 



and by (8.40), (9.71) we have: 



E ll^^"-"'^a:;(0)|L.(s.o) < CJD[,+21 (17.102) 



E E ll^^"-^'-'"^</-m(0)IL^(E-)<C^V^[;+2i (17.103) 

m=Oii...ii-m 

Combining the above then yields: 

2?[;+2i < (17.104) 
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and we can replace eo by any u e (0, eo] to obtain: 



©[^+2] < CDfJ+^i (17.105) 

for all u G (0, eo], where 

^[J+2]=Ell^*^«llH.+i(sjf) (17-106) 

In conclusion wc have proved the following theorem, which is the main theorem of this monograph. 
Theorem 17.1 Let {p, s,v^ : i = 1, 2, 3) be initial data for the equation (1.4), (1.10) and (1.12) 
on Eo which correspond to the initial data of a constant state 

p = Po, .s = So, v'' = 0: i = 1,2,3 

outside the unit sphere with center at the origin in Sq. We can adjust the zero-point of the enthalpy 
h so that ho = 0, that is, the enthalpy vanishes in the constant state. We can also choose the relation 
of the unit of time to the unit of length so that 770 = 1, that is, the sound speed in the constant 
state is equal to unity. Let also the initial data be irrotational and isentropic outside the sphere of 
radius 1 — eo, < eo < 1/2 with center at the origin in Eq. Then we have initial data {(p,dt(t>) for 
the nonlinear wave equation (1.23) outside the sphere of radius 1 — eo with center at the origin in Eq, 
where dicj) = —v^ and 9(0 = J2i=i{^i4')'^ ■ The initial data (</>, dt4>) vanish outside the unit sphere 
with center at the origin in Eo- Consider the annular region Eq" in Eq bounded by the two concentric 
spheres. Then there is a positive integer [a] such that the following hold. Let I be a positive integer 
such that 

h > [a] + 4 

and suppose that the functions tp^ ■ a = 0, 1, 2, 3 corresponding to the initial data on S^" are functions 
of the rectangular coordinates belonging to the Sobolev space (Eg° ) with vanishing traces on the 
unit sphere. Then setting 

there is a suitably small positive constant ^o and a positive constant C, such that for any ^o € (0, ^o], 
if: 



C-^/eo -D[;+2] < ^0 



the following conclusions hold: 

(i) Let u be the function 1 — r on So and 6*0, u the spheres of radius I — u with center at the 
origin, the level surfaces of u in Eq. We consider, in the domain of the maximal solution corresponding 
to the given initial data, the family {C„ : u G [0, eo]} of outgoing characteristic hypersurfaces 
corresponding to the family {So,u '■ u G [0,eo]}: 

C„f|Eo = 5o,„ : Vue[0,eo] 

with each bicharacteristic generator of each C„ extending in the domain of the maximal solution as 
long as it remains on the boundary of the domain of dependence of the exterior of So.u in So. Then 
the bicharacteristic generators of each Cu have no future end points except on the boundary of the 
domain of the maximal solution. Let (u) be the least upper bound of the extent of the generators of 
Cu, in the parameter t, in the domain of the maximal solution, and let: 

t*eo = inf U{u) 

ue[o,€o] 
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We define for eacli (t,u) e [O,t*eo) ^ [OjCo] the closed surface: 

St,u = Cuf^^t 

Then either t^,^g = oo or there is on S^" at least one point which belongs to the boundary of the 
domain of the maximal solution and not to the domain itself, 
(ii) We have the lower bound: 

1 



where i is the constant: 



log(l+t*eo) > 7^.| 



In particular, if ^ = we have = oo. 

(iii) For all t G [O,^*^^) we have the bounds: 

max max \\Ri^...Ri,{T)^{Q)P^^\\j^^,^.o. < C{l + t)-^^J 

: for all p-\-m-\-n<l — 2 — [a] 

and with fi and x the acoustical entities defined by the family {C„ : u S [0, eo]} and for each C„ : 
u e [0, eo] by the family of sections {St^u ■ t G [0,t^^^)}: 

\\^^ - l|lco,{;-3-[a]},E»0 < CSo[l + log(l + t)] 

llx'lloo.{;-4-[a]},E^o < C6o{l + t)-'[l + log(l + t)] 

where 

X =x- 



-u + t 

and ^ is the induced acoustical metric on St^u- 

(iv) The tjja, ^, ^ and X) extend continuously with their first I — 2 — [a] derivatives in the case of 
V'a, ? — 3 — [a] derivatives in the case of /i, ^ and I — 4 — [a] derivatives in the case of x, in acoustical 
coordinates to ^t,^^- The rectangular components T* and of the vectorfields T and L likewise 
extend continuously with their first I — 3 — [a] derivatives in acoustical coordinates to ^t^^g , and so 
do the rectangular components g^j^ of the acoustical spacctime metric. The function ji so extended 
vanishes at each point in S^J^g which lies on the boundary of the domain of the maximal solution, 
being positive everywhere else. The Jacobian determinant A of the transformation from acoustical 
to rectangular coordinates also vanishes at the same points, being positive everywhere else. The first 
derivatives T^ditpa blow up at these points. More precisely what blows up is the component T^T^ditpj. 
Moreover, there is a positive constant C such that in the subdomain U of W*^ where < 1/4, which 
contains a spacetime neighborhood of each of the points in question, we have: 

Li^ < -C-\l + t)-^[l + log{l + t)]-^ 

(v) The following energy estimates hold, for all u G [0, eo] : 

sup {^o"[;+l-[a]](i)}<CI>fl+2] 

•^o*[l+i- [«]](■") - 

sup {[1 + log(l + t)]-'ft[i+i_H](i)} < CZ)fl+2i 

te[o,t„J 

sup {[1 + log(l + W} < 

te[o,t.eo] 

sup {[l + log(l + 0]-^i^[i+l-[a]](i.«)} < C'^[!+2] 

t6[0,f„o] 
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where 

and Sg is the annular region on Eg bounded by 5o,m and the unit sphere 5*0, o- Moreover, setting 

a=[a] + - 

we have, for each n = 0, [a] — 1, and for all u G [0, eo], the estimates: 

sup {M^r«"""'H*)^o.[/+i-„]W} < CDf,^2] 

te[o,i..o) 

sup {/x^r«"""'^(*)-^o,[;+i-„](«)} < C^^[l+2] 
te[o,t..o) 

sup {M^r""'H*)[l + l0g(l + *)]"'^M;+l-n](*)} ^ ^-^[1+2] 

te[o,t„o) 

sup {M^r-"-^Ht)[l + l0g(l + t)]-'K[l+l-n]i^)} ^ ^^[1+2] 

te[o,t..o) 

sup + log(l + t)]-%i+,_„^it,u)} < 

«6[0,t.eo) 



Furthermore, there is a positive real number p such that with g = p + 2 we have the top order energy 
estimates: 

sup + iog(i + tr^^s^At+^m < ci5fj+2] 

te[o,t„o) 

sup + l0g(l + i)]-'^^,5,[(+2] («)} < CDf;+2] 

«e[o,t.eo) 

sup + log(l + t)]-''£[:[,^2]m < CDf^^2^ 

te[o,Ueo) 

sup W[l + l0g(l + J-(*[;+2] («)} < CZ?[;V2] 

*e[o,t„„) 

sup + log(l + «)} < C£)fJ+2] 

te[o,t.eo) 

(vi) The following acoustical estimates hold, for all u G [0, eo] and all t G [0,Ueo]- 

A"{i^[a]-i]{t) < C{1 + + log(l + i)]'/D^ 

W < c{i + t)[i + iog(i + i)]'^^ 

Moreover, for each n = 1, [a] and for all u e [0, eo] and all t G [0, t*eo): 



^jr-„] W < c(i + + iog(i + t)]'il;nT^'^'it)^/^] 
< C(l + + log(l + t)fji-T^'/\t)^fD^^ 

and for n = and for all u G [0, eo] and all t G [0, t^eo)'- 

A'^^it) < C(l + t)-Ml + log(l + i)]«+iM-%+V2(t)y^ 

< C(l +l0g(l + f)]«+l/X™?+'/'(t)/D^ 
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Finally, for all u e [0,eo] and all t € [O,t^co) have the top order acoustical estimtes: 
.max^ \\f,Ri,^,...Ri,tvx'\\LHi:^) < Cfi-^^:,{t)[l + log(l + t)fP^D-^^^ 

I 

J2 . max^ \\nRi,_...Ri,{TrM\L^ii:V ^ Cfi-'.uim + log(l + i)]'^^^ 

m=0 
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Chapter 18 

Sufficient Conditions on the Initial 
Data for the Formation of a Shock 
in the Evolution 



In the present chapter we shall establish sharp sufficient conditions on the initial data for the formation 
of a shock in the evolution. We just investigate the problem in the isentropic irrotational case. 

The setup is as in Theorem 17.1. Following this theorem we must find sharp sufficient conditions 
on the initial data which will guarantee that the function /i becomes zero somewhere on Sj" at some 
finite t. That value of t shall then be t^^eo- We shall use Lemma 8.10, Proposition 8.5, Proposition 8.6. 
Taking t = s in Proposition 8.6 we obtain: 



where /i[i],s(u, t?) satisfies: 



while /is(s,u,i9) is given by: 



Here: 



and according to (8.226): 



/u(s, = fi[i]^,{u,'d)fis{s,u,i!)) (18.1) 



^<M[i],.(«,^?)<^ (18.2) 



ile{s,u,^) = l + E,{u,i9)log{l + s) (18.3) 



4(.,^) = ^i(f% (18.4) 



\E,{u, 1?) - ^£Ps{u, i?)| < C6o{l + s)-^[l + log(l + s)] (18.5) 

where Ps{u,d) is the function defined by Lemma 8.10: 

Ps{u,^)^{l + s)iL-4,o){s,u,i}) (18.6) 

In (18.5) and in all the following the positive constant So shall be as in Theorem 17.1. In view of the 
above, a sharp sufficient condition for /j. to become zero somewhere on S^" at some finite s, is an upper 

bound for niinju ,j)g[o,eo]xS2 Ps{u,'&) by a negative constant for all sufficiently large s in the case that 
£ > 0, a lower bound for naax.(^u,'&)e[o,eo]xS^ Ps{u, "&) by a positive constant for all sufficiently large s in 
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the case that £ < 0. As was aheady shown in Theorem 17.1 no shocks can form in the case ^ = as 
in this case we have t^eo = oo- Thus in the foUowing we assume £^0. 

The sharp sufficient condition just stated is not a condition on the initial data. Lot us revisit the 
wave equation for tpo in the form encountered in the proof of Lemma 8.10 ((8.180) and (8.181)): 

L(LVo) + i^L^o + kL^'o = p'o (18.7) 

where: 

p'o = M^^V'o +Mr'(^logf^,4^o) - 2^-\CJi'o) (18.8) 

Consider the function: 

T = {l-u + t)LVo - (V'o - ho) (18.9) 

We have: 

Lt = {1-u + t)L{lApo) - Lipo + Lipo (18.10) 
Substituting for L{lApo) from (18.7) yields: 

LT = iJ (18.11) 

where: 

cj = -[{l-u + t)u- IjLijjo -[{1-U + t)u + l]LVo + (1 - w + t)po (18.12) 
From the conclusions (iii) of Theorem 17.1 we have, recalling: 

^= ^{^^X + Llogfl) 
v_+ a~^Ky = ia~^K;L log f2 + ^Llogfi + Ktr^ 

the bounds: 

\{l-u + t)u - 1| < CSo{l + t)-^[l + log(l + 1)] (18.13) 
\{l-u + t)E+l\< C6o[l + log(l + 1)] (18.14) 

Let now / be an arbitrary function defined on W/^ . Let us denote by / {t, u) the mean value of / on 
St,u with respect to dp^: 

J{t,u) = -J-—j fdp^^, Area(t,w)= / dp~^ (18.15) 



Prom the facts established in Chapter 5: 

d_ 
dt 

d_ 
dt 



I fdp-^= I {LS + 2uf)dp~^ (18.16) 

St,u St,u 

Axea{t,u)= / 2udp-^ = 29Area{t,u) (18.17) 



Hence by direct calculation: 



df,, 1 

Area(t, u) J St, 



= L iLf + 2uf-29f)dp-^ (18.18) 
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Noting that for any pair of functions /, g on St,u we have: 

/ {fg-fg)dt^'^=f if - Dig - g)dt^-p (i8.i9) 

we can write (18.18) in the form: 

^{t,u) = Lf + 2iu-i?){f-f) (18.20) 

We apply the formula (18.20) to the function r obtaining, in view of (18.11), 

Of 

-^{t,u)=u, + 2{iy-P){T-f) (18.21) 
Integrating this with respect to t on [0, s], we obtain: 



f(s,u) = f(0,u) + / [u) + 2{u - i?){T-f)]{t,u)dt (18.22) 
Jo 

Finally we replace uhy u' G [0,u], multiply by Area(0,u'), and integrate with respect to u' on [0,u] 
to obtain: 

/ f{s,u')Avea{0,u')du' (18.23) 

JQ 

nU p pu pS 

= / Tdfijdu' + / Area(0,u'){/ + 2(i/ - i>)(T - f)]{t, u')dt}du' 

Jo JSa,„i Jo Jo 

We shall estimate the second integral on the right in (18.23). Interchanging the order of integration 
this integral is: 

I{s,u)= [ {[ Area(0, u')[u; + 2{i^ -D){t- £)](*, u )du}dt (18.24) 
Jo Jo 

Since Area(0, u') < Area(0, 0) = 47r, we have: 

\I{s,u)\<C [ J{t,u)dt (18.25) 
Jo 

where J{t, u) is the integral: 

ru 

J{t,u)= [\cd\+2\u-P\\T-f\]{t,u')du' (18.26) 
Jo 

We consider first the contribution of the term |w|, through (18.26), to the integral on the right in 

(18.25). Now uj is given by (18.12), and we consider first the third term on the right in (18.12). We 
have: 

{l-u + t)p'o{t,u)=^^^-^^J^ p'.dui-^ (18.27) 
Now for an arbitrary function / on St^u^ we have: 

1 d ,,~-^,AB rjz^df 
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Thus, integrating by parts on St,u we obtain: 

/ MVorf/U^ = / iifl^^odn-. (18.29) 

Recalling that 

-(4M+2C)-r' = -('?+c)-r' = ^ 

we then conclude that: 

/ Pot^M^= / A-4^orfM^ (18.30) 

Now from conclusions (iii) of Theorem 17.1 we have: 

|A| < C5o{l + t)-^[l + log(l + t)] (18.31) 
Thus (18.30) implies, through (18.27), 

ii-u+t)m,u)\ < -ii-ji±^) sup|A|( / m'di^^y^' (18.32) 

< CTo(l + t)-\l + log(l + t)]{ j I^Vol'c^M^)'/' 

This contribution to (18.25) is then bounded by 

C5o^ j\l + t)-\l + \og{l + t)]{j I^VolT^'di (18.33) 

< C(5oV^{ f I \^M''dtY'^ 
Jo Jt;^ 

The integral on the right in (18.33) is 

/ liiJofdtdu'dfx^ (18.34) 

This integral has already been estimated in Chapter 7 by (7.210) for any variation. In particular for 
the first order variation we have: 

/ \4M''dtdu'dn.<C{K[ilJo]{s,u)+f T^[ilJo]{u')du'} < C£S[iPo]{0) (18.35) 
Jw^ Jo 

The last step is by virtue of Theorem 5.1. Then (18.33) is bounded by: 



C5oV^^£S[M{0) (18-36) 
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Next, we consider the first two terms on the right in (18.12), By (18.13) the contribution of the first 
term is bounded by: 



C,5o(l + i)-Ml + log(l + i)] 



Area(f, u) J St, 



^ |L^o|rfM^ (18.37) 



+ r^[l + log(l + t)] r 
(Area(i,w))i/2 Vs,.„ ^ 

< CTo(l + i)"'[l + log(l + t)]{! \L^IJo\^dn-.y 

JSt.u 

hence the corresponding contribution to J{t, u) is bounded by: 



CSoV^il + t)-^[l + log(l + t)]^S^i[iPo]{t) (18.38) 
and to the integral on the right in (18.25) by: 

CdoV^iJ^ (1 + + log(l + t)]dt^ £^[i;o]{0) < CJov^^WoKO) (18.39) 

by Theorem 5.1. The factor y/u comes from Holder Inequality when we obtain (18.38). By (18.14) the 
contribution of the second term on the right in (14.12) to u) is bounded by: 



< 



CTo[l + log(l+t)] 
Arca(i, u) 
CTo[l + log(l + 0] 



/ I^VoMms (18.40) 



St,u 



(Arca(f,M))i 

< C(5o(l + t)-'[l + log(l + 1)]( / ILV'oI'dM^)'/' 



The contribution of this to the right of (18.25) is then bounded by: 

C6oV^ [ {l + t)-^[l + log{l + t)]{ [ |LVo|'}'/'rfi (18.41) 
Jo Ji:f 

< C5oM r [ \Lijo\^dty/^ 
Jo is» 

Jo 

by Theorem 5.1. Combining (18.36), (18.39), (18.41), we conclude that the contribution of |aJ| to the 
right of (18.25)is bounded by: 



CSoV^^/sSbPom (18-42) 



Finally, we consider the contribution of the term 2|z^ — t^\\z~ z\ to the right of (18.25). We have: 
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By (18.13): 



Therefore 



\v — u\\t — r < 



W-9\<W--^—\ + \P--^-—\ (18.44) 
I — u + t I — u + t 

<CTo(l +*)-'[! + log(l+t)] 



Area(f, u) 



I \r-z\dli-. (18.45) 



CTo(l +*)-'[! + log(l + i)] 



We have: 



by (18.9). The contribution of the first integral on the right in (18.46) to the right-hand side of (18.45) 
is bounded by: 

C<5o(l + t)-'[l + log(l+t)]( /" \LiPo\^dn^y/^ (18.47) 

This coincides with (18.37), hence the corresponding contribution is bounded by (18.39). Finally, the 
contribution of the second term on the right in (18.46) to (18.45) is bounded by: 

C5o(l+i)-'[l+log(l + i)]( / IH^dii^y/^ (18.48) 

< CSo{l + t)-^[l + log(l + t)]^^SSM{t) 

by (5.145), hence the corresponding contribution to (18.25) is also bounded by (18.39). Combining 
the above results we conclude that the contribution of 2\u — i'\\T — 'f \ to the right of (18.25) is also 
bounded by (18.42). 
Then we have: 

\I{s,u)\ < CdoV^^SSiipom (18.49) 

It follows from (18.23) that: 

I T{s,u')ATea{0,u')du' - J Tdfx-^du'\ < C5o^/u^ £^[i)o]{Q) (18.50) 

From (18.6) and (18.9) we have: 

Ps{u,'d)=T+- 1— -[«r + (l + s)Vo] (18.51) 

(1 - w + s) 



Let us denote: 



Q{u) = j Tdn-^du' (18.52) 
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Consider the case £ > 0. If the initial data satisiy: 



Q{u) < -2CTo\/^^^o"[V'o](0) < (18.53) 
for some u G (0, eo] with the constant C as in (18.50), by (18.50) we have: 

/ r(s, u')Area(0, u')du' < -Q(u) < (18.54) 
Jo 2 



It follows that: 



min t{s,u')< (V^^^^"^ <0 (18.55) 

u'e[o,eo]-^ ^ ~ Area.{0,u')du' ^ ' 



hence also: 

(1/2)Q(«) 



min Tis.v! (18.56) 

(u',,?)e[o,«]xS2-' /q" Area(0, u')c^^i' 



It then follows from (18.51), in view of (iii) of Theorem 17.1, that: 



min P,(w',t?) < (V4)Q(») ^ Q (^g_57) 

(u',,?)e[o,«]xS2 Jo Area(0,u')<^w' 



for all s large enough so that: 



1 rAr~ca(0.?/)dw' 



Thus by the discussion in the beginning of the chapter t»^^ is finite. In fact, (18.57) implies, in view 
of (18.5), that: 



min E.i^^.,)<-^im^<^ (18.59) 



for all s large enough so that: 

1 + s /q" Area(0,M')(iw' 

l + log(l + ,s) - (l/32)fQ(u) ('^-^^^ 

where the constant C is the one in (18.5). It follows from (18.3) in view of (18.2) that s is bounded 
from above according to: 

f" Area(0, wMdw' 
'°^'^ + "^- °(l/32)fQW 

Obviously, the upper bound in (18.61) exceeds the lower bounds in (18.58) and (18.60), it follows that 
satisfies the upper bound: 

r"Area(0,u')'iw' 

+ (i/32)^g(.) ^^'-'^^ 

In the case ^ < a similar argument shows that if the initial data satisfy: 



Q{u) > 2CdoV^^£^[M(0) > (18.63) 
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for some u e (0,eo] with the constant C as in (18.50), then is finite, in fact satisfies the upper 
bound: 

f^' ATea(0,u')du' 

In fact, we have: 

min Es(u',^)<\e max PJu', i?) + C(5o(l + s)"Ml + log(l + s)l 

Then we get a similar bound as (18.59). Now we obtain the first condition to guarantee the formation 
of shocks: 

1) The quantity Q{u) satisfies 

Q{u) > 2C5oV^^£S[ipoM > 

for £ <0; and 

Q{u) < -2C6oV^^£S[ipo]{0) < 

for ^ > 0. 

We can modify this condition so that it is expressed in the EucUdean space. 

Let us replace d/i^ by d/i^, then since the difference of il from unity, its value in the constant state, 

is bounded on Eq by C5o, the change in the integral will be bounded by C6oy/uy^£Q[ipo]{0). Moreover 
we may replace L by the one corresponding to the constant state: 



Then let us define: 



Qi{u) = / Tgd^x 



where 

210 = rLilJo -il!o = r{doi'Q - N'^diipo) - V'o 
Since we are now on the initial hypersurface, the difference of 



from Q{u) will be also bounded by C(5o-\/m\/^o I'^oKO). We then obtain the second condition to 
guarantee the formation of shocks: 

2) The quantity Q\{u) satisfies 



Qi{u) > 2C"<5oV^J£:o"[V'o](0) > 
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for ^ < 0; and 
for £>0. 



Qi{u) < -2C'5oV^^£S[M{0) < 



The above two conditions depcnid only on the variation ipQ, but the quantities Q{u} and Qi{u) 
involve the first derivatives of iJjq. Now we shall obtain a third condition which depends on other 
variations ipi : i = 1,2,3 but involves only the variations themselves (actuUy on the enthalpy h and 
the normal component of the fluid speed vn)- 

Consider the wave equation (1.23) on Eq, we can write it in the following form: 



where the repeated index means summing. By the L°° bounds for the first order variations estab- 
lished in the previous chapter, we can bound the norm on Sq of r times the right-hand side by: 



^oV'o - diil>i = 2ipidoipi - ipii^jdiipj + {rf - l)A(?i 





(18.66) 



we have: 




(18.67) 



Hence if in the case ^ > we have: 




for some u G (0, cq] 



(18.68) 



where C is in (18.53), then by direct calculation, (18.53) holds and we have: 



Q{u) < -Qo{u) 



(18.69) 



hence, in place of (18.54): 




(18.70) 



Similarly, if in the case ^ > we have: 




for some u G (0, eg] 



(18.71) 



where C is in (18.63), then (18.63) holds and we have: 



Q{u) > -Qo{u) 



(18.72) 



hence: 




(18.73) 
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Integrating by parts and using divergence theorem, 

/ r{ditPi - N'di'^o)d^x = I r{iJo - ^N)d^i^ + j (3V'o - V'jv)^^;^ (18.74) 



To see this, we just write: 



t/Sn '^^n '^^n 



X 



and 

'' '' j3 



- / rN'dii^od^x = j rdiN'^od^x + ( ^{N'ftl>od 
Jt,^ Jt,^ Jh^ ^ 

- [ 5i(r7V>o)rf 

Thus, we obtain the following condition to guarantee the formation of shocks: 



X 



""x 



3) The quantity 



Qo{u)= / r{h + VN)+ / {2h + VN) 



satisfies 



Qo{u) > 2C"(5oV^^fo"[i](0) 

for ^ < 0: and 



Qo{u) < -2(7"5o\/^Y'fo"[i](0) 

for ^ > 0. 

Under one of these three conditions, the lifespan f*eg is finite, and it satisfies one of the following 
inequalities: 

log(l + i«J < 



\£\\Q{u)\ 
respectively. 
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Chapter 19 

The Structure of the Boundary of 
the Domain of the Maximal 
Solution 



19.1 Nature of Singular Hypersurface in Acoustical Differen- 
tial Structure 

19.1.1 Preliminary 

In this chapter we shah take eq to be a variable with range (0, 1/2], in agreement with the setup of 
Theorem 17.1. To emphasize that eq is now taken to be a variable, we denote it simply by e. Let 
us denote as in Chapter 2 by (u) the greatest lower bound of the generators of C„ in the domain 
of maximal solution, and by i,<; the greatest lower bound of for u & [0,e]. Obviously i,^ is a 
non- increasing function of e. Then Theorem 17.1 applies for each e € (0,eo), where we now denote by 
Co the maximal real number in the interval (0, 1/2] such that the smallness condition: 



Cv^^L>[(+2l(eo) < So, £'[i+2l(eo) = ^ ll^iV'a|lH,+i(E^O) 

a,i 

holds. For, given any such e we can find a 6o G (0, Sq] such that the smallness condition of Theorem 
17.1 holds with e in the role of eo, that is, we have: 

Cyi^D[;+2](e) < So 

(v^'\/-^[;+2](e) is an increasing function in e.) 

Now according to Theorem 17.1, for each e G (0,eo)j the solution, which exists in the classical 
sense in W*'' \ S^^^ extends smoothly in acoustical coordinates to but there is a non-empty set 
of points c Ej^^ where /x vanishes, being positive on the complement ^t,^- Thus the set is also 
the set of minima of the function /i on If g is a point of K^, then either q is an interior minimum 
of II on Sj^^, in which case we have: 

M5)=0, (|^)(9) = 0, (^)(9)=0 ■■ ^=1.2, (0)(9)>O (19.1) 
at an interior zero. 



455 



and we shall assume that the non-degeneracy condition 

{-g-^){<l) > : at an interior zero (19-2) 

holds, or g is a boundary minimum, necessarily on St,^^e (For on the other boundary of Sf^^, namely 
on St,^fl, where the constant state holds.), in which case we have: 

M9)=0, (^)(a)<0, (^)(9)=0 : A = 1,2 (19.3) 

and we shall assume the non-degeneracy condition 

dfji 

(— )(g) < : at a boundary zero (19-4) 

holds. 

Let now ^^(e) be the minimal value of u G (0,e) for which there is an interior zero of /x on S"^^. 
Then if we replace e by e' e (0, e], as we decrease e', it follows directly from the definitions that t^^> 
stays constant up to the point where e' reaches the value ^^(e), that is , we have: 

Ue' = t*e ■ for all e' G [um{e),£] (19.5) 

Thereafter i^g/ increases, /x being everywhere positive on Sf , and for a while K^> consists only of 
boundary zeros. This situation either persists for all e' e (0,u„i(e)) or, as we decrease e' there is a first 
€1 € (0, Um(e)) at which one or more interior zeros of fi appear on S^^^^, from which the preceeding 
repeat with ei in the role of e. 

In the following, we shall use the conclusion in (iv) of Theorem 17.1, namely, for every e G (0, eo) 
the following upper bound for L/x holds in the region C W**» where fj. < 1/4: 

iM< -C"^(l + i)"Ml + log(l + *)]"^ : in (19.6) 

What we shall use is just the fact that for finite t, Lfi is bounded from above by a negative constant 
in the region where /x < 1/4. 
Let us denote: 

Veo= U (19-7) 

ee(0,eo) 

This is the domain covered by Theorem 17.1, applied in the above manner (we are disregarding here 
the exterior domain where the constant state holds). This domain is contained in the closure of W^g, 
the domain of maximal solution, and the set: 

^= U JCeCKo (19.8) 

«e(0,eo) 

of zeros of fi in Veg is part of the singular boundary of W^g ■ 

Our purpose in the following is to describe the acoustical spacetime structure in a neighborhood 
of a point of the singular boundary of Weg. Consider now a value e € (0,eo) for which there is an 
interior zero of fj. on , that is, there is a uq € (0, e) and a zero of fj. belonging to St,^,ug- By (19.2) 
the minimum of over all zeros of on S't„,uo positive. It follows that there are Ui G [0,Uo), 
U2 S (mO) e] such that in the annular region: 

U ^*«,u (19.9) 
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in there are no zeros of /U except on St, ^^uo itself. If uq = Um{^), there are no zeros of ^ on 
for any u £ [0, uq) and we can take Wi = 0. 

According to the discussion above, a boundary zero of fi on E^^^ belongs to the surface St,^.t and by 
(19.4) there is a wi < e such that there are no zeros of fj, on St,^.u for any u E (774, e). Moreover, there 
is a Mo > e such that for e' G [e, uq] there is a corresponding boundary zero of fi on ^ belonging 
to the surface St^^,,e' and no interior zeros (remember (19.9)), and there is a ^2 > uo such that for 
e' G (mo, U2] we have t*c/ = and on Ef , wc have an interior zero of fi on i^uo and no zeros of fi 
on St,^,,u, for any it € [0, e'), u^uo (otherwise, the solution can not be extended to t*e, which is larger 
than f*e'.) In this case we consider the annular region: 

U '^t-2.« (19-10) 

inS;'^ . 

19.1.2 Intrinsic View Point 

Consider the manifold: 

= [0, 00) X [0, eo) X 5^ (19.11) 

of all possible {t, u, t?) values with u £ [0, eo). Then the domain V^^ in acoustical spacetime corresponds 
to the domain 

Veo = {{t,U,^)€Me, : t<Uu} (19.12) 
in A4eo and (19.9) corresponds to 

X (ui,W2) X 52 (19.13) 

The mapping 

{t,u,i}) eVeo^ x{t,u,i)) eVea, X = {x" : a = 0, 1, 2, 3) (19.14) 

where are rectangular coordinates in Galileo spacetime, is a homeomorphism of onto V^g, which 
is locally also a diffeomorphism except at the points of the subset J^o j the image of which is J^^ , where 
H vanishes. On the domain (19.12) we have the acoustical metric g, given by (2.41): 

g = -2iidtdu + a-^ii^du^ + ^^^(di?^ + E^du){d§^ + E^du) (19.15) 

Recall that a{t, u, i?) is a positive function near 1 and that at each (t, u), ^^{t, u, d) arc the components 
of a positive definite metric on S"^. The components of g are smooth functions of the acoustical 
coordinates in the domain Veo, including the boundary of this domain. Moreover, the properties of 
a and just mentioned hold on the boundary of V^q as well. However on the subset of this 
boundary n vanishes, hence, in view of the fact that 

^/^^detg = /x^det ^ (19.16) 

the metric (19.15) degenerates on J^^. 

We now consider a smooth extension of the acoustical metric g to t > t^{u). The extension is to 
satisfy the following two conditions: 

(i) The function a remains near 1, and ^ remains a positive definite metric on S'^. 

(ii) The function ^ extends in such a way that ^ is bounded from above by a negative 
constant where < 1/4. 
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Then for each (u,^) € (0,eo) x the following alternative holds: Either there is a first t^{u,'&) > 
t^{u) where n vanishes, or /x is positive for all t > Consider the subset V C (0, eo) x S"^ consisting 

of those points where the first alternative holds. Then by Property (ii) of the extension V is an open 
set. In the case of an interior zero of /i on belonging to St_^,.uo "we have = t^{uo), there is a 
^0 G such that /^(^*(mo), mq, tl^o) = 0. Therefore (wo,i^o) G 'D. In the case of a boundary zero on 
for each e' e [e,uo\ there is a '&*{e') € S'^ such that /i(t*(e'), e', ■!?*(€')) = 0. Therefore in this case 
V contains the curve 



{(e',^,(e')) : e'€[uo,e]} (19.17) 

Consider: 

■H = {{t4u,-d),u,^) : {u,'d)€'D} (19.18) 

This is the zero level set of the function ^ over the domain V C (0,eo) x S"^- Now /x is a smooth 
function which by (ii) has no critical points on its zero level set. Therefore "H is a smooth graph. 

Since ?i is a graph over V c (0, eo) x S"^, {u,^) can be used as coordinates on H, and in these 
coordinates g,, the metric induced on H, is given by, from (15.15): 

g* = {^jAB{d^^ + EUu){d^'' + Sf rfw) (19.19) 

where: 



{^jAB{u,^)=^^^{t4u,-d),u,^) (19.20) 
are the components of a positive definite metric on S'^, and: 

Et{u,^) = E^{U{u,^),u,^) (19.21) 
Now the metric (19.19) is degenerate: 

det g^=0 (19.22) 



19.1.3 Inveiriant Curves 

We see that although the hypersurface H is singular, being a hypersurface where the spacetime metric 
g degenerates, from the point of view of its intrinsic geometry it is just like a regular null hypersurface 
in a regular spacetime. At each point q E H there is a unique line Lq C TgH which we may consider 
to be the linear span of a non-zero null vector V{q). Thus we have a null vectorfield on "H and we 
can express it in terms of the coordinates {u, t?) by: 

V = V--^+f, f = V^^ (19.23) 

At each q = {t^{u,'&),u,'d) € H, the vector Y{q) is tangent to St^^u of constant u through q, which 
projects to the domain {u} x B„ where is the domain: 

Without loss of generality, we may set 14 = 1. By direct calculation we have: 

= g{V, V) = g,{V, V) = ^^{f, f) + 2^^ {E, (S, , E,) (19.24) 

= P^{f + E,,t + E,) 
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Since is positive definite, this holds if and only if: 

f = -S, (19.25) 
Therefore V is expressed in {u, ^) coordinates on H by: 

V=l-E. (19.26) 

Now, let 

X(,) = X*(,)|+X«(,)|-+X-^ (19.27) 

be an arbitrary vector in TqA4eo,Q ^ Then X{q) G TqT-L if and only if: 

X{q){t-U{u,§))=Q (19.28) 
Substituting (19.27) this is equivalent to: 

X\q) = ^X-{q) + ^X\q) (19.29) 

In particular the vectorfield y as a vectorfield in spacetime along % is expressed by: 



Here, ^ and are the acoustical coordinate vectorfields in spacetime, not in 'H. In fact, we have: 

d dt^ d d 

du du dt du 
d du d ^ d 



The vectorfields on the left-hand side are the coordinate vectorfields in "H. 

Given any vector X{q) G TqAieo,q G 'H, there is a unique real number A such that X{q) — XL{q) € 

a_ 

9t' 



Tqii. In fact it is readily seen from (19.29), recalling that L — that: 



, = x.(,)-|ix-„)-|ix-(,) 

This defines a projection operator 11* from TqM.^^ to Tqli by: n,X((7) = X[q) — XL{q). We call 11* 
the L projection to H. Obviously, 

V = U^T (19.31) 

We call the integral curves of V the invariant curves. The singiilar surface "H is ruled by these 
curves. The invariant curves as 1-dimensional submanifolds of Ji are independent of the choice of 
acoustical function u, being the integral manifolds of the 1-dimensional distribution {Lq : q gH} 
on 'H. The invariant curves have zero arc length. 

Now we may adapt the coordinates (u,^) on H so that the coordinate lines = const coincide 
with the invariant curves. Obviously, this choice is equivalent to the condition: 

= (19.32) 
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We then call the corresponding acoustical coordinates canonical. In these coordinates (19.19) takes 
the form: 

5* = i^jABd-d^di^'' (19.33) 

By (19.32), we have, for t < U{u,-d): 



Since also: 



it follows that the functions: 



= ^i-^E^ (19.34) 

which a priori are defined only for t < t»{u, •&), are actually given by: 

AA/. ^ mean value on[t,U{u,'d)]of{{dE^/dt){,u,-&)} (^Q'i<^^ 
" ^' ' ^ mean value on[t,U{u,§)]oi{{dn/dt){,u,^)} ^ ' ' 

hence extend smoothly to t = t^{u,^), that is, to H. 
19.1.4 Extrinsic View Point 

We now consider the character of the singular hypersurface H from the extrinsic point of view. To 

do this, we consider the reciprocal acoustical metric, a quadratic form in the cotangent space to the 
spacetime manifold at each regular point, given by: 

g-^ =-{l/2fi){L(g)L + L^L) + {^-^)^^XA®XB (19.36) 

Since 

9 r ^-l. r . ^rr. .-2.. ^ , ^ ^ X 



L = ^. L = a-'KL + 2T = a-^f.- + 2{—-f,E' 



(19.36) takes the form in canonical acoustical coordinates: 

1 , d d d d . r. d d „„x 

We see that although, due to the degeneracy of g on (7^^ blows up at T-L, lig~^ in fact extends 
smoothly to T-L. The character of H from the extrinsic point of view is then determined by the sign of 
the invariant iJ,{g~^)"^dafidisfj, on H. We have: 

K9-'r^d„nd0fx = -2^^ (19.38) 

(^) +2^^- +(^ ) 9^9^} 
On H, n vanishes and this reduces to, simply: 

f,{g-'r^dafidp^i = -2^^ (19.39) 
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In view of condition (ii) /i(g ^)"^9Q,/i9/3/i is > 0, = 0, < 0, at a point q G H according as to whether 
{di^/du){q) is > 0, = 0, < 0. Wc conclude that H is spacehke, null, or timelike, at q according to as 
whether {dfi/du){q) is < 0, = 0, > 0. Now the boundary of the maximal solution cannot be timelike at 
any point. Therefore the timelike part of T-L cannot be part of the boundary of the domain of maximal 
solution. So we shall focus on the spacelike part of H, which we denote by H and its boundary dH, 
where H is null. 

Consider then the open subset Vet) defined by: 

V = {{u,i^)e'D : {dfj,/du){U{u,i}),u,^) <0} (19.40) 

(canonical acoustical coordinates). The boundary of D in P is given by: 

dV = {{u,^)e'D : {dii/du)iUiu,^),u,§) = 0} (19.41) 

Then H is the graph (19.18) over V: 

H = {{Uiu, u, 'd) : {u, ^) e V} (19.42) 

and dH is the graph (19.18) over dV: 

dU = {{U{u,'d),u,d) : {u,'d)€&D} (19.43) 

Assuming that the non-degeneracy condition: 

{u,^)&dV implies {d"^ pi/du^){U{u,d),u,§)fQ (19.44) 

holds, dV splits into the disjoint union dV = 9_I?1J d+V where: 

d-V ^ {{u,^) € dV : {d^^i/du^){U{u,^),u,d) > 0} (19.45) 
d+V = {{u, ^)GdV : {d^n/du^){U{u, u, ^) < 0} 

The boimdary dH of "H in "H similarly splits into the disjoint union dH = d-H[Jd+H where d-H. 
and d+T-L are the graphs (19.18) over d-V and d+V respectively: 

d^n^ {iU{u,i9),u,iS) : {u,{))ed-V} (19.46) 
d+H = {{Uiu, ■&), u, d) : (u, iS) e d+V} 

If there is an interior zero of /i on S|^^ corresponding to {uo,-&o), then (uo'^o) belongs to d-V. If 
there is a boundary zero of /x on SJ^^ , then by (19.4), V contains the curve (19.17) except for the point 
{uo,'&t{uo)) which belongs to d^V. 

Now on H we have /x = 0, that is, we have: 

fj,{U{u,^),u,'&) = : for all («,i?)eP (19.47) 
Differentiating this equation implicitly with respect to u we obtain: 

(|;)(«,^) = -{^^){U{u,d),u,'t)) (19.48) 

By virtue of property (ii) we have: 

V = {{u,d)€f) : {dU/du){u,'d) <0} (19.49) 

and: 

dV = {{u, I?) e 2? : {dU/du){u, ^) = 0} (19.50) 
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(canonical acoustical coordinates). 

Moreover, differentiating again (19.48) with respect to u and evaluating the result on dV, we obtain, 
in view of (19.41) and (19.50): 

{-^)(u,^) = -{-gj^){U{u,^),u,^) : on dV (19.51) 

Comparing with (19.45) we conclude that: 

d-V = {{u, ^)edv : {dH^/du^){u, ^) > 0} (19.52) 

d+V = {{u, d)edV : {dH,/du'^){u, 7?) < 0} 

Thus if we consider a connected component of H and the corresponding components of d-H, 3+%, 
then the component of d-H, which is not empty (In fact, the point on d-H corresponds the interior 
zero. If there is no interior zero, this point corresponds to u = eo), is the past boundary of T-L, the 
component oi d+H, which may be empty {H could be the asymptote of Co), its future boundary, the 
function reaching a minimum, along each invariant curve, at d-H, a maximum at d+H. 

Consider now the function / = dfi/du on T-L. In canonical acoustical coordinates on T-L we have: 

f{u,^) = {^){U{u,^),u,&) (19.53) 

Differentiating with respect to m, and evaluating the result on dH, we obtain, in view of (19.50): 

df d'^UL 

{J-){u,^) = {-^){U{u,^),u,^) : on &H (19.54) 

Thus dH is the zero level set of a smooth function, namely /, on the smooth manifold H, and by 

(19.54) and the non-degeneracy condition (19.44) this is a non-critical level set. It follows that dH and 
its two components d-H and d+H are smooth. Moreover, since d-H and d+H interset the invariant 
curves, generators of H transversally ( actually we can find a curve whose tagent vector at some point 
is then we can easily see that this curve can not stay on dH by using the fact that on dH, which 

is the zero level surface of /, §^^0 and ^ = 0.) they are both spacelike surfaces in acoustical 
spacetime. 

Finally, we note that d+H cannot be part of the boundary of the domain of the maximal solution. 
This is seen as follows. For any given component of d+H, there is a component ofH\H, the timelike 
part of H, whose future boundary is the given component of d+H (Since d+H is the future boundary 
of H, this is the direction of decreasing u. At d+V, d'^t^./du'^ < 0, as u decreases, dt^,/du becomes 
positive across d+V, then decreases as u decreases). This, or in fact any, component oiH\H has 
a past boundary, for, lim„^oi*(M) = c«, therefore t^{u,r)) must have intervals of increase along each 
invariant line as we approach u = 0. The past boundary of the component in question is then also 
the past boundary of the next outward (that is, in the direction of decreasing u along the invariant 
curves) component of 7^, a component d-H. But the domain of the maximal solution terminates at 
the incoming characteristic hypersurface C_ generated by the incoming null normals to this component 
oi d-H. So the maximal solution cannot reach d+H. 

Summarizing, we get: 

Proposition 19.1 Consider a smooth extension of the acoustical metric g to t > <*(«), satisfying 
the following two conditions: 

(i) The function a remains near 1, and the metric ^ remains a positive definite metric on S"^. 

(ii) The function fi is extended in such a way that d^/dt is bounded from above by a negative 
constant where n < 1/4. 

Then there is an open subset V c (0, eo) x 5^ and a smooth graph 

H = {{U{u,d),u,'d) : {u,^)&V} 
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where ji vanishes, being positive below this graph. The singular hypersurface % with its induced metric 
g(, is smooth and has the intrinsic geometry of a regular null hypersurface in a regular spacetime. It is 
ruled by invariant curves of vanishing arc length. The tangent line to an invariant curve at a point q is 
the linear span of the vector n*T(q'), the L projection of T{q) to %. Canonical acoustical coordinates 
are defined by taking the = const, coordinate lines on l-L to be the invariant curves. On the other 
hand, from the point of view of how T-L is embedded in the acoustical spacetime, the extrinsic point 
of view, is at a point q spacelike, null, or timelike, according as to whether, in canonical acoustical 
coordinates, dfi/du is < 0, = 0, > 0, at g, or equivalcntly, as to whether dt^/du is < 0, = 0, > 0, 
at q. The timelike part of H cannot be part of the boundary of the domain of the maximal solution. 
Moreover, denoting by "H the spacelike part of T-L and by &H its boundary, under the non-degeneracy 
condition: 

a^/x/^wVO : on dU 

the boundary splits into the disjoint vmion of d^T-L and d+T-L, where d-T-L and d+H correspond to 
d^li/dv? > and < respectively, or equivalcntly d'^t^f/dv? > and < respectively. Each of d-T-L, 
d+T-L, is a smooth spacelike surface in the acoustical spacetime. For each connected component of % 
the corresponding components of 8-% and d+'H are respectively its past and future boundaries, the 
sets of past and future end points of its invariant curves. Finally, dj^'H, which, in contrast to 8-%, 
may be empty, cannot be part of the boundary of the domain of the maximal solution. 

19.2 The Trichotomy Theorem for Past Null Geodesies Ending 
at Singular Boundary 

We now turn to the investigation of the past mill geodesic cone of an arbitrary point q on the singular 
boundary of the domain of the maximal solution. According to the above, such a point belongs either 
toV., ov to d-'H. The domain of the maximal solution or maximal development of the initial data on 
Sq° U Eg', where Y,q denotes the exterior of the unit sphere in Eq, where the constant state holds, has 
like any development of the initial data in question the property that for each point q in this domain 
and for each past directed curve issuing at q which is causal with respect to the acoustical metric 
terminates in the past at a point of Eq° IJ E^. In particular, each past directed null geodesic issuing 
at q terminates in the past at a point of Eg" IJE^. Suppose now that g is a zero of on Ej^^ for 
some e G (0, eo). Then q e Wj:'' and the union of W*'' with the domain E*" in Galileo spacetime 
exterior to the cone Co and bounded by the hyperplanes Eo and Ei^ , where the constant state holds, 
is a development of the restriction of the initial data to EqIJEq", therefore each past directed null 
geodesic issuing at q remains in W*" \J E**' and terminates in the past at a point of Eg IJ E^. 

19.2.1 Hamiltonian Flow 

Now, the null geodesic flow of a Lorentzian manifold {Ai,g) is the Hamiltonian flow (geodesies from 
the point view of cotangent bundle) on T*M generated by the Hamiltonain: 

H=\{g-'r{q)p^P. (19.55) 

on the surface H = 0. (One can easily check this by direct calculation.) Here (g'^ : /U = 1, ■■■,ti), 

n = (liuuM, are local coordinates on Ai (called in the Hamiltonian context canonical coordinates), 
and expanding p G T*M. in the basis {dq^{q), ...,dq^{q)): 

p = p^dq^{q) 

the coefHcients (p^ : = 1, ...,n) of the expansion are linear coordinates on T*A4 (called in the 
Hamiltonian context canonical momenta). We thus have local coordinates 
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{q^ : fj, = 1, ...,n; Pfj, : ^ = 1, ...,n) on T* M and the equations defining a Hamiltonian flow 
are the canonical equations: 



dT apf^ dT aq^ 

Each level set of the Hamiltonian H is invariant by the Hamiltonian flow. We may thus consider the 
restriction of the flow to any given level set of H, in particular to the surface H = 0. Let now: 

H{q,p) = n{q)H{q,p) (19.57) 

where Q is a positive function on A4. Then the Hamiltonain flow of H on its zero level set is equivalent, 
up to reparametrization, to the Hamiltonain flow of H on its zero level set. More precisely, let 
T (g(T),p(T)) be a solution of the canonical equations (19.56) on the surface H = 0. Then deflning 
a new parameter f by: 

df 

- = n{q{r)) (19.58) 

f (g(f ),p(f )) = ((j'(r),p(r)) is a solution of (19.56) with H replaced by H and r by f on the surface 
H = 0. This is so because 

rfg^ _ dqf" dT dH^_-^ _ dH 
df dr df dp^ dp^ 
dp^ ^ d^dr ^ ^ d{Hn) ^_-^ 

df dr df ^q^^ ^q^' 

= -- Hn~^-— = --— :on iJ = 

dq^ oqi^ dqi^ 

In the case that H is the Hamiltonian (19.55), then 

H =]^{g~^Y'' {q)Pij.Pv , 9ti,u = ^9ij.u 

and the above corresponds to the fact that null geodesies are invariant, up to reparametrization, under 
conformal transformations of the metric. 

In the case of our acoustical spacetime {M^o^g), the reciprocal metric g^^ is as we have seen 
singular at %, however iig~^, given in canonical acoustical coordinates by (19.37), extends smoothly 
to i-L. So we take the Hamiltonian to be: 

Here pt, p„, and : A = 1, 2 are the momenta conjugate to the coordinates t, u, : A = 

1,2, respectively. Thus the are the components of the angular momentum f. Given a solution 
T {(l{T)-,p{T))-,q = {t,u,'&),p = {ptiPuif) (This is an affinely parametrized null geodesic of the 
conformal acoustical metric jJT^g), then defining s by: 

J=Mg(r)) (19.60) 

and taking the inverse of the mapping t ^ s{t), then s i-)- (q'(t(s)),p(t(s))) is an afiinely parametrized 
null geodesic of the acoustical metric g, s being the affine parameter, and conversely. 
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The canonical equations (19.56) take for the Hamiltonian (19.59) the following form: 

d7 = 5^ = + M(-a- V + ^^tj (19.61) 
du dH 
dr dpu ^* 

a^ft - 2— 5i— (•^J'b) 

, _.da 2 1 5(^-i)^<^ 



19.2.2 Asymptotic Behavior 

Given a point go G ^ U 9-%, we shall study the solutions of the system (19.61)-(19.62), subject to the 
condition H = 0, which end at qo = {to, Uo, '&o), to = i*(wO) ^o), at r = 0. The solution are then studied 
for T < 0. These are the null geodesies of the acoustical metric ending at qo, that is, the past null 
geodesic cone of qo, with the orientation of each geodesic reversed so that they become future- directed 
ending at go instead of past directed issuing at go- 

Now the condition H = defines at a regular point p G M^q, where /u(p) > 0, a double cone in 
T*Meo ((19.59) is a second order homogeneous polynomial in p^, the coordinates of T*Meo) ^-nd we 
arc considering the backward part of this cone. However at the singular point go, where n{qo) = 0, the 
condition H = reduces to: 

PuPt = (19.63) 

Thus the double cone degenerates to the two hyperplanes Pt = and Pu = and the backward part of 
the cone degenerates to the following three pieces: 

(i) The negative half-hyperplane: pt = 0, Pu < 0. 

(ii) The negative half-hyperplane: p„ = 0, pt < 0. 

(iii) The plane Pt = Pu = 0. 

We thus have a trichotomy of the past null geodesic cone of go. The null geodesies ending at go such 
that their momentum covector at go belongs to (i) are the outgoing null geodesies. These contain the 
generator of the characteristic hypersurface through go, parametrized by t, which is the following 
solution of (19.61)-(19.62) and the condition H = 0: 

t = to + T, u = uo, '3 = '3o; Pt = 0, p„ = -1, p = (19.64) 

The null geodesic ending at go such that their momentum vector at go belongs to (ii) are the incoming 
null geodesies. Finally, the null geodesies ending at go such that their momentum vector at go belongs 
to (iii) we simply call the other null geodesies. 
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To obtain an intuitive picture of how the null cone in T*A4eo degenerates as p, a regular point, 
approaches qo, a point on the singular boundary, we consider the picture in 4-dimensional Euclidean 
space with the regular coordinates Xi, X2, y, z, taking: 



' - '-'-Y^'tJf,, y=Pu, z^a-^pt (19.65) 



Xt + X 



1 -r ^2 - ' rAfB 

An adequate picture of the degeneration is obtained if we assume for simplicity that 5 = at a given 
St. The equation of the double cone H = then becomes: 

2yz = k{xI +xl- z^) (19.66) 

Note that the double cone contains the y axis as well as the line: 

xi = X2 = 0, y = (19.67) 

Consider the point Pq on the positive y axis at Euclidean distance 1 from the origin. The coordinates 
of Pq are then (0,0, 1,0). Consider also the point Pi on the line (19.67) at Euclidean distance 1 from 
the origin in the positive z direction. The coordinates of Pi are: 



(0, 0,-(«/2)/V(«/2)2 + l, l/V(«/2)2 + 1) 

Let Hi be the hyperplane: 

= -A(y-l), A= , ^= (19.68) 

passing through the points Pq, Pi, and ruled by planes parallel to the (xi,X2) plane. Then the 
intersection of Hi with the double cone is the spheroid on Hi which projects to the following spheroid 
on the {xi,X2,y) hyperplane: 

fi±fl+fe_|2)! = l; (19.69) 



1 1- nX 



k(2-kA)' 2-kA' 2-kX 

with semimajor axis a, semiminor axis b, centered at yo on the y axis. The spheroid on Hi is centerd 
at the point (0, 0, yo, zq), zq = —X{yo—^), and has semimajor axis a' = a in a plane through this center 
parallel to the (xi,X2) plane and semiminor axis b' = y/1 + X^b in a line through the center in Hi 
orthogonal to this plane. As the regular point p approaches the singular point qo, k — )■ 0, hence A — >■ 1, 
yo — >■ 1/2, zo — ^ 1/2, b' — > l/V^, but a' — >■ oo, in fact \f2Ko! 1. The hyperplane Hi becomes the 
hyperplane z = —{y— 1), and the spheroid on Hi, the intersection with the double cone, degenerates 
to the planes y = 1, z = 0, and y = Q, z = 1, parallel to the {xi,X2) plane, at which the hyperplane 
z = —{y—1) intersects the hyperplanes z = Q and y = 0. This shows how the double cone degenerates 
to the two hyperplanes 2; = and y = Q. 

We return to the study of the null geodesies ending at go- The value of po = {{pt)o, {Pu)o,Pq) 
determines in which of the three classes the null geodesic belongs. Note that po=f=0, so that {qo,Po) is a 
regular non-critical point of the Hamiltonian system (19.61)-(19.62). Now we can impose in each class 
a normalization condition by making use of the following remark. Let r h- > {q{T) , p(t)) be a solution 
of the canonical equations (19.56) associated to the Hamiltonian (19.55) and corresponding to the 
conditions q{0) = qo, p{0) — Po, at t = 0. Then for any positive constant a, r {q{aT). ap{a.T)) is the 
solution corresponding to the conditions q{0) = qo, p{0) = apo- Thus the new conditions give a null 
geodesic which is simply a reparametrization of the null geodesic arising from the original conditions. 
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This is so because if g(r) = q{aT), p{t) ~ ap{aT), we have: 

(^(r) = a(^)(ar) = a{^){q{aT),p{aT)) 

= a{g-'r{q{aT))pAaT) = {g-'r {q{r))pAr) = {g^mr),p{r)) 

{^){r) = a\^){ar) = -a\^){q{ar),p{ar)) 

1 diq-^y" OH 
= -^i^^Q^mr))Px{r)pAr) = -(^)(9(r),p(r)) 

Given an outgoing null geodesic ending at qo we can, by suitable choice of the scale factor a, set 
{Po)u = — 1- Thus, the outgoing null geodesies ending at qo correspond to the plane: 

(po)t=0, (po)« = -l :in T^A^,, (19.70) 

Given an incoming null geodesic ending at qo we can, by suitable choice of the scale factor a, set 
{Po)t = — 1- Thus, the incoming null geodesies ending at qo correspond to the plane: 

(po)„ = 0, {po)t = -l :in T^A^,, (19.71) 

Finally, given one of the other null geodesies ending at qo we can, by suitable choice of the scale factor 
a, set |(|>)o| = ^ {^~^)^^ {qo)ipQ) a{Pq) B = 1- Thus, the other null geodesies ending at qo correspond 
to the circle: 

(po)t = 0, (po)« = 0, \fj = l :in T;M,„ (19.72) 

Consider the class of outgoing null geodesies ending at go- For this class equations (19.61) evaluated 
at r = give: 

(J^)(0) = 1, (^)(0)=0, (^)(0)=0 (19.73) 

Also, equations (19.62) give: 

(f)(0) = -i(t)(*)l^/ (19.74) 

(^^)(0) = -i(|i)(»)l^/ 

Differentiating equations (19.61) with respect to r and evaluating the result at r = using (19.74) 
and the fact that by (19.73): 

(^^)r=o - (^)(«o) (19.75) 



we obtain: 



(^m = i(|)(*)i^/ 

{^W) = i^)MfY''{q^){to)B 
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In view of (19.73), (19.76) the tangent vector to an outgoing null geodesic ending at qo has the following 
expansion as r ^ 0: 

(§) W = 1 + + (§^)(9o)S^(9o)(|^o)A]r + 0{r') (19.77) 

(^)(r) = {^){<lo)ir')^''{qo){^,)BT + 0{r') 

We conclude that in canonical acoustical coordinates (Sec (19.37)) the tangent vectors to all outgoing 
null geodesies ending at tend as we approach go to the tangent vector of the generator of C^o through 

qo- 

Consider the class of incoming null geodesies ending at qo. For this class equations (19.61) evaluated 
at T = give: 

(|)(0) = 0, (f)(0) = 1, (^)(0) = (19.78) 

Also equations (19.62) give: 

= -^(§^)(9o)[-a-'(9o) - 2E^{qo){f^)A + (19.79) 
= -^(^)(5o)[-a-'(go) - '2^^{qo){p,)A + \ff] 

(^)(0) = -^(^)(^o)[-a-(go) - 2E^{qo){f^)s + 

Differentiating equations (19.61) with respect to r and evaluating the result at r = using (19.79) 
and the fact that by (19.78): 

(^).=o = (|)(.o) (19.80) 



we obtain: 



= 2(£)(9o)("-'(9o) + Iff) (19.81) 



j2 aA a 



The right-hand side of the first equation in (19.81) is negative when go S H. However in the case that 
qo & d-H, we have: 

(*lMd))„, = o, (|i,(0)=0, (^^)(0) = (19.82) 
We must then proceed to the third derivatives. Using (19.78) and (19.82) we find in this case: 

(^7^)-o - (^)(9o) (19.83) 

and differentiating the second equation of (19.62) with respect to r and evaluating the result at r = 
gives: 

^^^^"^ ^ ^(S)(9o)K'(9o) + 2S-^(go)(^o)^ - (19-84) 
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Differentiating then the second and third equations of (19.61) with respect to r a second time and 
using (15.83) and (15.84) we then obtain that in the case go S 8-%: 

(0)(O) = ^(S)(9o)(a-^(go) + (19.85) 

(^)(0) = (^)('Zo)[(r')''''(9o)(^o)^ - -^(90)] 

Note that the right-hand side of the first eqution of (19.85) is positive. The tangent vector to an 
incoming null geodesic ending at go has the following expansion as r ^ 0: 

(^)(r) = l + 0(r) (19.86) 

(§) W = ^(|j)(go)(a-^(go) + \f,?)T + 0{T^) 

(^)(r) = (^)(<?o)[(r')^''('/o)(^o)s-^^(«o)]^ + 0(^') 



by (19.78), (19.81), in the case that go e H, and: 



(^)(r) = l + 0(r) (19.87) 

(f )(-) = i(S)(^o)(a-(.o) + l^oH-' + ^^(-') 

(^) W = ^{^){qo)[{rY''i<lomB - ^%o)y + 0{t') 

by (19.78), (19.82), (19.85), in the case that go S d-H. 

Consider finally the class of the other null geodesies ending at go. For this class equations (19.61) 
and (19.62) evaluated at r = give: 

(^)(0) = 0, (^)(0) = 0, (^)(0)=0 (19.88) 



= -\i%)i<l^) (19.89) 



(^)(0) = -o 



Note that the right-hand side of the first equation of (19.89) is positive. Differentiating equation 
(19.61) with respect to r and evaluating the result at r = using (19.89) and the fact that by (19.88): 

(^^).=o = (19.90) 

we obtain: 

= -.i^K'io) (19.91) 
(^)(0) = 2(^)(^o) 
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Note that the right-hand side of the second equation of (19.91) is negative, while the right-hand side 
of the first equation of (19.91) is negative when qo GTi and vanishes when qq £ d-H. Differentiating 
the third equation of (19.61) a second time with respect to r and evaluating the result at r = yields: 



dr^ dr^ 
Now from (19.88) and (19.91) we obtain: 



-(^)(0)(|i)(*)H||)(,o) 



(19.92) 



(19.93) 



Substituting in (19.92) then yields: 



(19.94) 



In the case that g'o € 3-% the right-hand side of the first equation of (19.91), of (19.93), and of (19.94) 
all vanish: 



^ dT^ 



.dH. 



2„qA 



)(0) = (^)(0)=0 



(19.95) 



Differentiating the first equation of (19.61) a second time with respect to r and evaluating the result 
at r = then yields: 



(19.96) 



Also, differentiating the second equation of (19.62) with respect to r and evaluating the result at r = 
yields: 



"2^ d? ^^=° 



However, from (19.88): 



hence: 



d{dn/du){q{T)) _ d^fi dt 



d^t d'^n 



(19.97) 



(19.98) 



(19.99) 



We must proccccd to the fourth derivatives. Differentiating the first of (19.61) a third time with respect 
to r and evaluating the result at r = yields: 



,dH fd^Pu^f^^ , , d^fi{q{T)) ^ aAf„^u\ 



(19.100) 



Also, differentiating the second equation of (19.62) a second time with respect to r and evaluating the 
result at T = yields: 



'2^ ^^=° 



(19.101) 
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Now, in view of (19.88) and (19.91): 

( )x=o - (a^)('?o)(^)(0) (19.102) 

= (aJ)(^o)(^)(0) = -(^^)(,o) 
On the other hand, by (19.88), (19.91), (19.95), (19.98), (19.99), and the fact that {dii/du){qo) = 0, 

(M).=o = (|)(.o)(|^)(0).(|)(.o)(5)(0) (19.103) 

+2( )x=o(^)(0) + 2( )-o(^)(0) = 

Substituting then (19.102) in (19.101) and the result in (19.100), yields, in view of (19.103), 

Differentiating the third equation of (19.61) a third time and evaluating the result at r = we obtain, 
taking into account (19.103), 

(^)(0) = {^^^^)r=o{rY''{QoWB = (19.105) 

Finally, we differentiate the third equation of (19.61) a fourth time and evaluate the result at r = to 
obtain: 

(^)(0) = i^^^^h^oirY^'iloWB (19.106) 



and we have: 



i'-^)r^o (19.107) 
= (|)(.o)(^)(0) + Si'^^^I^q^ 

by (19.102), (19.104), and the second of (19.91). Substituting then in (15.106) yields: 

= ^)^"(^o)(|^„). (19.108) 

According to the above results the tangent vector to any of the other null geodesies ending at qo has 
the following expansion as r ^ 0: 

df 1 Bit 

(j;Kt)= 2(£)(9o)t + 0(t=) (laiOS) 

(|;)W = i(|)(*)x + 0(.^) 

(^i(.)4(||;)(»)r')-"(n)-'+o(-=) 
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by (19.91), (19.94), in the case qo e H, and: 



(|;)w4(|)(*)x+o(x=) 

in the case that qo G 

To obtain the picture in GaHleo spacetime, we now investigate the behavior of the tangent vector 
to a null geodesic ending at qo, in each of the three classes, as t ^ to, in rectangular coordinates. The 
rectangular components L'^^ of the tangent vector L' of a null geodesic ending at go, parametrized by 
T, are given by: 

~lk ~^J?^^J?^d^lk (19.111) 



If the null geodesic is parametrized by t instead of r the tangent vector is: 

L' 
dt/dr 



U = — — — (19.112) 



and its rectangular components are given by: 

'df ' du dt ' d-&^ dt 



dxi" dxi" du ^x^' d'd^ 

L'^ = ^ + ^^ + ^-jr (19-113) 



where: 



Recalling from Chapter 2 that: 



du du/dr d-d^/di 



dt dt/dr' dt/dr 



(19.114) 



we then obtain: 



L'° = l, L'' = U + ii{a-^T' + E^X\)^+X\^ (19.116) 

tit til- 

Consider the class of the outgoing null geodesies ending at qo S HIJO-H. Then from (19.77) we 
have: 

dv di")^ 
lim ^ = 0, lim = (19.117) 
t^to dt t^to dt 

Since limt^^g = 0, it follows that for all outgoing null geodesies ending at qo we have: 

lim L'' = U{qo) (19.118) 

We conclude that in Galileo spacetime the tangent vectors to all outgoing null geodesies ending at qo 
tend as we approach qo to the tangent vector L{qo) of the generator of C„o through go- The vector 
L{qo) is therefore an invariant vector independent of the choice of acoustical function u. From the 
point of view of Galileo spacetime this vector is equal, up to a multiplicative constant, to the invariant 
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vector V{qo), defined by (19.23), since the vector T{qo) vanishes from the point of view of Gahleo 
spacetime (recalling the definition of 11*). 

Consider the class of the incoming null geodesies ending at g'o € U 9-H. If go € '^j then taking 
into account the fact that by (19.80): 



M9(T)) = (^)(go)r + 0(T2) (19.119) 



we obtain from (19.^ 



t^of^dt (l/2)(a-2(go) + ||^/)' ,™ (l/2)(a-2(go) + ||^J2 ^ • ' 

If qo € d-H, then taking into account the fact that by (19.82), (19.83): 

M9(T)) = ^(0)(go)r^+O(T3) (19.121) 

we obtain from (19.87): 

, du 1 d^^ {rT''i^)B-E^{qo) 

t^o'^dt (l/2)(a-2(go) + ||^J2)' /™ at (l/2)(a-2(go) + ||^J2) ^^^"^^^^ 

which coincides with (19.120). It follows that in both cases we have: 



a-Hqo)T^{qo) ^ ir ) ilo)X\{qo){f^) 



B 



a ' ^ (l/2)(„-4) I W) " (l/2)(«-^(,o) + W') 

Note that this limit depends on p^. For |>q = the limit vector is {L + 2aT){qo) = a'^{qo)L{qo), where 

L{qo) is the conjugate to L{qo), the null vector in the orthogonal complement of Tq^St^^uo ■ As tends 
to oo the limit vector tends to L{qo). 

Consider finally the class of the other null geodesies ending a,t qo G 'HlJd-'H. If go € 'H, then 
taking into account the fact that by (19.90), (19.93): 

M«W) = ^(f ^)(go)r^+0(r^) (19.124) 



we obtain from (19.109): 



lim /x^ =0, lim ^ = (19.125) 

t^to dt t^to dt 



If go e d-H, then taking into account the fact that by (19.90), (19.95), (19.103), (19.107): 



M^W) = t )'S)(9o)r^ + O(r^) (19.126) 



we obtain from (19.110): 



du d-Q^ 
lim =0, lim = (19.127) 

t^to dt t->-to dt 



as well. It follows that in both cases we have simply: 



lim L'' = U{qo) (19.128) 
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Thus, from the point of view of Gahleo spacetime, the tangent vectors to all the other null geodesies 
ending at qo tend to the vector L{qo) as we approach go- 

We now consider, for a fixed point g'o € HlJd-'H and each of the three classes of null geodesies 
ending at qo, the mapping: 

{T;f^)^{t,u,^) = F{T;p^), F = {F\F^,f) (19.129) 

where for the outgoing and incoming null geodesies: G T^a^"^ which may be identified with 9?, 

while for the other null geodesies takes values in the unit circle in T^^S"^ , which may be identified 
with C M^. In each of the three cases the mapping (19.129) is smooth (ODE theory), the range of 
F* being restricted to t>Q. 

Let us consider first the mapping: 

T^F\T;f^) (19.130) 

for fixed f^. We shall presently show that this mapping is a diffeomorphism of [to,0] onto [0,to] in 

the case of the outgoing null geodesic, a diffeomorphism of [to,0) onto [0,fo) in the case of incoming 
null geodesies as well as in the case of the other null geodesies, the difference of the latter from the 
former being that {dt/dT){0) = 1 for the outgoing ((19.77)), while {dt/dT){0) = for the incoming 
and the other ((19.86), (19.87), (19.109), (19.110)). Here tq = Ta{p^) {pt and p„ are constants). 
Now the expressions (19.77) and (19.86), (19.87), (19.109), (19.110), show that {dt/dT){T) > for 
T e [ti,0), ti suitably small. Thus either {dt/dT){T) > for all r G [to,0), or there is a first r* 
where {dt/dT){T^,) = 0. Now in general, for a Hamiltonian of the form (19.55), the condition if = is 
equivalent to the following condition on the tangent vector: 

In the present case, for our Hamiltonian (15.59), the condition H = is equivalent to the condition: 

dt du 1 ^ ,du.<, 1 ,d'&^ ^Adu.,d'&^ ARt^w, „ ^.,„,„„^ 

Obviously, at r, we have: 

dt, , du, , d-d^ , , „ 
-(r,) = -(r,) = — (r.)=0 

By (19.61), we have: 

Pt{T*) = Pu{r*) = |>^(t*) = 

Then with: (t*,it,,i9*) = (t(T*), ^(t*), '!9(t*)), 

{{t,u,^):{pt,pu,p)) = ((t*,u*,i?*);(0,0,0)) 

is a solution of the Hamiltonian system (19.61)-(19.62) coinciding with our solution at t = t*. By the 
uniqueness theorem for the Hamiltonian system (19.61)-(19.62) our null geodesic must coincide with 
the above constant solution for all r, in paricular we must have: t{0) = in contradiction with the fact 
that t{0) = to > i,. This rules out the second alternative above and we conclude that (dt/dT){T) > 
for all T e [to,0). It follows that the mapping (19.130) is a diffeomorphism of [to,0] onto [O.to] in the 
case of the outgoing null geodesies, a diffeomorphism of [tq, 0) onto [0, to) in the cases of the incoming 
and the other null geodesies. We can thus invert the mapping (19.130) obtaining a continuous mapping 
of [0,to] onto [to,0] by: 



t^{F')-'{t;f^) (19.133) 
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which is smooth on [0,io] in the case of the outgoing null geodesies, on [0,to) in the case of the 
incoming and the other null geodesies. 
Consider the mapping: 

{t;f^) ^ {t,u,i}) = G{t;f^) = F{{F')-\t;f^);f^) (19.134) 

and for fixed t G [0, t^] the mapping: 

f^^{t,u,d) = Gt{f^) where Gt{f^) = G{t;f^) (19.135) 

where, as above, E for the outgoing and incoming null geodesies, while E for the other 
null geodesies. This is the domain of the mapping (19.135), where its range is the hypersurface 
{t} X (— oo, eo) X S'^ in the extension of the manifold M^o to: 

^to = -^^0 U ■^'^ = [0' (-°°' ^ 

where 

A^^ = [0,oo) X (-00,0) X 52 

corresponds to the domain of the surrounding constant state. The hypersurface {t} x (—00, eg) x S'^ 
corresponds to the domain in the hyperplane in Galileo spacetime where w > eq- 

The mapping (19.135) is smooth for each t £ [0,to), and for t = to, G^^ is the constant mapping: 



Also, writing: 



we have: 



We have: 



and: 



Gto{fo) = G{to;fo)=<lo (19.136) 
G=(G*,G",(S), Gt = {Gl,Gt,0t) (19.137) 
G* = G* = f (19.138) 



(^)(^;/o) = (^)W (19.140) 

Ad^^^/dT^){dt/dT) - idH/dT^){d{)'^/dT),, , 

( Wd^' ^^^^ 



In the case of the outgoing null geodesies we obtain, from (19.73): 



(^)(io;|^o) = o (19-141) 



and, from (19.76): 



(^)(*o;|^o) = i^)iqo){rY''iQo)iPo)^ (19-142) 
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Let us consider the matrix 3$^ jdi^^n- By (19.141), (19.142): 



:^^)(|^o) - ^(|^)(9o)r ')^''(9o)((t - io)') + 0((i - tof) (19.144) 

(deta(^,/a|^^) = h^^f{q^)Aetf\t - t^f + 0((t - t^f) (19.145) 

Therefore in the case of the outgoing null geodesies the mapping (19.135) is of maximal rank at each 
G for t suitably close to to- By the implicit function theorem we conclude that in the case of 
the outgoing null geodesies the image of by the mapping (19.135) is, for t suitably close to to, an 
immersed disk in the hypersurface {t} x (— oo, eo) x 5^ C -M.^^, which corresponds to the hyperplane 
in Galileo spacctimc. To show that this image is in fact an embedded disk we show that the mapping 
(19.135) is one-to-one for t suitably close to to- For < B and any given B > Q, this follows from 
the fact that by (19.141), (19.142): 

0ti.to) = li^)iio)irY''i<ioWB{t - tor + oat - tof) {mue) 

provided that t is siiitably close to to depending on B (This guarantees the first term on the right of 
(19.146) is the main part of 0^ (|*o))" handle the case that > B (Now, B is fixed), we choose 
a different renormalization of the momentum covector at qo for the class of outgoing geodesies ending 
at g'o than that given by (19.70). We now choose the scale factor a so that : 

\P^\ = 1 (19.147) 

Then p„ = This corresponds to the diffeomorphism: 

By calculating similarly as (19.73), (19.76) and (19.140), we can show that the mapping Gt o is 

one-to-one on (0, —1/B) x S^. Actually, what wc have done here is just putting the "radial variable" 
outside the Taylor expansion, so we can proceed as the case \^^\ < B. Still, we have to show that the 
image of (0, — 1/-B) x by Gt o does not intesect the image of the disk of radius B by Gf. In fact, 
although wc have made a coordinate transformation, but the actual Taylor expansion is the same, so 
the conclusion mentioned above is obvious (We just made a change only on t essentially). 

In the case of the other null geodesies, {F*)~^ is not differentiable at t = to, so we first investigate 
the mapping F. Wc choose a basis cj^, for T^gS"^ which is orthogonormal relative to ^~^{qo) and 
express p^, which belongs to the unit circle in T^gS"^ in the form: 

= ij^ cos (f + Lo'^ sin (p (19.149) 
In the case that qo e H, we have, from (19.88), (19.91), (19.94): 

F*(0;^)=to, (^)(0;(p)=0, (^)(0, ^) = -(£)(go) (19.150) 



It follows that: 



and: 
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and: 



/'^(0;^)=<, (^)(0;<p) = (^)(0;<^) = (19.151) 



(|>o)a = (a;^)AC0s</9+ (w^)Asin</9 
It follows that in the case that qo gH we have: 



F*(r; v)=to + \i^){qoy + ©(r^) (19.152) 

hence, since 0t{^) = ^^((i^*)-i(t; (^);v?), 

0f (^) = < - I , (r^)^^(go)»o)^Hfa - i)^/^ + O((to - t)^) (19.153) 

^ \/-{dlJ./du){qo) 

(We just use the first of (19.152) to express r in terms of t — Iq.) 
Moreover, (19.150) implies: 

hence: 

(-^)(T;v)=0(r^) (19.155) 



Also, (19.151) implies: 



hence: 

(^)(r;¥') = J(|^|^)(go)(r')^''M(-(a;^)Bsin^+(c.2)BCOs^)T3 + 0(T^) (19.157) 
Differentiating the equation F*{{F*)~^{t; <p); v') =t implicitly with respect to ip yields: 



dip dPydr 

Now (19.150) implies: 



dr ' 2 du 
Substituting (19.155) and (19.159) in (19.158) yields: 

5(F*)-i 



(19.158) 



&{t; ^) = \{^){q,)T + 0{t^) (19.159) 



= 0{t^) (19.160) 
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Differentiating 0'^{t; (f) = f^{{F*) ^{t; </?); (f) with respect to (fi we obtain: 



fi = fi^+f^ (19,161, 

Now (19.151) implies: 

^ = l(^^)i9o){r')^^{<lo){fM^y+Oir') (19.162) 

In view of (19.160) and (19.162) the first term on the right in (19.161) is O(r^), while the second term 
is given by (19.157). We conclude that: 

a(^-i)^^(go)(-(c^')B sin^ + (u;2)b cos ^)r3+0(r4) (19.163) 



dip 



where 



which gives: 



dip dtp 

= a'^{^-^)^^{-{uj^)Asinip + {uj^)ACOSip){-{L0^)Bsinip+{uj'^)BCOSip)T^ + O{T'^) 

= + 0{t^) 

The above hold in the case that qo € H. In the case qo G d-H similar calculations using (19.88), 
(19.95), (19.99), (19.104), (19.105), (19.108), give: 



dip 



-Y''{Qo){-{^')b smip + {uj^)b cosip)T' + 0{t^) (19.167) 



where: 



and: 



1 



((^f^)(^o) (19.168) 



^-B('^o)^^=6V° + 0(r") (19.169) 

The formulas (19.165) and (19.169) imply in the case of the other null geodesies ending at go that 
the mapping (19.135) is of maximal rank at each £ for t suitably close to to- By the implicit 
function theorem we conclude that in the case of the other null geodesies the image of by the mapping 
(19.135) is, for t suitably close to to, an immersed circle in the hypersurface {t} x (— oo, eo) x 5^ C A^to' 
which corresponds to the hyperplane S( in Galileo spacetime. Moreover, we deduce from (19.153) and 
(19.166) that the mapping (19.135) is one-to-one for t suitably close to to. It then follows that the 
image of by the mapping (19.135) is actually an embedded circle. This circle is the boundary of 
the embedded disk corresponding to the outgoing null geodesies. 
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Similar arguments show that in the case of the incoming null geodesies the image of by the 
mapping (19.135) is an embedded disk for t suitably close to to. The boundary of this disk is the circle 
corresponding to the other null geodesies. Wc have thus proved the following theorem. 

Theorem 19.1 Let qo = {to, uo, ^o) be a point beloging toH[j d-H, the singular boundary of the 
domain of the maximal solution. Then the backward past null cone of qo in T*^Meo degenerates to 
the three pieces: 

(i) The negative half-hyperplane: pt = 0, Pu < 0- 

(ii) The negative half hyperplane: Pu = 0, pt < 0- 

(iii) The plane pt = Pu = 0- 

There is a corresponding trichotomy of the past null geodesic cone of qo into three classes of null 
geodesies ending at go- The outgoing null geodesies, the incoming null geodesies, and the other null 
geodesies, corresponding to (i), (ii), (iii), respectively. Let all these null geodesies be parametrized by 
t. Then, in Galileo spacetime, the following hold: 

The tangent vectors to all outgoing null geodesies ending at qo tend as we approach qo to the 
tangent vector L{qo) of the generator of C„o through qo- The vector L{qo) is thus an invariant null 
vector associated to the singular point go- 

The tangent vector to an incoming null geodesic ending at go with angular momentum at go) 
tends as t — > to to the following limit: 

, a-\qo)f\qo) ir')^'' {Qo)X\{qo){f,)B 

+ (l/2)(a-2(go) + ll^ol') (l/2)(a-2(go) + 

which, for = is equal to ce^{qa)L.iqo)j while as "j/i^ — > oo tends to i(go). 

The tangent vector to all the other null geodesies ending at go likewise tend as t — > to to L{qo). 
Consider for each of the pieces (i), (ii), (iii), above, and for each t G [0,to], the mapping: 

to^G^^fo) 

where Gi{p^) is the point at parameter value t along the null geodesic ending at parameter value to at 
the point go with momentum covector Then for t^to and suitably close to to the following hold: 

The image of (i), which corresponds to the points of intersection of the outgoing null geodesies 
ending at go with the hyperplane Ej, is an embedded disk. 

The image of (ii), which corresponds to the points of intersection of the incoming null geodesies 
ending at go with the hyperplane Et, is also an embedded disk. 

The image of (iii) , which corresponds to the points of intersection of the other null geodesies ending 
at go with the hyperplane St, is an embedded circle, the common boundary of the two disks. 



19.3 Transformation of Coordinates 

Consider now again the mapping (19.129) for the class of outgoing null geodesies ending at go G 
T-L{Jd^7i. We now wish to make the dependence on the point go € H[Jd^7i explicit, so we denote 
F{T;f^) by F{T]qo]f^^). What we wish to investigate presently is the change from one acoustical 
function u to another u' (the initial data for eikonal equation can be different), such that the null 
geodesic generators of the level sets C'^, of u\ the characteristic hypersurfaces corresponding to tt', 
which have future end points on the singular boundary of the domain of the maximal solution, belong 
to the class of outgoing null geodesies ending at these points. We can view this change as generated 
by a coordinate transformation: 

wo = uo{u'o,^'o), ^0 = t?o(^o) (19.170) 
on Hljd-H, preserving the invariant curves. We also assume: 
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If the coordinates of a point go € HlJO-H in the unprimed system are: {to,uo,'&o), to = t^,{uo,'&o), 
then the coordinates of the same point in the primed system are: {Iq, Uq, i^q), t'^ = ^^(uo, i?o), where: 

i:K,^^o)=i*K,i^o) (19.172) 

honcc tg = to- 

We shall determine as a function of {u'Q,'d'Q), such that the hypersurfaces, given in parametric 
form by: 

t = M\r, i?^) = F*(t; K, i?^);^qK, ^',)) (19.173) 

for constant values of Uq) are null hypersurfaces with respect to the acoustical metric, namely the level 
sets C',, of the new acoustical function u'. 

Uq 

In (19.173), {f^iuQ, •d'o), u'q, •Oq) are the coordinates of a point go € U d-H in the primed system, 
hence we have: 

F'{0;iuld'„);f^)^U{uo,^o) (19.174) 
F^0:{u'„,^'„);f^)=uo 

The hypersurfaces in question are generated by the outgoing null geodesies corresponding to con- 
stant values of (ug, i?q), and the hypersurfaces are null hypersurfaces if and only if these null geodesies 
are orthogonal, with respect to the acoustical metric, to the sections S'^ ^, corresponding to conatant 

values of r. Let then X\ be the tangent vcctorficld to the if^^ coordinate lines on these sections 
and, as before, L' be the tangent vectorfield to the null geodesies, as parametrized by r. Then the 
orthogonality condition reads: 



and we have: 



and: 



where: 



g{L',X'^) = : A = 1,2 (19.175) 



~, dF* d dF"" d dt^ d 



^A = ^ + ^^-^ (19.178) 



x'x 



Qpt 












gpu 












df 


df 











• fact, (19.173) defines a change of coordinates in the spacetime domain covered by the hypersurfaces 
in question, from (t, u, ^?) coordinates to (r, Uo,'!?o) coordinates, and in the new coordinates we have, 
simply: 
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It follows that: 

[L',X\]=0 (19.180) 

Now by (19.60) the integral curves of the vectorfield ^,~^L' are afBnely parametrized null geodesies, 
hence: 

Di,i' = n~^{L'ii)L', g{L',L') = (19.181) 

Let us then define: 

iA=g{L',X'^) (19.182) 

What we shall do is to prove la =0- 

We have, along the integral curves of L': 

^ = L'{g{L', X'^)) = g{D^,L', X'^) + g{L' , D^,X'^) 

and from (19.180): Di,X'^ = Dx' L' , hence: 



g{L',D^,X'^) = ^X'^{g{L',L')) = 

while by (19.181): 



g{D-^,L',X'j,)=ti-^£iA 



It follows that: 

d 



^^{fi-hA)=0 (19.183) 



In view of (19.15) and (19.176), 



dr dr 
At T = this reduces to: 



tA = -M^^A - + a-'n^'^X'^ (19.184) 

dr dr dr 



Mr=0 = i^sC^^A )r=0 = (19.185) 



by (19.73). Moreover, we have: 



^my-hA) = -i^X'X + -J^X'X)r=o + (^^^X:f ).=o lim(M-^^) (19.186) 



Now by (19.73): 



and by (19.75), (19.77): 



dF* dF" 

(^).=o = l, {^)r=o = (19.187) 



lim(;x-^^) = {rY''iQo){f,)B (19.188) 
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while by (19.174) and (19.178): 



Note that we view F" and f as the functions of {u'qj'Oq). 
Substituting in (19.186) we obtain: 

Therefore the condition lim^—i.o{^J■~^ i-a) = is equivalent to the following definition of as a function 

of {u'o,i^'o): 

Once is defined according to (19.191), equation (19.183) implies that la = for all t, that is, the 
orthogonality condition (19.175) is everywhere satisfied and the hypcrsurfaces of constant Mq, given by 
(19.173) are outgoing characteristic hypcrsurfaces. 

In the following we denote (mqjI^q) simply by {u','0'). At fixed qo, we invert the mapping 
(19.130), to obtain the mapping (19.133). Let us denote: 

f{t',u',§') = {F')-\t';{u',§'y,f^{u',d')) (19.192) 

We then substitute in (19.173) to obtain the following transformation from the original acoustical 
coordinates (t,u,'d) to the new acoustical coordinates {t' ,u' ,•&'): 

t = t' (19.193) 

u = N"it', u', §') = F-{f{t', u', d')- {u', {)')■: ^')) 
i) = ${t', u', a') = nf{t', u', t?'); {u', n^hW, i)')) 

The acoustical metric has in the new acoustical coordinates a form similar to (19.15): 

g = -2ii'dt'du' + a'-^ii'^du'^ + /^^(dt?'^ + E"^du'){d'd'^ + E'^du') (19.194) 

where we have the new coefficients a', /i', E'^, and We have, in arbitrary local coordinates: 

q;'-2 = -{g-^ydf.t'dj = -{g-^ydf.tda = oT'^ (19.195) 

so the functions a and a' coincide. The function [J is given by (see Chapter 2): 

L' = ij!L', L'" = -{g-^Y''d^u' (19.196) 

and we have (in arbitrary local coordinates): 



A = -{g-^rd^t'd,u' = -{g-^rd^td,u' (19.197) 
A* 

Here L' , related to L' by (19.112), has the same integral curves as L' , but parametrized by t instead 
of T, while the integral curves of L' are also the same but affinely parametrized. As we have shown 
above, the integral curves of the vectorfield fi^^L' are likewise the same and affinely parametrized. 
Now two different affine parameters s and s' along the same geodesic, giving the same orientation, 
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satisfy s' = as + b where a and b are constants along the geodesic, a > 0. It foUows that there is a 
function a{u','&') > such that: 



fi-^L' = at' 



(19.198) 



On the other hand, from (19.37) and the second of (19.196) we obtain, working in the original acoustical 
coordinates: 



,. , i,, ,dv' d ,du' . d 



while by the first of (19.73), 



lim L' = — 

r^O dt 



Now, from (19.193) we obtain: 



- 1 - n - n 

du _ dF"" df du _ dF"" df dF" du _ dF"" df SF" 

d^^ df d^^ df^ df df^ d-d^ df^ df df^ 



dt' 



+ 



+ 



dr dt' ' du' dr du' du' ' d'd'^ dr d'&'^ d'&'^ 



(19.199) 



(19.200) 



(19.201) 



In the above, we are considering F*, F" and f as functions of r, u', "&', according to: 

F*(r,u',i?') = ^*(r;(«',^?');^o("'''^')) 



F«(t,u',^?') ='F"(t; iu','d') 

nT,u',^') = r{T; {u',^') 



(u',&)) 



(19.202) 



At T = 0, which corresponds to t' = t'^{u' , •&'), so that: 

f{t',{u',^'),u',^') = 

we have, from (19.73): 

dF* _ ^ dF"" _ ^ df^ _ ^ 
dr ^ dr ' dr 

hence the second and the third of (19.201) reduce at r = to: 

dF ~ ' du' ~ 'duf' 'd¥^ ~ d¥^ 

Q^A Q^A QfA g^A 



(19.203) 



(19.204) 



(19.205) 



dt' 



du' du' ' d-d'^ d'd"^ 



Now at T = we have, according to (19.170) and (19.174): 

F\0,u',^')=t',{u',d')=t,{uo{u\§'),do{^')) 
F"(0,m',^') =uo(u',^') 

f{Q,u\§') = M^') 



(19.206) 
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Hence, at r = 0: 



aF" duQ duo 



du' du'' dd'^ dd'^ 



(19.207) 



0, 



Substituting in (19.205) we conclude that the Jacobian matrix of the transformation (19.193) is at 
T = given by: 



d{t,u,§) 



10 

duo/du' duo/dir^ du^/cW^ 

ddl/d-d'^ d^l/d'd''^ 

d'&l/d^'^ d'dl/d^''^ 



(19.208) 



Computing the reciprocal matrix we then find: 



( — -\ _ = 

^du'^-° duo/du'' ^ dt 



^ -0 



Substituting in (19.199) and comparing with (19.198) and (19.200) we conclude that: 

by (19.171). And from (19.37), (19.112) and (19.198) 

^! a 



(19.209) 



(19.210) 



(19.211) 



Then we know that /x'/m is bounded from above and below by positive constants. Also, since a! = a 
we have: 



Next we consider the new coefficients S'"* and ^^g- We have, in view of (19.194), 



du du 



du d^r 



+ 



d^^ du 



d^'^ du' d'd'^ du 



7)+: 



dx^^ dx" 
d¥^^ 

^bcq^ia-q:^ 



(19.212) 



(19.213) 



Here, 



l6|2 



lAB^ 



6B 



"AB^ 



From (19.208) we have: 



In view of (19.213) this implies that S' vanishes at t = 0, that is, on the singular boundary H IJ d-H, 
a reflection of the fact that the new acoustical coordinates {t' ,u' ,'d') are also canonical. Since, by 
(19.211) and similar as (19.35), d^'/dt' < at r = it follows that 



(19.214) 
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is regular at r = 0. (a does not depend on t'.) 
We have: 



-li[a +fI )q^,aq^,b ^^^^^d^d^ ^ d^d^> ^ ^cd d-d'A d^'B 

Let: 



Y' = y"'-^, /(F',y')=/^s^'"^" (19-216) 



Let also: 



= ^CDg^Q^^ ~^iY',Y') = j^^Y'^Y"' (19.217) 

We then deduce from (19.215) the following lower bound for ^' in terms of ^ For any vector Y' as in 
(19.216) it holds that 

rifr' Y'\ 

^'{Y',Y')> I ' (19.218) 

l + a2^(^,^) 

In fact, by (19.215), 

/(y', Y') = ^i\a-^ + |s|2)(F'u)2 + 2/.(s' • Y'){Y'u) + ^(y',y') 

where 

A, A ^l?"^ 



then by Cauchy-Schwarz, 



Since 



\E'-Y'\<^f\E',E')/^{Y',Y') 



we obtain: 



Setting: 



then 



Setting: 



\E'-Y'\<\E\^~^{Y',Y') 



a = /x2(a-2 + b = fi\E\, x=\Y'u\, y=^~^{Y',Y') 

$'{Y',Y')>ax''-2bxy + y'' 



X 

P= - 

y 
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we have: 



^'(^''^') . 2 ...... 



> - 26p + 1 > 1 ^ 



Reversing the roles of the coordinates (t, w, i?) and (i! ,u' ,'&'), we obtain in a similar manner a lower 
bound for ^ in terms of Let: 

^ = ^^al^' ^(1^,1^) =^^^1^^!^^ (19.219) 



Let also: 



~^AB=^'cn^^^ ^'(^.^)=^'^B^^^" (19-220) 
Then for any Y as in (19.219) it holds that 

0(Y,Y) > ^ ^ . . (19.221) 

We summarize the above results in the following proposition. 

Proposition 19.2 Let u' be any other acoustical function such that the null geodesic generators 

of the level surfaces C^, of u' which have future end points on the singular boundary of the domain of 
the maximal solution belong to the class of outgoing null geodesies ending at this points. The change 
from the original acoustical function u to the new acoustical function u' can be viewed as generated 
by a coordinate transformation 

uo = uoiul^'o), t?o = ^?o(^o) (19.222) 

onHlJd-H preserving the invariant curves, so that both systems of acoustical coordinates are canon- 
ical. We require that the transformation i^o n- i?o be orientation preserving and that on each invariant 
curve the transformation uq i— >■ Uq be also orientation preserving. The characteristic hypersurfaces C'^, 
are given in parametric form in terms of the original acoustical coordinates {t, u, "&) by: 



where: 



F\T,u',,d',) = F'{r;qo;p^{qo)) 
F-{T,u',X)-F-{T-,q,-f^{q,)) 
J^(T,<,i?'o) = /(T;go;/o(9o)) 

Here go is the point on "H [J S-'H with coordinates {to, i^o) in the original system and (tg, Wo> ^o) i^ 
the new system, where 

to = i*("o,t^o) =i',(4,^^o) =^0 

Also, 
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is the angular momentum at qq. In the above 

T ^ (F*(t; qo;f^), F"(r; qo;^^), ^(r; qo;f^)) 

is the outgoing null geodesic, parametrized by r, ending at r = at g'o € Hljd-H with angular 
momentum p^. Denoting hy t = f{t' ,u' ,•&') the solution of 

for fixed {u', t?'), the transformation between the original system of acoustical coordinates {t, u, "&) and 
the new system of acoustical coordinates {t' ,u' ,•&') is given by: 

t = t' 

u = N''{t\u',^') 
^ = ${t',u',^') 

where: 

N^{t',u','»')=F^{f{t',u','»'),u',i}') 

The acoustical metric has the same form in the new acoustical coordinates: 

g = -2ij,dtdu + Q-'^n'^du'^ + $j^g{d-d^ + n'E.^du){d§^ + ^E^du) 

g = -2^x'dt'du' + a'-^^'^du'^ + ^^^(di?'-^ + ^iE.'"^ du'){d^'^ + fiE'^ du') 

where a = a'. The ratio /i' /n is bounded above and below by positive constants, while the metric ^' 
and ^ are uniformly equivalent in a neighborhood of the singular boundary. 

We now revisit the mapping (19.135) for a fixed point go € 'H[jd-'H and for the class of outgoing 
null geodesies ending at qo. Setting t = we have the mapping of into Eq by: 

p^^iO,u,^)=Goif^) (19.223) 
Goip,) = G{0,p^) = {Q.F^{f{f^)-f^),f{f{f^)-f^)) 
where t = f{^^ is the solution of F^{T;f^ = Q 

Consider then the following function on M^: 

g{f^) = u'(Go(|>o)) (19.224) 

Consider now a maximum of the function gif^) which is achieved at some point f^j^j G R^- Such a 
maximum point corresponds to a point pm € Sq, where: 



and we have: 



that is: 



at f (19.226) 



du' dG^ du' 80^ 



B 



at f (19.227) 
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Consider the level surface S'q of u' on So through the point pm- We shall show that L' is g-orthogonal 
to Sq^u' at Pm (At this point, one may feel strange that we have already proved that L' is orthogonal 
to S'^^,^ (see (19.175)). But one should note that S'^u'i^ different from S'^ We can see this from 
the first of (19.173)). So what we shall prove here is a little bit striking! This fact is equivalent to the 
following. Denoting by C^(go) the past null geodesic cone of the point qo on the singular boundary, 
and by C~^f{qo) the part of C~ {qo) corresponding to the outgoing null geodesies ending at qo, then 
the statement is that the surface C~^f{qo) and Sq „/ have the same tangent plane at pm- 

Tp^ {C^utiQo) n So) = Tp^S'o,^, (19.228) 

To show this, we shall produce a basis for the left-hand side and show that this is also a basis for the 
right-hand side. 

Consider the vectorfields: 

dF* d d df'^ d . , „ 

d{f^)A at o{f^)A ou d{f^)A 

These are tangential to the sections of C^y^^{qo) which correspond to constant values of r (recalling the 
mapping F, we view r and are independent coordinates), hence are gf-orthogonal to L'. For each 

point p G C~^i{qo), {Y^{p),Y'^{p)) is a basis for the tangent plane at p to the t = const, section of 
^outi^o) through p, provided that the vectors Y^{p) , Y^{p) are linearly independent. We project the 
Y^ to the St as follows. We find suitable functions A"^, A =1,2, such that the vectorfields: 

yiA - \^L' (19.230) 

are tangential to the Sj. The vectorfields Y'^ , being g-orthogonal to L' hence tangential to C~^^{(lo), 
shall then be tangential to the sections C^^^{qo) C\^t- As L' is given by: 

9 dF-/dT d dt^ldr d 

dt dFt/drdu dFt/drd^^ ^ ■ ^ 



we find: 



and: 



.A dF^ 



^ = (19.232) 



OF* _ dF^ dF* OF* dF^ d 

dT ^ dip J A dr dip J A dr'du ^ ""^^ 



+(- 



'd{p^)A dT dif^)A dT 'd'&B 

Then (F'^(pm), 5^'^(PAf)) is a basis for Tp„(C^j(g'o)nSo), provided that pm is not conjugate to g'o- 
Now, we have, from (19.223): 

dG-o _dF- df , dF^ ^^g_^3^^ 



dT d{f^)A dip^)A 
d0o _ df^ df df^ 

d^A ~ dT d{f^)A ^ Wo) 
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Also, differentiating the equation = implicitly with respect to yields: 

Substituting in (19.234) we then obtain: 



(19.235) 



dG^ _ ^ dF^ OF' ^ OF* dF^ ^ 1 ^^g236) 



d0o df'^ dF* dF* 



d(jfi^)A ' dT d{f^)A dT d{p^)A'dFt/dT 

Comparing with (19.233) we see that: 



^,A d 80^ d 



hence (19.227) reads, simply: 



^ d{f^)A du + d{f^)A (19-237) 



Y'^(Pm)u' =0 -.A = 1,2 (19.238) 



We conclude that (Y'^{pm),Y''^{j)m)) is a basis for Tp^S'^^,, provided that the vectors Y'^{pm), 
Y''^{Pm) are linearly independent. We have thus demonstrated (15.228) under the condition that pu 
is not conjugate to q^. However, (19.226) holds even in the case that pm is conjugate to q^, but 
in this case we must approach pm, which corresponds to r = fif^j^) along the outgoing geodesic 
ending at go with angular momentum ^, by a sequence of non-conjugate points corresponding to 
T = T„ — > f{p^ j^) along the same geodesic. 

The equality (19.228) is equivalent to L' being g-orthogonal to S'q „/ at pM- Thus, extending 
u' to an acoustical function so that its level sets are outgoing characteristic hypersurface C^, with 
C'^i n So = .Sq „/ , the generator of the outgoing characteristic hypersurface C'^, through pm coincides 
with the outgoing null geodesic ending at go with angular momentum ^. 

Let us now consider again our main problem from a more general point of view. Our problem is the 
initial value problem for the equations of motion of a perfect fluid, with initial data on the hypcrplane 
So which coincide with those of a constant state outside a compact subset Pq C Sq. We may take S'o,o 
to be any sphere in So containing Pq. The construction in Chapter 2 then gives an acoustical function 
u based on Sofl. If the initial data is isentropic and irrotational. Theorem 17.1 can be applied after 
suitable translation and rescaling, giving a development of the initial data in a domain Vt„ as in (19.7) 
corresponding to the annular region on Sq bounded by 6*0,0 and the concentric sphere of radius 1 — cq 
that of 5o,o- Then by the local uniqueness theorem the union of all the developments each of which 
corresponds to a sphere Sq^ containing Pq is also a development of the initial data, contained in the 
maximal development, the union of the domains Vc„ being contained in the closure of the domain of the 
maximal solution. Consider now a point go belonging to the singular boundary of the domain of the 
maximal solution such that go G V^^ where V/^ is the domain associated to the acoustical function u' , 
corresponding to the sphere Sq q. Thus go € S^, for some e e (0, eo), where t'^^ = inf„/£[o,e] t'^{u') and 
t'^ {u') is the least upper bound of the extent of the generators of C^, in the domain of maximal solution. 
Then for any given acoustical function u, corresponding to a given sphere 5*0.0, the above argument 
(with the roles of u and u' reversed) shows that there is an outgoing characteristic hypersurface C„ 
associated to u and a generator of C„ reaching go, thus of extent t'^,^, contained in V^^, hence in the 
union of the domains V^g . In view of the properties of the transformation from one acoustical function 
to another, expounded by Proposition 19.2, Theorem 17.1 covers the union of the domains Vc^. 
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However we can extend the domain covered by Theorem 17.1 still further in the following manner. 
We can replace the hyperplanes Ej, by the hyperplanes E^jt where for any fixed a = (ai, a2, as) € 
such that 

||a|| = ^Ja\ + a2+a\ < 1 
and any t S M, E^jj is the hyperplane in Galileo spacetime given by: 

3 

The hyperplane E^jo is then space-like relative to the actual acoustical metric g provided that the 
departure of the data induced on Eo,;o from those of the constant state is suitably small (just use the 
definition of the positive definite matrix). We then consider as above a sphere 5o,o in such that 
the initial data on Eq coincide with those of the constant state outside 50,0, and proceed to construct 
the corresponding acoustical function u. The surface are then round spheres. The first variations 
arc defined exactly as before, for, these arc adapted to the rest frame of the constant state. Of the 
commutation fields T, Q, Ri : i = 1, 2, 3, which define the higher order variations, Q is defined exactly 
as before, T is now defined to be tangential to the hyperplanes Y^a;h .9-orthogonal to the surfaces 
Sau,u = Cii n ™d satisfying Tu = 1, while the Ri : i = 1, 2, 3 are defined to be the g-orthogonal 
projections to the surfaces Sa;t,u, of the rotations associated to go which leave T,a-t and Sa;t,o invariant. 
We note that, similarly, Tia-t remain space-like relative to the acoustical metric provided that the initial 
departure from the constant state is suitably small. We obtain in this way an extension of Theorem 
17.1 and a domain Va^eo defined in a similar manner as the domain Vcg, but with the hyperplanes T,a-t 
in the role of the hyperplanes E^. The domain covered by Theorem 17.1 is then maximally extended 
to be the union of all the domains V^;eo, and the remarks of the previous paragragh apply to this 
maximal extension. 



19.4 How V, Looks Like in Rectangular Coordinates 
in Galileo Spacetime 

We now consider a given component of H and its past boundary, the corresponding component of 
d-y,. By Proposition 19.1 these are smooth 3-dimensional and 2-dimensional submanifolds of Ai^g, 
respectively. We shall now investigate the image of the component of 'H as well as d-H in Galileo 
spacetime. For clarity we distinguish these images from the sets themselves and we denote by H and 
d-H the image in Galileo spacetime of H and d-H respectively. 

Now by Proposition 19.1 d-T-L is a space-like surface in {A4cu-s) intersecting the invariant curves 
transversally. Thus there is a smooth function defined on a connected domain B C S^, such that 
the component of 8-71 is given in canonical acoustical coordinates by: 

{iU{u,{'d),-d),u,{-d),'d) : ^€B} (19.239) 

and the corresponding component of R is given by: 

{{U{u,^),u,-d) : u,>u>uii9), i9 e B} (19.240) 

where a given invariant curve, parametrized by u, either extends to any u > 0, in which case u(i?) = 0, 
or ends at w = u{'&) , the point of intersection with the incoming characteristic hypersurface C_ generated 
by the incoming null normals to the next outward component oi d^R. 

Consider then the component of d-H, which is the image of (19.239) in Galileo spacetime. This is 
the image in Galileo spacetime of the domain B C S"^ under the mapping: 

^^x = q{^), where g^(t?) = a;^(t*(u*(t?), i?), u*(i?), i?) : ^ = 0,1,2,3 (19.241) 
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This mapping is one-to-one (just the transformation between rectangular coordinates and acoustical 
coordinates). We shall presently show that the mapping is of maximal rank. Consider the 2-dimensional 
matrix m with entries: 



ruAB = 9,uX^-^ (19.242) 



Now, we have (see (19.115)): 



9.r" ^ dx 
dx° _ dx° _ dx^ _ , AAvi^ 



and from (19.241): 



dq' dx^ dt^, du^, dt^, dx^ 9u* dx^ 
Now on HIJO-H we have = 0, therefore, from (19.243): 



du 



= : on nlJd.H (19.245) 



Moreover by Proposition 19.1: 



dt 

* = : on d-H (19.246) 



du 

Thus substituting in (19.244) from (19.245) and taking account of (19.245) and (19.246), we obtain: 

dU dqi L3^ + x^ 



Q^B Q^B ' Q^B Q^B ^ B 

or, simply: 

(10.247) 

Substituting this in (19.242) we obtain simply: 

mAB = 9{Xa, Xb) = (19.248) 

Hence dctm — det^ > and the mapping (19.241) is of maximal rank. It follows that this mapping 
is a diffeomorphism onto its image and its image, the component of d-H, is a smooth embedded 
2-dimensional submanifold in Galileo spacetime. 

The component of H can similarly be shown to be a smooth embedded 3-dimensional submanifold 
in Galileo spacetime except along its past boundary (just using the definition of linearly independent, 
the three linearly independent vectors are and + Xa), the corresponding component of 

d-H, we shall derive an analytic expression for an arbitrary invariant curve of iJ in a neighborhood of 
d-H. Now the parametric equations of an invariant curve of H, in rectangular coordinates in Galileo 
spacetime, the parameter being u, are (see (19.240)): 

= x''{t4u,-d),u,-&) : w«(t?) > M > w(t?), "0 = const. (19.249) 
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or, since x° =t, 

x^^Uiu^-d) (19.250) 
= x'{t^{u,'d),u,i!}) : > u > 'd = const. 

We have: 

Substituting from (19.243) and taking into account of (19.245) we obtain: 

= (19.251) 

r^T^ 8t 
{^){u) = U{U{u, a?), u, &){^){u, 1?) 



or simply: 



( — = L'^{t4u,{)),u,i)){^){u,^) (19.252) 
au au 



We see again that in Gahleo spacetime the vectorfield L is tangential to the invariant curves. We also 
see that at u = w*(i9), that is on d-H, the right-hand sides vanish by (19.246), so the past end point 
of an invariant ciirvc is a singular point. 

To analyze the behavior at the past end point we consider the second and third derivatives at this 
point. Differentiating (19.251) with respect to u we obtain: 

p)T i fjf 

+L\u{u,i}),u,§){^){u,^) 
Also, differentiating (19.48) with respect to u we obtain: 



rf^f rill 
(|^)(n,a?) = -(|^)-^(i.(n,^),U,^) 



Substituting for dU/du from (19.48) then yields: 



(^X".') (19-254) 



In particular, at u = u*{'d) we obtain, in accordance with (19.51): 

{^){u,{d),§)=a{d) (19.255) 
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where: 

am = -i^j^){qm> (19.256) 

by the first equation of (19.45), and wc denote by 

g(t?) = (i4u4i?),i?),u,(i?),^) (19.257) 
the end point on d-H. By (19.246) and (19.255), at u = «,(■!?) (19.253) becomes: 

(^)KW)=«W (19.258) 

Moreover, differentiating (19.253) with respect to u and evaluating the result at u = u*(i?) we obtain, 
in view of (19.246): 

(^)(«*(^)) = 2(^)(9(^))(^)(«*(^),^)+i^^(9(^))(^)(^*(^),^) 
We shall presently determine the coefficients: 

(|^)(«.(a?),t?) and —{qm=TL\qm 
In view of the fact that for any smooth function f{t, u, i?) we have: 

-/(t,(«,^),«,^) = ^^ + ^ 



hence by (19.246): 



(|^/(i*(w,^),w,^^))«=«.W = ^('^(^)) 



differentiating (19.254) with respect to u and evaluating the result at w = u^{'d) yields: 

(^)(u.(^),^) = 6(^) (19.260) 



where: 



Next, TL' is given by (3.185): 

TV = art' + bfr (19.262) 

where is given by (3.188) and 6^ are the rectangular components of S't^u-tangential vectorfield given 
by (3.190). On H[jd-H, in particular at q{^), these formulas reduce to: 

ar = a-'^Lfi < (19.263) 
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Substituting the above as well as (19.255) in (19.259) we obtain: 



(19.264) 



( 



(fix' 



)(u.(i?)) = U{q{^))b{^) + 2a{^){aTT^ + 6^)(g(^)) 



In view of (19.258) and (19.264) we obtain the following analytic expression for an invariant curve of 
if in a neighborhood of its origin q{'&) e d-H: 



We summarize the above results in the following proposition. 

Proposition 19.3 The singular boundary of the domain of the maximal solution in Galileo space- 
time is H[Jd-H. Consider a given component of H and its past boundary, the corresponding com- 
ponent of d-H. The component of d-H is a smooth 2-dimensional embedded submanifold in Galileo 
spacetime, which is space-like with respect to the acoustical metric. The component of is a smooth 
embedded 3-dimensional submanifold in Galileo spacetime ruled by invariant curves of vanishing arc 
length with respect to the acoustical metric, having past end points on the corresponding component 
of d-H. In a neighborhood of its origin at the point g(i?) € d-H a,n invariant curve is given, in 
parametric form, by: 



x'^iu) = a;0(g(^?)) + Ja(7?)(w - u4'&)f + h{'&){u - u4^)f 

2 D 

+0{{u - u,{^))^) 



+ ^[b{'d)L\q{'&)) + 2a{'9){aTf' + 4)(«(t?))](u - u.{d)f 

+0{{u-u,{d)f) 



x\u) = x°{qm + ia(i?)(« - u4^)f + lb{^){u - u^'ff))^ 

2 D 



x\u) = x\qm + ^a{^)L\q{mu - u4^)f 

+ ^[bid)L\qm + 2a{d){aTf' + 6^)(g(^?))](" - u.^f 

+0{{u - u,{d) f) 



where: 



m = (^)-^(3 



ariqm = {a-'Lfi){q{d)) < 
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